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On a Random Model for Immune Response
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We consider the mathematical modelling of immune response to the cancer cells. Usually, normal cells
N are transformed into irregular ones by some reasons, with the result that tumorigenic process of cells
proceeds. On the other hand, a group of immune cells invokes the so-called immune response against
the canceration, which is a central role in host-defense mechanisms. In this article we shall focus our
mind on the immune response in the transformation period and in the disorder proliferation period
of cancer cells, and we aim at construction of a random mode] which can describe the cytotoxic
effect of effectors (such as natural killer cells, cytotoxic T cells, and macrophages, etc.) against
the cancer cells X, and we would like to explain the qualitative properties of peculiar phenomena
related to immune response, by analyzing the model mathematically. We divide our purpose into
two categories: one is the short-term purpose, and the other is the long-term purpose. As for the
short-term purpose, we raise the following three: (i) To construct a mathematical model which is able
to describe the cytotoxic actions of effectors against cancer cells (here we propose such a stochastic
model); (ii) To analyze the model mathematically; (iii) To study the qualitative properties of the
biological phenomena related to immune response. As for the long-term purpose, in the near future
we are going to explain the following: (iv) To explain an extraordinary phenomenon (such as the
saturation of immune effectiveness), from the viewpoint of model theory.
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Xl 1: Tumorigenic process proceeds

D& —BEOEEHHBROBEE, JZTI3 THCVIICHT 2 REBRIE, LEIBI LTS F
HCBRELZIT2o00 70w A93H b, | 2REEAESHES»OBRCHEERL T4 (I8
BME) ch23 70 AT, TNIZBKNEKRTORY VL3RR 2. Z0BA, ARERBROBEIC X
b, BBy ElEE RO TRIILICAS. ERIDOLIBRIIZIABNICERIIEZ 2T013,
F2o7arRi, A lEnEEEHBEE THRITTRREL, WAL LTONVBIRET 3882 ET.



CH%B A HRRIXE SR 30 ), MEFELRT, BEENZEBT2LI 1k, BI3DRATS
ETHDELZRELTCI LIRS, COMETRIEDRENRLTE. LidioT, MO EERE
LU NLEOEKFHMERICE T2 0BIEICOABREYT, 272279 — b NK M, 5 —TH
[, =7077—CCRELTELS. 7707 7—J ML Tk, MIBIREENZEO 2 Lo o Bl
Leer7u77=YRdENRET2 (10| BHNICIR, =727 9—ick 37 Vil 2 Mot
DEZZEBTIMEE TV EZHEEL, BENICEN T2 LItk ), ARERAICEL 3 BROEHN LM
B2fR2 I E2BELL TS, BERNICE, Ao 0B E Bl TRELRESR, flZid Bt
BRI oY B E FVRI LB R IRET 5 LR EML TS (cf. [5),6),[7)).
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X 2: Effectors: A group of immune cells

2 BEETFINEULTOEBE

KRR TIIHERE T L L THEBR (Superprocess) 2RET 3. EFALICA BRI, BBRICOVL
THLERLTEL. NEESH L2 7 @BOMBHITHS F— Y > =1 TEBR (Dawson-Watanabe
superprocess) (FRHICE W TIRMT, DW B@R LMET 3) ICOWVWTRTEI . Mp = Mr(R?Y) ¢H
WD ED o7 RE LOERAELBERL, P(Q) 132M Q LOoREAELEHOEM L T 5. DW BEE
X={X4;;t>01 TNLT, HEPecPCR;Mp)) BOEDPLF U —NRBEAR:T: THbY, £
BOER ¢ € Dom(4) IS4 L, My(p) i= (X0, 9) — (Xo,0) ~ [1(X., 1ApYds I3 P-o L F ¥ H— L TH
T, 2D 2RETBRIEZ (M) = 27 [§ (Xe,p?)ds THEASND [11]. T 2T, (u, f) Z RIS f O}
BEp BT 2Ry [fdu #RY. 725 75 AHBABBIC X 2HUAT BN 3 [1).

