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1. INTRODUCTION

Condition 1.1. Let $V=V_{1}+V_{2}$ be a real-valued function defined on $\mathbb{R}^{d};d\geq 1$ .
There exists $\mu\in(0,2)$ such that the following conditions (1)$-(5)$ hold.

(1) There exists $\epsilon_{1}>0$ such that $V_{1}(x)\leq-\epsilon_{1}\langle x\rangle^{-\mu}$ .
(2) $V_{1}\in C^{\infty}(\mathbb{R}^{d})$ . For all $\alpha\in N_{0}^{d}$ there exists $C_{\alpha}>0$ such that

$\langle x\rangle^{\mu+|\alpha|}|\partial^{\alpha}V_{1}(x)|\leq C_{\alpha}$ .

(3) There exists $\tilde{\epsilon}_{1}>0$ such that $-|x|^{-2}(x\cdot\nabla(|x|^{2}V_{1}))\geq-\tilde{\epsilon}_{1}V_{1}$.
(4) There exists $\delta,$ $C,$ $R>0$ such that

$|V_{2}(x)|\leq C|x|^{-2s_{0}-\delta}$ ,
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2. RESULTS
2.1. Resolvent bounds. Let us recall a main result from [FS]. Let $\theta\in(0, \pi)$ ,
$\lambda_{0}>0$ and define

$\Gamma_{\theta}=\{z\in \mathbb{C}\backslash \{0\}|\arg z\in(0, \theta), |z|\leq\lambda_{0}\}$ . (2.1)

In [FS] $\lambda_{0}$ is exclusively taken equal to one although this is only for convenience
of presentation. We fix any $\lambda_{0}>0$ at this point and suppress henceforth any
dependence of this constant (as done in the notation (2.1)). At this point we also fix
$\theta\in(0, \pi)$ , but keep (somewhat inconsistently) the dependence of $\theta$ of the set (2.1).

For $\mu\in(0,2),$ $K>0$ and $\lambda\geq 0$ let

$f=f_{\lambda}(x)=(\lambda+K\langle x\rangle^{-\mu})^{1/2};x\in \mathbb{R}^{d}$ . (2.2)

Here $\lambda$ will be taken as $|z|$ for $z$ in the closure of $\Gamma_{\theta}$ and $K$ can for parts of our
presentation be taken arbitrary. More precisely the latter is true for Theorems 2.1
and 2.2 (presented below). Consequently we take, for convenience, $K=1$ in these
theorems. As for Theorems 2.3 and 2.5 we choose a different value of $K$ , see (2.5).

For a Hilbert space $\mathcal{H}$ (which in our case will be $L^{2}(\mathbb{R}^{d})$ ) we denote by $B(\mathcal{H})$

the space of bounded linear operators on $\mathcal{H}$ (a similar notation will be used for
Banach spaces). A $B(\mathcal{H})$-valued function $T(\cdot)$ on $\Gamma_{\theta}$ is said to be uniformly Holder
continuous in $\Gamma_{\theta}$ if there exist $C,$ $\gamma>0$ such that

$\Vert T(z_{1})-T(z_{2})||\leq C|z_{1}-z_{2}|^{\gamma}$ for all $z_{1},$ $z_{2}\in\Gamma_{\theta}$ .

We consider the Schr\"odinger operator $H=-\Delta+V$ on $L^{2}(\mathbb{R}^{d})$ under Condition
1.1. The resolvent is denoted by $R(z)=(H-z)^{-1}$ . In the statement below of
(a version of) [FS, Theorem 1.1] some conditions on the potential $V$ are slightly
changed. Comments at this point are given after the statement.
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Theorem 2.1 (LAP). Suppose Condition 1.1. For all $s>s_{0}$ the family of opemtors
$T(z)=\langle x\rangle^{-s}R(z)\langle x)^{-s}$ is uniformly Holder continuous in $\Gamma_{\theta}$ . In particular the limits

$T(0+ i0)=\langle x\rangle^{-\epsilon}R(0+i0)\langle x\rangle^{-s}=\lim_{zarrow 0.z\in\Gamma_{\theta}}T(z)$ ,

$T( O-i0)=\langle x\rangle^{-s}R(0-iO)\langle x\rangle^{-s}=\lim_{zarrow 0,z\in\Gamma_{\theta}}T(\overline{z})$

Theorem 2.2 (Besov space bound). There exists $C>0$ such that for all $z\in\Gamma_{\theta}$

$\Vert f_{|z|}^{1/2}R(z)f_{|z|}^{1/2}\Vert_{B(B}..$
$B,$ . $.\cdot$ . $\leq C$. (2.4)
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The proof of Theorem 2.2 is partly based on Theorem 2.1 and various ideas of
[AH, Mol, Mo2, JP, FS].

2.2. Sommerfeld radiation condition. We shall give an outline of some microlo-
cal estimates and characterization of solutions to the equation $Hu=v$ . In particular
we estimate and characterize the particular solution provided by Theorems 2.1 and
2.2. This particular solution is constructed as follows in terms of Besov spaces. First
note that the relevant Besov space at zero energy is $B^{\mu}$ $:=B(\langle x\rangle^{2s0})=\langle x\rangle^{-\mu/4}B(|x|)$ ,
cf. Theorem 2.2 $($ recall $s_{0}:=1/2+\mu/4)$ . We have the following characterization of
the corresponding dual space

$u\in(B^{\mu})^{*}\Leftrightarrow u\in L_{1oc}^{2}(\mathbb{R}^{d})$ and $\sup_{R>1}R^{-s_{0}}\Vert F(|x|<R)u\Vert<\infty$ .

