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1 Definitions

For $r>0$ , let $B(x, r)=\{y\in \mathbb{R}^{n} : |x-y|<r\}$ and $B_{r}=B(0, r)$ , and for $B\subset \mathbb{R}^{n}$ ,
let

$f_{B}=f_{B}f(y)dy= \frac{1}{|B|}\int_{B}f(y)dy$,

where $|B|$ is the Lebesgue measure of $B$ , and let

$m(B, f, t)=|\{x\in B:|f(x)|>t\}|$

and
$m_{B}(f, t)= \frac{m(B,f,t)}{|B|}$ ,

where $0\leq t<\infty$ .
First, we define the Morrey-Campanato norms on balls.

Definition 1. For $1\leq p<\infty,$ $\lambda\in \mathbb{R}^{n},$ $0<\alpha\leq 1$ and the ball $B_{r}$ , let

$||f \Vert_{L_{p,\lambda}(B_{r})}=\sup_{B(x,s)\subset B_{r}}\frac{1}{s^{\lambda}}(f_{B(x,s)}|f(y)|^{p}dy)^{1/p}$ ,

2000 Mathematics $S\tau ibje.ct$ Classificatiori. Primary $42B35_{\backslash }\cdot$ Seco1$1dary^{-4()}E35.46E:30,26A33$

The first author was supporte$($ 1 $b)^{rp_{\backslash ifi_{01}i}^{v}}$ University Individual ${\rm Re} i^{\backslash },e^{t}aJ^{\cdot}ch$ Grant for 2009. Tlle
second autfiol$\cdot$ was supported by Grarit-iu-Aid for Scientific Researcli (C). No. $20_{0}^{\tau}401(;7_{:}$ Japan
Society for the Promotion of $S^{\backslash }\epsilon\cdot.11(^{\neg}e$ .

$*1-\backslash 3-2_{-}\backslash \cdot Ii_{\grave{\iota},C}|\backslash ki$-cho, Chiyo(la-ku, Tokvo 101-8360. Japan: E-mail: $kat,\cdot u$ .1$n^{\prime c\dot{\underline{i}}\backslash }nihon-$ u.ac.jp
$\uparrow Ka\backslash ^{\backslash },hiwar_{\iota}q$ . Osaka 582-8582, ,Iapan; E-mail: $enakai.\underline{)_{\grave{a}}}cc.cs_{\dot{c}}\iota k_{\dot{c}}$) $-kt’oik$ ,1 $ac.j_{I})$

数理解析研究所講究録
第 1753巻 2011年 67-76 67



$\Vert f\Vert_{WL_{p,\lambda}(B_{r})}=\sup_{B(x,\epsilon)\subset B_{r}}\frac{1}{s^{\lambda}}\sup_{t>0}tn\iota_{B(x,s)}(f, t)^{1/p}$ ,

$\Vert f\Vert_{\mathcal{L}_{p.\lambda}(B_{r})}=\sup_{B(x,s)\subset B_{r}}\frac{1}{s^{\lambda}}(f_{B(x,s)}|f(y)-f_{B(x,s)}|^{p}dy)^{1/p}$

and

$\Vert f\Vert_{Lip_{a}(B_{r})}=$ $\sup$

$\underline{|f(x)-f(y)|}$

.
$x,y\in B_{r},x\neq y$

$|x-y|^{\alpha}$

Then, the following relation between the Campanato spaces and the Lipschitz
spaces is shown.

Theorem 1 (Mcvers [M], $s_{I}^{t}$)$\dot{e}111IlC[S])$ . If $1\leq p<\infty,$ $0<\lambda=\alpha\leq 1$ and $r>0$ ,
then $\mathcal{L}_{p,\lambda}(B_{r})=Lip_{\alpha}(B_{r})$ modulo null-functions and there eststs a constant $C>0_{f}$

dependent only on $n$ and $\lambda_{f}$ such that

$C^{-1}\Vert f\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}\leq\Vert f\Vert_{Lip_{\alpha}(B_{r})}\leq C\Vert f\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}$ .