W1, DW EBE X = {X;t > 0} Bo¥%24:T. 7X MK ¢ € G (RY) N Dom(A) XL
T, Elexp(—(Xt, )] = exp(—(Xo,u(t,"))) BSEY LD, 7750, BE v = u(t,z) 132 FDFHAERIE:
& = LAy — yu? with u(0,z) = p(z) D—EEEBTHS. Z T, CH(RY) ik R? ETEBEI - FHE
B EERRLEERT. O

INEOFDELICRELTH L,

XB(~{Xe, ) = exp(~(X0,9)) = [ exp(~ (X)) (~(Xar 3 A) + 7(Xs, D) M

B F-"NF =N THS. DW EEE X = {X;; t > 0} D 4Kk, (the branching property) 1&, &
B BAT 77 BEIDEPINC X 2R R ITHE N 5. EBE, v 29I, P(,v) 2 ZDORBET
DHBHERELTZLE P, 1n+) = B(,0n)* B, 1n) R DD, 22T, x I3BARAA (convolution)
ERY. COGREIWHRELS v+ +v, DT —RETEBIHLBEINS. PIEROER n I
L, MRIRE p o BT 2 BRBODHEZ, TNFNITHBE p/n 2o R T 28R D n B
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UBaC—DMORHICEEMAL I LNTES. T L3 DW EBE X HERIEAHE (infinitely
divisible) TH 3 Z L 2 kKT 5. —RIZR? (HBVRIE—F YV FEME) LOBRLZS VY LHIE X %
WMBHEAETH S & 13, MIANHELREEEF {X,} KHLT, X2 X, + Xo+ -+ X, 2SR D 32D
LEICEY. BbBaRnLei, TERIE (intensity measure) u % b2 Poisson 7 v ¥ LHIETHS. T
FEERE u/n b n BDOBMILL Poisson 7 ¥ ¥ LHIEDERA DY (superposition) & L TEHERT Z
EDITES, —RIODFDZLIZASHT LS.

WEE2. (BERREE) X 2#-5 0 FEM (E,£) LOERIBEURL S VY LHAETHEETS. Z
DL E, HRNE X, € Mp(E) B UHE m € M(Mp(E)) (m #0) BHELT, EEOF A MM o €
Cy(E) KRL T, [{1 —e ™ }m(dv) < o0, &

—logEle™ )] = (X4,0) + / {1 - e‘(”*“’)}m(du) (2)
BRDID. oI m({0}) =0 THIE, Xg BEU m B—BICEZ 3. aQ

ERORERIZ, RY LOEBIBATHE L OB 2 M 5 A Lévy-Khintchine AR DI
EHRECOTFuS—ThH5. 2D (2) REAVEILICL), BROBUHELIHE L OFTEERTH S
DR (superprocess) ZHME T2 Z LI TES.

3 EEREREOETIVE

3.1 A HBOMEARE

BEMBEN S O ERCHERR L 2841, MiloF v basthE 5. fil2ORETIX, (FVRIE
F) bk (FrHFRET) CRENEI TS, 2OFR, Afr ot Lt wIESHEY
TuRLICH b o7, MEANTIIEEE X &) TEEY 74, R TL2REBIZR>TW 3.
—%, RO DRI S 2 OBRBIIEL T—EDFRVFOEL > TWVT, 7O X7 (telomere), Rtald
KEHBEL BHboTw3, VTR ex 7 ROMEBEBICRERSZ Z LMo TS, TNN
CHIBMOBBRFE L OREELZTHIC L TwaLEIONTVLS. 2% b, FUERIRESTIREEZIEDS
N EoTLE-> T AHERKMIRTHS LI ZEWBTES. ZDI L, F U ARSEOEKFE
MOERTH 2. | >FIFZE TN, £ P OBENBO ras BIZET (6500 HEHNS%3) X, bTH 1T
FROBEEFINCHSTANEERLD, £EU B Ras YV N2 EDT7 S /BB T Y >V (Gly) 258
v (Val) ~NLB#T 2. 20O&R, ¥V 2 BEOVGH#EGELL T, o TMilal~ "#WEe L, LofF
BE2HLBETITHBZ gL oTn3,

3: Canceration: Example of Ras protein

~7, A iz NK RSO REMR#r o 23172 79 —ICX h R - BRSO Y LTV 3 [10].
RENESBREICERINT, 2727 —pEEERICRET 5 L, VU MRICKE L TREOHZMR L



THfEEEEOB E 2 RE L TENMRZET. B4F L LTk, CD8 BY: THMIES MHC 75 R 1 4F
LEBIHIRERTF F2FB T o MEEE TR (CTL) Td 5. BHETIR, BEHRICKERNL CD8+
THIRIZA M2 EHML T2 - ORBECRBEES2Tb A . FUFICRIGL 7 THIKI IL-2R %
FREL, 24U IL-2 2EAT 5 LMifEEEREE2 > CTL oL, > FICALUHBER7F F/MHC 7
FRATEEGBICHE > L ZICZDRNHIEEREL TRTZLICES, ZLETHDoTL 5.

4: Effectors: Cytotoxic effect of macrophage

BEDZ & 2FBRICANL LT, SERBETF L2 RBEICETEFAEET). Non I, N, 28
n EROT L HROBEKL §5. 2D, &n TLIL, BB N, : Q - N & NEEEERTHS. ¢, TEn
RO AR (=HME) »EL T8 (=FHl) ORBEERT L T2 EHF {1}, 8555 T, ff
Yo = YERT (as n— o), E6] =142 2H7ZL, 9D Var(é,) = 02 — 0? (< ) (as n — 00)
DEYIDERET . Thbd, ¥ HEOSBEHEICEL T, SEBROSET, 2 O0HEIIILE
BANTHEZ LERET 5.

% (Binary Branching Ofl) & n J& &:ﬁﬁ*ﬂ%ﬂiﬁ?*ﬁ?ﬁ% £ &, 7% binary branching 28
T3, .
=3 (3)
THBLEILTR). WA ZOHMER E[E,) =2x3+0x1=1 L%, HRFEORKCER T OMESL
Eboizv: (ALEHHLAV) »oRRERUTHS. m|

ZOBIEREVBETZEFNEZHET 3 LHS R E I, EE,] >1 THBhs, LRTEL A
FOSEMERDICH 2 L2 RETE2ODTHS. L (DB BFMBET LI v ¥ LRERE- 7 &
SIKENTFNRVICEZIZHDEL, FRELLT A (A>0) 2b2LT5. ZhiHRRRTB LI,
DEELHFNT 27 A2 00, MEMEEZEELALILICES. AAEIERN A DL
¥, FRADBEMMERZ ¢t FTEREL Tk LT, >FOBNMNSEREM [t,t + 6t) FICTERT 5 HEEHs
Mt +o(6t) TEXAONBILEZEBHRTZ. 0L ) CEFNLBEROEET AEENAF RO S 51
MANEZ oI itk B,

P(g, =2)=P(¢y = 0)

3.2 FHyinZ=rEiE

M RFRIIBAIE o - EBA CORBINEDEBIREEN DT, ERER DC R (d=3) &
T35, 2" € R T n RO N, BOH M, B i BHOMMOWSLEXRT b0 L ¥ 5. B
BaTH 2 4 v MR DT BRI IS & A EBEL , BT RTER ICEEMALES D - L &
TEICHBLTENDZ LS, NEVT X —F ¢ 2 BHREEZ O OLEBEHTIbDLT S, ¥
73 HICRFEEEICH ) ZRBE OO, 4 HMBOKEICIHEEROSREM D ALTERTs I Lic
5. ZITIITR, HEMEAOBRI2RZTER h e Cr LHEEAYMRERT AT A% p 2BAL
T, hEBFEZOBMPL LI L2 TETSERELT, p(z) = [hiz —y)h(y)dy L EHET 5. $EH%
ko=c+p(0), BX k(e) =eko L LT L, = k(e)A EEDHT, D L, 2 LRAHADBEZ HHT 5 1%
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BAERLLTEATS. 7-7L. ARSI TIL7r2RT. CONREHNOBA» DB L, X TR
FROWLEE 2
dmm=/%w-nGWWﬁﬂw+wm (4)