The same conclusion holds on $\mathbb{R}^{n}$ .

Next, we introduce “new“ function spaces $B^{\sigma}$ spaces, i.e. $B^{p,\lambda}$ with Morrey-
Campanato norms (see [MN] for details, and cf. $[KM_{2}]$ ).

Definition 2. For $0\leq\sigma<\infty,$ $1\leq p<\infty,$ $\lambda\in \mathbb{R}^{n}$ and $0<\alpha\leq 1$ , let $B^{\sigma}-E_{\{name\}}$

spaces $B^{\sigma}(E)(\mathbb{R}^{n})$ and $B\sigma_{-E_{\{name\}}}$ spaces $\dot{B}^{\sigma}(E)(\mathbb{R}^{n})$ be the sets of all functions $f$

such that the following functionals are finite, respectively:

$\Vert f\Vert_{B^{\sigma}(E)}=\sup_{r\geq 1}\frac{1}{r^{\sigma}}\Vert f\Vert_{E(B_{r})}$ and $\Vert f\Vert_{\dot{B}^{\sigma}(E)}=\sup_{r>0}\frac{1}{r^{\sigma}}\Vert f\Vert_{E(B_{r})}$

with
$E=L^{p},$ $WL^{p},$ $L_{p,\lambda},$ $WL_{p,\lambda},$ $\mathcal{L}_{p,\lambda}$ and $Lip_{\alpha}$ .

We note that $B^{\sigma}(L_{p,\lambda})(\mathbb{R}^{n})$ unifies $L_{p,\lambda}(\mathbb{R}^{n})$ and $B^{p,\lambda}(\mathbb{R}^{n})$ and that $B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$

unifies $\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})$ and $CMO^{p,\lambda}(\mathbb{R}^{n})$ . Actually, we have the following relations:

$B^{0}(L_{p,\lambda})(\mathbb{R}^{n})=L_{p,\lambda}(\mathbb{R}^{n})$ , $B^{0}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})=\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})$ (1)

and

$B^{\lambda+n/p}(L_{p,-n/p})(\mathbb{R}^{n})=B^{p,\lambda}(\mathbb{R}^{n})$ , $B^{\lambda+n/p}(\mathcal{L}_{p,-n/p})(\mathbb{R}^{n})=CMO^{p,\lambda}(\mathbb{R}^{n})$ . (2)

We also have the same properties for $\dot{B}^{\sigma}(L_{p,\lambda})(\mathbb{R}^{n})$ and $B\sigma(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ .
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Remark. We recall the definitions of several function spaces on $\mathbb{R}^{n}$ (see [AGL],
[FLL], $[LY_{1}],$ $[LY_{2}]$ and [MN] $)$ : For $1\leq p<\infty,$ $\lambda\in \mathbb{R}^{n}$ and $0<\alpha\leq 1$ ,

$B^{p,\lambda}( \mathbb{R}^{n})=\{f:\Vert f\Vert_{B^{p,\lambda}}=\sup_{r\geq 1}\frac{1}{r^{\lambda}}(f_{B_{r}}|f(y)|^{p}dy)^{1/p}<\infty\}$ ,

$CMO^{p,\lambda}(\mathbb{R}^{n})=\{f:\Vert f\Vert_{CMO^{p,\lambda}}=\sup_{r\geq 1}\frac{1}{r^{\lambda}}(f_{B_{r}}|f(y)-f_{B_{r}}|^{p}dy)^{1/p}<\infty\}$ ,

$\dot{B}^{p_{)}\lambda}(\mathbb{R}^{n})=\{f:\Vert f\Vert_{B^{p,\lambda}}=\sup_{r>0}\frac{1}{r^{\lambda}}(f_{B_{r}}|f(y)|^{p}dy)^{1/p}<\infty\}$ ,

$CBMO^{p,\lambda}(\mathbb{R}^{n})=\{f:\Vert f\Vert_{CBMO^{p,\lambda}}=\sup_{r>0}\frac{1}{r^{\lambda}}(f_{B_{r}}|f(y)-f_{B_{r}}|^{p}dy)^{1/p}<\infty\}$ ,

$L_{p,\lambda}( \mathbb{R}^{n})=\{f:\Vert f\Vert_{L_{p,\lambda}}=\sup_{x\in \mathbb{R}^{n},r>0}\frac{1}{r^{\lambda}}(f_{B(x,r)}|f(y)|^{p}dy)^{1/p}<\infty\}$ ,

$WL_{p,\lambda}( \mathbb{R}^{n})=\{f;\Vert f\Vert_{WL_{p_{1}\lambda}}=\sup_{x\in \mathbb{R}^{n},r>0}\frac{1}{r^{\lambda}}\sup_{t>0}tm_{B(x,r)}(f, t)^{1/p}<\infty\}$ ,

$\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})=\{f:\Vert f\Vert_{L_{p,\lambda}}=\sup_{x\in \mathbb{R}^{n},r>0}\frac{1}{r^{\lambda}}(f_{B(x,r)}|f(y)-f_{B(x,r)}|^{p}dy)^{1/p}<\infty\}$

and

$Lip_{\alpha}(\mathbb{R}^{n})=\{f:\Vert f\Vert_{Lip_{\alpha}}=\sup_{x,y\in \mathbb{R}^{n},x\neq y}\frac{|f(x)-f(y)|}{|x-y|^{\alpha}}<\infty\}$ .

2 Results

We consider a standard singular integral operator $T$ and its modified version $\tilde{T}$

defined by the following:

$Tf(x)=p.v$. $\int_{\mathbb{R}^{n}}K(x-y)f(y)dy$ ,

where
$|K(x)| \leq\frac{C_{K}}{|x|^{n}}$ and $| \nabla K(x)|\leq\frac{C_{K}}{|x|^{n+1}}$ , $x\neq 0$ ,

$\int_{\epsilon<\text{回}<N}K(x)dx=0$ for all $0<\epsilon<N$ ;

$\tilde{T};(x)=p.v.\int_{\mathbb{R}^{n}}\{K(x-y)-K(-y)(1-\chi_{B_{1}}(y))\}f(y)dy$ ,

where $\chi_{E}$ is the characteristic function of a set $E\subset \mathbb{R}^{n}$ .
Here, it is known that

$T:L^{p}(\mathbb{R}^{n})arrow L^{p}(\mathbb{R}^{n})$ , $1<p<\infty$ ,
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$T:L^{1}(\mathbb{R}^{n})arrow WL^{1}(\mathbb{R}^{n})$ ,
$\tilde{T}$ : BMO $(\mathbb{R}^{n})arrow$ BMO $(\mathbb{R}^{n})$

and

$\tilde{T}:Lip_{\alpha}(\mathbb{R}^{n})arrow Lip_{\alpha}(\mathbb{R}^{n})$ , $0<\alpha<1$ .

Also, the following two theorems, which show the extension of boundedness
properties of $T$ and $\tilde{T}$ to the Morrey spaces and the Campanato spaces, respectively,

are well-known.

Theorem 2 (Peetre [P], Chiaren$/^{r_{J\dot{\subset}}}$) $an(1F^{\tau}1^{\cdot}\dot{\epsilon}\backslash :’:$ ($\rangle i1$ [CF], Nakai $[N_{1}]$ ). Let $1<p<\infty$ ,

$-n/p\leq\lambda<0$ and $T$ be a standard singular integml opemtor. Then $T$ is bounded
on $L_{p,\lambda}(\mathbb{R}^{n}),$ $i.e$ . there exists a constant $C>0$ such that

$\Vert Tf\Vert_{L_{p,\lambda}}\leq C\Vert f\Vert_{L_{p,\lambda}}$ , $f\in L_{p,\lambda}(\mathbb{R}^{n})$ .

And also $T$ is bounded from $L_{1,\lambda}(\mathbb{R}^{n})$ to $WL_{1,\lambda}(\mathbb{R}^{n}),$ $i.e$ . there exists a constant
$C>0$ such that

$\Vert Tf\Vert_{WL_{1,\lambda}}\leq C\Vert f\Vert_{L_{1,\lambda}}$ , $f\in L_{1,\lambda}(\mathbb{R}^{n})$ .