LIEBRENTWT, 20 2REHBED
t
(Ziyzj)e = /0 p(zi(s) — z;(s))ds + E2t6ij (5)

LLTEALNBLDTHB I LRERTS (12,3, 22T W(,) @y Y v ¥—- 759 88, (B)
B R TS L ERT, ¢ BEERLT B,

3.3 I7x79—-0WBERE

72275t Tid, REMREEDOTO NK filg, ¥ 7—-THRE, ~7077-C28EL, Thox
727 % -0 MRICET MEMEEZERICANS. IRERARROBET, MEEDH 2L IIBE
¥ (deterministic emigration rate) [9] £ LT ¢(>0) 2¥AL, *7x 7 ¥ —ic k 34 V{3 2 Mk
BMEROBRIERTOOL TS, ERIEHL T, MAED 3\ 3B AR (immigration rate) iXEEOHAT
HERINRL 3. AEEARRICBIIIBABEIIABICREIN TV S. 526N/ HIEMEERRICHE
TEENHREEMER L ZOTMBIBUTRELERRAEIN LI H LICHIEL, —RICIZZ D X 23823,
LN NOBYOT THEBEE b >RORMREROERZE5X T3 9. T ThhbhDET
NELTEZELIL LT ABABBRBRZOFRLZMICYUZ2HD0E LTRAZZ LATES 2, 3]

4 BRBEOTTOERBICLSERETI

4.1 HABKLBWEETI
LRDBREDOT T, WRA VHBROEEET L E LT, BRAE

w1 Na(t)

n

X = n Z 0o ) (6)
=1

RRETS. T 1 >ONEERREREFLTHS. 2T V(1) REnHRBROFOE i BEHON
REBDORZ t TOMEERT. i =1,2,...,N,(t) T N,(¢) i3R% ¢t TOLEES HROREERT. =
NRERBHOH 2[R, AAE B(CD) ZBELLE, 2ORAt IKEFLTV32H @D
BT, ZOFE BIK7 9 7 DBU->TOE5DDAE2KADTTC, 2ORICHBRy =YV 7 7779 —
(T3, BMiyr—2T 1/n) 28T RELTH Y ORBERBRT 27V TH 3.

BT HERORERRECOL VB X™ O n - oo TOHERERE L TEER X, EB5h 5. o
HBRETFLOBENE ) THo kI iC, TOHEBRE X, 3Z2DOEREFNVOEEMERERBL T3
EEBZONBZDT, BT X, =X(t) K20 TR Z2EDEZ LICT 3.

42 BAR X, BT &R
BITTIk X = (X;t>0) BT 3RERE LT, (1) FEE, (i) —B4#, (i) EAME, (iv) 8T, 2L
K2VWTERET 3. LHbIEELZRANBEICI O L THMNS.
EE1. (FEH) e N
1
th;;%w W)

DHB2HEMBME p(e M) KBWRT 226, {X,()} 3H2ERMEERFEE X = (X ()} KHIRT
5. (]



DEFMRTH SN EEBO B, ERIME X CRERRLEMMN T ICET 2 EREENT 5. F(u)
BERNE o ORERERL, BE 6F(u)/ou(z) BEHBITICE T3 1 REQERL, 2FTEBINS.

SF(W) _ o Flete &) - Flp)
bu(z) T elo €

72 62F(p)/6u(z)? R 62F(u)/op(x)ouly) RZED2REZERT. >¥F0EERE A BEROKER X,
DEMBBZHEFT 2 EHAKTH 3.