Theorem 3 (Peetre [P]. Nakai $[N_{2}]$ ). Let $1<p<\infty,$ $-n/p\leq\lambda<1$ and $T$ be a
standard singular integml opemtor. Then $\tilde{T}$ is bounded on $\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})/C$ and $\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})$ ,
$i.e$ . there exist constants $C_{1}>0$ and $C_{2}>0$ such that

$\Vert\tilde{T}f\Vert_{\mathcal{L}_{\rho,\lambda}}\leq C_{1}\Vert f\Vert_{\mathcal{L}_{p,\lambda}}$ , $f\in \mathcal{L}_{p,\lambda}(\mathbb{R}^{n})/C$ ,

and

$\Vert\tilde{T}f\Vert_{\mathcal{L}_{p,\lambda}}+|(\tilde{T}f)_{B_{1}}|\leq C_{2}(\Vert f\Vert_{\mathcal{L}_{p,\lambda}}+|f_{B_{1}}|)$ $f\in \mathcal{L}_{p,\lambda}(\mathbb{R}^{n})$ ,

respectively, where $C$ is the space of all constant functions.
Furthermore, we can extened the boundedness properties of $T$ and $\tilde{T}$ to $B^{\sigma_{-}}$

Morrey spaces and $B^{\sigma}$ -Campanato spaces, respectively.

Theorem 4. Let $1<p<\infty,$ $-n/p\leq\lambda<0,0\leq\sigma<-\lambda$ and $T$ be a standard
singular integral opemtor. Then $T$ is bounded on $B^{\sigma}(L_{p,\lambda})(\mathbb{R}^{n}),$ $i.e$ . there ettists a
constant $C>0$ such that

$\Vert Tf\Vert_{B^{\sigma}(L_{p,\lambda})}\leq C\Vert f\Vert_{B^{\sigma}(L_{p,\lambda})}$ , $f\in B^{\sigma}(L_{p,\lambda})(\mathbb{R}^{n})$ .

The same conclusion holds for the boundedness on $\dot{B}^{\sigma}(L_{p,\lambda})(\mathbb{R}^{n})$ .
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In the above theorem, if $\lambda=-n/p$ and $\sigma=\lambda+n/p$ , then by the relation (2),
we have the result in [FLL].

Corollary 5 (Fu, Liu and Lu [FLL]). Let $1<p<\infty,$ $-n/p\leq\lambda<0$ and $T$ be
a standard singular integml opemtor. Then $T$ is bounded on $B^{p,\lambda}(\mathbb{R}^{n}),$ $i.e$ . there
exists a constant $C>0$ such that

$\Vert Tf\Vert_{B^{p,\lambda}}\leq C\Vert f\Vert_{Bp,\lambda}$ , $f\in B^{p,\lambda}(\mathbb{R}^{n})$ .

The same conclusion holds for the boundedness on $\dot{B}^{p,\lambda}(\mathbb{R}^{n})$ .
Theorem 6. Let-n $\leq\lambda<0,0\leq\sigma<-\lambda$ and $T$ be a standard singular integml
opemtor. Then $T$ is bounded from $B^{\sigma}(L_{1,\lambda})(\mathbb{R}^{n})$ to $B^{\sigma}(WL_{1,\lambda})(\mathbb{R}^{n}),$ $i.e$ . there exists
a constant $C>0$ such that

$\Vert Tf\Vert_{B^{\sigma}(WL_{1,\lambda})}\leq C\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$ , $f\in B^{\sigma}(L_{1,\lambda})(\mathbb{R}^{n})$ .

The same conclusion holds for the boundedness from $\dot{B}^{\sigma}(L_{1,\lambda})(\mathbb{R}^{n})$ to $\dot{B}^{\sigma}(WL_{1,\lambda})(\mathbb{R}^{n})$ .

In the above theorem, if $\lambda=-n$ and $\sigma=\lambda+n$ , then we have the following.

Corollary 7. Let-n $\leq\lambda<0$ and $T$ be a standard singular integml opemtor. Then
$T$ is bounded from $B^{1,\lambda}(\mathbb{R}^{n})$ to $WB^{1,\lambda}(\mathbb{R}^{n}),$ $i.e$ . there exists a constant $C>0$ such
that

$\Vert Tf\Vert_{WB^{1,\lambda}}\leq C\Vert f\Vert_{B^{1,\lambda}}$ , $f\in B^{1,\lambda}(\mathbb{R}^{n})$ .

The same conclusion holds for the boundedness from $\dot{B}^{1,\lambda}(\mathbb{R}^{n})$ to $wB^{1,\lambda}(\mathbb{R}^{n})$ . .

Theorem 8. Let $1<p<\infty,$ $-n/p\leq\lambda<1,0\leq\sigma<-\lambda+1$ and $T$ be a standard
singular integml opemtor. Then $\tilde{T}$ is bounded on $B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})/C$ and $B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ ,
$i.e$ . there exist constants $C_{1}>0\cdot and$ $C_{2}>0$ such that

$\Vert\tilde{T}f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}\leq C_{1}\Vert f\Vert_{B^{\sigma}(L_{p.\lambda})}$ , $f\in B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})/C$ ,

and

$\Vert\tilde{T}f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|(\tilde{T}f)_{B_{1}}|\leq C_{2}(\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|f_{B_{1}}|)$ $f\in B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ ,

respectively. The same conclusion holds for the boundedness on $B\sigma(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})/C$ and
$B\sigma(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ .

In the above theorem, if $\lambda=-n/p$ and $\sigma=\lambda+n/p$ , then as a corollary, we have
the extension of result in $[KM_{1}]$ .
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Corollary 9. Let $1<p<\infty,$ $-n/p\leq\lambda<1$ and $T$ be a standard singular integml
opemtor. Then $\tilde{T}$ is bounded on $CMO^{p,\lambda}(\mathbb{R}^{n})/C$ and $CMO^{p,\lambda}(\mathbb{R}^{n}),$ $i.e$ . there exist
constants $C_{1}>0$ and $C_{2}>0$ such that

$\Vert\tilde{T}f\Vert_{CMO^{p,\lambda}}\leq C_{1}\Vert f\Vert_{CMO^{p,\lambda}}$ , $f\in CMO^{p,\lambda}(\mathbb{R}^{n})/C$ ,

and

$\Vert\tilde{T}f\Vert_{CMO^{p.\lambda}}+|(\tilde{T}f)_{B_{1}}|\leq C_{2}(\Vert f\Vert_{CMO^{p,\lambda}}+|f_{B_{1}}|)$ , $f\in CMO^{p,\lambda}(\mathbb{R}^{n})$ ,

respectively. The same conclusion holds for the boundedness on $CBMO^{p,\lambda}(\mathbb{R}^{n})/C$

and $CBMO^{p,\lambda}(\mathbb{R}^{n})$ .

And, if $\sigma=0$ and $\lambda=0$ , then by the relation (1), $\tilde{T}$ is bounded on BMO $(\mathbb{R}^{n})$ .
Also, if $0<\lambda<1$ , then by Theorem 1, the following corollary is obtained.

Corollary 10. Let $0<\alpha<1,0\leq\sigma<-\alpha+1$ andT be a standard singular integral
opemtor. Then $\tilde{T}$ is bounded on $B^{\sigma}(Lip_{\alpha})(\mathbb{R}^{n})/C$ and $B^{\sigma}(Lip_{\alpha})(\mathbb{R}^{n}),$ $i.e$ . there exist
constants $C_{1}>0$ and $C_{2}>0$ such that