AF(u) = / Le (ZF((;‘)) p(dz)

(8)

52F(u
ER%E B % )
L0°F(u)
BE(w) 2/ 7ty 10
TEERTS. COFRAKIIEER X, 0OOESELERT 2AETHS. 22 Ti=A02 Th2.
_ §F (1)

TEEINBEMAR C 11 X, o7 5BER (immigration rate) Z#H T 2 EAE T, = 2 TREBRO Y
YRRICNT 227 2 7 ¥ —DREEEEOHRERL TR E0T, AV BRICH L TROBEHNDH 5720
W—2A FRAFEVROVT VS, 72 m BBEXICET 2 2BHE (reference measure) & FEIFN 2 HD
T, HIELLARAETH 5. BBICEBRTEBONIEERE X, DERFARCYAZ2bDELTL =
A+B+C 2ERT 3.

EE2., (BENUEE) 2R 7 M eA2 b 28RAE pe Mp NLT, X = {X,;;t >0} BT 3=
NF 27— VR (L£,6,)-MP 3—B% b0, Thbb, X, i3 Mp oL 78R TH Y, HIEEREE <
A% C([0,00); Mp) EOBERRE P, H—BICEZ D, e, I P, € P(C([0,00); Mp)) TH»T, D Fhs
BYiIo:(a) Xo=p, Pyas.
(b) & F e Dom(L) izxtl, )
F(X;) - F(Xo) — / LF(X,5)ds (12)
0

RERE L PV F =N TH B, O

CDETFTNPLTFRING, HE0RBELNIFERE L TROFOEMABET NS, £7, X, DRIFE
WLEGB/OND (cf [4)). FLETLERETEAIA—FIDIDOTHEER c BB THI2HEITIE,
HEBULRR T —NVEBDT T, R\ (singular process) BHET 2 AN H 5 Z L 038IT 3, of. [2],
B LLads, CNOCOFRIEIHAIA LI 74y 7 REDEDBTHD, RADBSLSIZEE LR
BTibhul, SEDRBEEEDEF AR LTI, EFLVRACEAD» S HE VEHVERCIZA L, Y
FERERCR ZOBEOBREERISHE VRIS EVEVIBRICESK. LoL, TOEFADSF
BRIz X, DRFFBEEELVIFEECEETH S, H3Z0RFINERBRER, HEEXKEFLTLI(RLE
TENBIEFRESZVIZBERELD LT LEVWRETH S,

ER. BER X, 2IEBERM (transient) TH 3 L 13, £EOBES BIcWL T
P.(X¢(B) >0, 3t>0|X(:)survives) <1 (13)

BRDIIDIETHE. Z2hcHL T, EER X, 2 BPTEMN (locally extinctive) TH 3 & i3, BRERE
EBINLT, 2RI VY LEM (g BSEE-T

X(B)=0, Vt>(s (14)
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BEHUDZLTHS. ]

TR, B ORFTEBENAETHE0LEI L, X, VRAFMEREL ST 2 & &1, Vrflane7 =
75 —DGRBEERICE ) BFFCEZI N RAICHIET 2L EX6NEH0 6T, BALBO TEETH 3.
RRDOAEIZBVTIR, S5 b -IF—=2I1CZL D, 757 &S, BEREZ L oRUK L ERARE
FRAZE DT, OOBERND, EERND L WIRBEEETWICHAEL TE TR LR ) EENLERVD
3. 30OV AEMEERABRICEBVTH, EVAX— JL U, 754vaey, F=Vy R=%V
R EBT T EYPBIBICN L TEMECBIT 28R (cf. (1)) 0AMNBHEINTE:. LiL, 58I
SEIDORLZICH LOBRD S, EERMEL D bRVBIRTH 2 RATNBIEICE T 2 HER2ZBML T (LE
HEBEBTIICEST.

FSEDEFVREOBKERTH 2 RBECMT AL ERETITFETH 3. F-MlAICHT
IRMEN DL 27 Y —AROMMEEND & S LEENOBELBOBRAD S, # V REOKEL LT
D TREBEOHAME, LwIBRRMEDELER, a) TFALRNICSAT S L, b) 20EKDOERNRILE
BRICELZ L, A2 EELTHEERRITVERLEZEZ TV (. [5],[6],[7).
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