$\Vert\tilde{T}f\Vert_{B^{\sigma}(Lip_{\alpha})}\leq C_{1}\Vert f\Vert_{B^{\sigma}(}$ Lip
$\alpha$
), $f\in B^{\sigma}(Lip_{\alpha})(\mathbb{R}^{n})/C$ ,

and

$\Vert\tilde{T}f\Vert_{B^{\sigma}(Lip_{\alpha})}+|(\tilde{T}f)_{B_{1}}|\leq C_{2}(\Vert f\Vert_{B^{\sigma}(Lip_{\alpha})}+|f_{B_{1}}|)$ , $f\in B^{\sigma}(Lip_{\alpha})(\mathbb{R}^{n})$ ,

respectively. The same conclusion holds for the boundedness on $B\sigma(Lip_{\alpha})(\mathbb{R}^{n})/C$

and $B\sigma(Lip_{\alpha})(\mathbb{R}^{n})$ .

In the above corollary, if $\sigma=0$ , then $\tilde{T}$ is bounded on $Lip_{\alpha}(\mathbb{R}^{n})$ .

3 Proofs of theorems

In the following proofs of theorems, we use the symbol $A<B\sim$ to denote that there
exists a positive constant $C$ such that $A\leq CB$ . If $A<\sim B$ and $B<\sim A$ , we then
write $A\sim B$ .

Before proving Theorems 4, 6 and 8, we state the following lemma in [MN] (see

also $[N_{2}]$ for the first part of the lemma).

Lemma 11. Let $1\leq p<\infty,$ $r>0$ ,

$h(x)=\{\begin{array}{l}1, |x|\leq 1,x\in \mathbb{R}^{n},0, |x|\geq 2,\end{array}$ such that 11 $h\Vert_{Lip_{1}}\leq 1$ , (3)

and
$h_{r}(\cdot)=h(\cdot/r)$ .
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(i) $If-n/p\leq\lambda<0$ , then for all $f\in L_{loc}^{p}(\mathbb{R}^{n})$ with lfll $L_{p,\lambda}(B_{3r})<\infty$ ,

$\Vert f\chi_{r}\Vert_{L_{p,\lambda}}\leq\Vert f\Vert_{L_{p,\lambda}(B_{3r})}$ .

(ii) $If-n/p\leq\lambda\leq 1$ , then there exists a constant $C>0$ , dependent only on $n$ and
$\lambda$ , such that for all $f\in L_{loc}^{p}(\mathbb{R}^{n})$ with Ifll $L_{p,\lambda}(B_{3r})<\infty$ ,

$\Vert(f-f_{B_{2r}})h_{r}\Vert_{\mathcal{L}_{p,\lambda}}\leq C\Vert f\Vert_{L_{p,\lambda}(B_{3r})}$ .

Now we prove the theorems. Here, we omit the proof of Theorem 4 due to the
similarity with that of Theorem 6.

Proof of Theorem 6. Let $f\in B^{\sigma}(L_{1,\lambda})(\mathbb{R}^{n})$ and $r\geq 1$ . Then, we prove that for
any ball $B_{r}$ ,

$\Vert Tf\Vert_{w}L_{1,\lambda}(B_{r})_{\sim}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$ .
To prove this, let

$Tf=T(f\chi_{B_{2r}})+T(f(1-\chi_{B_{2r}}))$ .

Now, for any ball $B(x, s)\subset B_{r}$ , it follows that

$\frac{1}{s^{\lambda}}\sup_{t>0}2tm_{B(x,s)}(Tf, 2t)$

$\leq 2\{\frac{1}{s^{\lambda}}\sup_{t>0}tm_{B(x,s)}(T(f\chi_{B_{2r}}), t)+\frac{1}{s^{\lambda}}\sup_{t>0}tm_{B(x,s)}(T(f(1-\chi_{B_{2r}})), t)\}$

$=2(I_{1}+I_{2})$ , say.

First, by applying the boundedness of $T$ from $L_{1,\lambda}(\mathbb{R}^{n})$ to $WL_{1,\lambda}(\mathbb{R}^{n})$ (Theo-
rem 2) and (i) of Lemma 11, we have

$I_{1}\leq\Vert T(f\chi_{B_{2r}})\Vert_{WL_{1,\lambda}(B_{r})}\leq\Vert T(f\chi_{B_{2r}})||_{WL_{1,\lambda\sim}}<\Vert f\chi_{B_{2r}}\Vert_{L_{1,\lambda}}$

$\leq\Vert f\Vert_{L_{1,\lambda}(B_{6r})}\leq r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$.

Next, we estimate $I_{2}$ . It follows that for $x\in B_{r}$ ,

$|T(f(1- \chi_{B_{2r}}))(x)|\leq\int_{\mathbb{R}^{n}\backslash B_{2r}}\frac{|f(y)|}{|y|^{n}}dy\sim<r^{\lambda+\sigma}\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$ .

Therefore, since $\lambda<0$ , we obtain

$I_{2}\leq\Vert T(f(1-\chi_{B_{2r}}))\Vert_{WL_{1,\lambda}(B_{r})}\leq r^{-\lambda}||T(f(1-\chi_{B_{2r}}))\Vert_{L\infty(B_{r})}\leq r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$.

Thus, we have for any ball $B_{r}$ ,

$\Vert Tf\Vert_{w}L_{1,\lambda}(B_{r})_{\sim}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{1,\lambda})}$ .
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This shows the conclusion.
The proof of the boundedness from $B\sigma(L_{1,\lambda})(\mathbb{R}^{n})$ to $B\sigma(WL_{1,\lambda})(\mathbb{R}^{n})$ is the same

as above. $\square$

Proof of Theorem 8. Let $f\in B^{\sigma}(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ and $r\geq 1$ . Then, we prove that that

for any ball $B_{r}$ ,
$\Vert\tilde{T}f\Vert_{\mathcal{L}_{p,\lambda}(B_{r})_{\sim}}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ ,

and then $|(\tilde{T}f)_{B_{1}}|_{\sim}<\Vert$ fll $B^{\sigma}(\mathcal{L}_{p,\lambda})+|f_{B_{1}}|$ .
Now, let $f=f-f_{B_{4r}}$ and let $h$ be defined by (3). Then, for $x\in B_{r}$ , it follows

that

$\tilde{T}f(x)=\tilde{T}f(x)+\tilde{T}(f_{B_{4r}})(x)$

$=T(fh_{2r})(x)+ \int_{\mathbb{R}^{n}}f(1-h_{2r})(y)(K(x-y)-K(-y))dy$

$+ \int_{\mathbb{R}^{n}}f(\chi_{B_{1}}-h_{2r})(y)K(-y)dy+f_{B_{4r}}(\tilde{T}1)(x)$

$=I_{1}(r)(x)+I_{2}(r)(x)+I_{3}(r)+I_{4}(r)(x)$ , say.

Here, note that $\tilde{T}1$ is a constant function and $I_{3}(r)$ is constant.
First, since $(\chi_{B_{1}}-h_{2r})/|\cdot|^{n}$ is in $II’(\mathbb{R}^{n})$ , it follows that

$|I_{3}(r)| \leq\Vert\frac{\chi_{B_{1}}-h_{2r}}{|\cdot|^{n}}\Vert_{Lp’}\Vert f\Vert_{L^{p}(B_{4\tau})}<\sim\Vert f\Vert_{Lp(B_{4r})}\leq\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ . (4)

To estimate $I_{1}(r)$ , applying the boundedness of $\tilde{T}$ on $\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})/C$ (Theorem 3)

and (ii) of Lemma 11, we have

$\Vert I_{1}(r)\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}\leq\Vert T(\tilde{f}h_{2r})\Vert_{L_{p,\lambda\sim}}<\Vert\tilde{f}h_{2r}\Vert_{\mathcal{L}_{p,\lambda\sim}}<\Vert f\Vert_{\mathcal{L}_{p,\lambda}(B_{6\tau})\sim}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ .

Similarly, by the boundedness of $\tilde{T}$ on $\mathcal{L}_{p,\lambda}(\mathbb{R}^{n})$ (Theorem 3) and (ii) of Lemma 11,

we obtain

$\Vert I_{1}(r)\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}+|(I_{1}(r))_{B_{1}}|\leq\Vert T(\tilde{f}h_{2r})\Vert_{\mathcal{L}_{p,\lambda}}+|(T(\tilde{f}h_{2r}))_{B_{1}}|$

$\leq\Vert\tilde{f}h_{2r}\Vert_{\mathcal{L}_{p,\lambda}}+|(fh_{2r})_{B_{1}}|_{\sim}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|(fh_{2r})_{B_{1}}|$. (5)

Next, we get for $x\in B_{r}$ ,

$|I_{2}(r)(x)| \leq r\int_{\mathbb{R}^{n}\backslash B_{2r}}\frac{|f(y)-f_{B_{4r}}|}{|y|^{n+1}}dy<\sim r^{\lambda+\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$. (6)

$If-n/p\leq\lambda\leq 0$ , then we have

$\Vert I_{2}(r)\Vert_{\mathcal{L}_{p,0}(B_{r})}\leq\Vert I_{2}(r)\Vert_{L_{p,0}(B_{r})}\leq\Vert I_{2}(r)\Vert_{L^{\infty}(B_{r})}\leq r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{p,\lambda})}$ .
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If $0<\lambda<1$ , then we have for any $x,$ $z\in B_{r}$ ,

$|I_{2}(r)(x)-I_{2}(r)(z)| \leq\int_{R^{n}\backslash B_{2r}}$

.
$|f(y)||K(x-y)-K(z-y)|dy$

$\sim<|x-z|\int_{\mathbb{R}^{n}\backslash B_{2r}}\frac{|f(y)-f_{B_{4r}}|}{|y|^{n+1}}dy$

$\leq|x-z|r^{-1+\lambda+\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ ,

and so

$\frac{|I_{2}(r)(x)-I_{2}(r)(z)|}{|x-z|^{\lambda}}<\sim(\frac{|x-z|}{r})1-\lambda_{r^{\sigma}\Vert f\Vert_{B^{\sigma}(L_{p,\lambda})}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}}\sim$ .

Therefore, by Theorem 1,

$\Vert I_{2}(r)\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}\sim\Vert I_{2}(r)\Vert Li_{P_{\lambda}}(B_{f})_{\sim}<r^{\sigma}\Vert f\Vert_{B^{\sigma}(c_{p,\lambda})}$ .

Thus, we have for any ball $B_{r}$ ,

$\Vert\tilde{T}f\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}=||I_{1}(r)+I_{2}(r)+I_{3}(r)+I_{4}(r)\Vert_{\mathcal{L}_{p,\lambda}(B_{r})}$

$\sim<r^{\sigma}\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ ,

which gives the conclusion

$\Vert\tilde{T}f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}\leq\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ .

Finally, we estimate each term of right hand side in the inequality

$|(\tilde{T}f)_{B_{1}}|\leq|(I_{1}(1))_{B_{1}}|+|(I_{2}(1))_{B_{1}}|+|I_{3}(1)|+|I_{4}(1)|$ .

By taking $r=1$ in (4), (5) and (6), it follows that

$|I_{3}(1)|<\sim\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ ,

$|(I_{1}(1))_{B_{1}}|<\sim\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|(\tilde{f}h_{2})_{B_{1}}|=\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|f_{B_{1}}-f_{B_{4}}|$

and
$|(I_{2}(1))_{B_{1}}|_{\sim}<\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ ,

respectively. Moreover,

$|f_{B_{1}}-f_{B_{4}}|\leq\Vert f\Vert_{L_{p,\lambda}(B_{4})_{\sim}}<\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}$ .

Therefore, we prove that

$|(\tilde{T}f)_{B_{1}}|_{\sim}<\Vert f\Vert_{B^{\sigma}(\mathcal{L}_{p,\lambda})}+|f_{B_{1}}|$ .

Thus, we complete the proof of the desired coclusion.
The proof of the boundedness of $\tilde{T}$ on $B\sigma(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})/C$ and on $B\sigma(\mathcal{L}_{p,\lambda})(\mathbb{R}^{n})$ is

the same as above. 口
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