A slightly smaller space is given by
$u\in(B^{\mu})_{0}^{*}\Leftrightarrow u\in L_{1oc}^{2}(\mathbb{R}^{d})$ and $\lim_{Rarrow\infty}R^{-s0}\Vert F(|x|<R)u\Vert=0$ .

Now suppose $v\in B^{\mu}$ . Then due to Theorems 2.1 and 2.2 there exists the weak-star
limit

$u=R( O+iO)v=w^{\star}-\lim_{zarrow 0,z\in\Gamma_{\theta}}R(z)v\in(B^{\mu})^{*}$ .

Note that indeed this $u$ is a (distributional) solution to the equation $Hu=v$ .
Let us state a microlocal property of this solution. We shall use (2.2) with

$K=\epsilon_{1}\tilde{\epsilon}_{1}/(2-\mu)$ , (2.5)

where the $\epsilon^{)}s$ come from Condition 1.1. In terms of $f_{0}$ we then introduce symbols

$a_{0}= \frac{\xi^{2}}{f_{0}(x)^{2}},$ $b_{0}= \frac{\xi}{f_{0}(x)}\cdot\frac{x}{(x)}$ ,

and we prove that
$Op^{w}(\chi_{-}(a_{0})\tilde{\chi}_{-}(b_{0}))u\in(B^{\mu})_{0}^{*}$ for all $x-\in C_{c}^{\infty}(\mathbb{R})$ and $\tilde{x}-\in C_{c}^{\infty}((-\infty, 1))$ . (2.6a)

Here we use Weyl quantization (although this is not the only choice). These esti-
mates are accompanied by “high energy estimates”, stated as follows: Let us note
that

$f_{|z|}^{-2}(x)|V_{1}(x)-z|\leq C_{0}’$ $:= \max(C_{0}/K, 1)$ ,
where $C_{0}$ is given in Condition 1.1 (2) (i.e. the constant with a $=0$ ). Consider
real-valued $x-\in C_{c}^{\infty}(\mathbb{R})$ such that $\chi_{\sim}(t)=1$ in a neighbourhood of $[0, C_{0}’]$ , and let
$x+:=1-\chi_{-}$ . We prove that for all such functions $x+$

$Op^{w}(\chi_{+}(a_{0}))u\in(B^{\mu})_{0}^{*}$ . (2.6b)

The support property of $\tilde{x}-$ in (2.6a) mirrors that the particular solution studied
is “outgoing“, and we refer to (2.6a) as a Sommerfeld radiation condition. This
condition (in fact a weaker version) suffices for a characterization as expresssed in
the following result. Here and henceforth $L_{s}^{2}$ $:=(x\rangle^{-s}L^{2}(\mathbb{R}^{d})$ .

Theorem 2.3 (Uniqueness of outgoing solution, data in $B^{\mu}$ ). Suppose $v\in B^{\mu}$ .
Suppose $u$ is a distributional solution to the equation $Hu=v$ belonging to the space
$L_{s}^{2}$ for soin$es\in \mathbb{R}$ , and suppose that there there exists $\sigma\in(0,1]$ such that

$Op^{w}(\chi_{-}(a_{0})\tilde{\chi}_{-}(b_{0}))u\in(B^{\mu})_{0}^{*}for$ all $x-\in C_{c}^{\infty}(\mathbb{R})$ and $\tilde{x}-\in C_{c}^{\infty}((-$ oo, $\sigma))$ . (2.7)

Then $u=R(O+iO)v$ . In particular (2.6a) and (2.6b) hold.
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Corollary 2.4. Suppose $u\in(B^{\mu})_{0}^{*}$ solves the equation $Hu=0$ . Then $u=0$ .

We have another version of uniqueness of the outgoing solution (with $\delta>0$ as in
Condition 1.1).

Theorem 2.5 (Uniqueness of outgoing solution, data in $L_{\delta}^{2}$ ). Suppose $v\in L_{s}^{2}$ for
some $s>s_{0}$ .

i$)$ Suppose $u$ is a distributional solution to the equation $Hu=v$ belonging to
the space $L_{-s0-\delta}^{2}$ , and suppose that there there exists $\sigma>0$ such that

$Op^{w}(\chi_{-}(a_{0})\tilde{\chi}_{-}(b_{0}))u\in L_{-s0}^{2}$ for all $x-\in C_{c}^{\infty}(\mathbb{R})$ and $\tilde{x}-\in C_{c}^{\infty}((-\infty, \sigma-1))$ . $(2.8)$

Then $u=R(O+iO)v$ .
ii) Moreover the state $u=R(O+iO)v$ obeys: For all $t< \min(s-s_{0}, \delta)-s_{0}$

$Op^{w}(\chi_{-}(a_{0})\tilde{\chi}_{-}(b_{0}))\tau\iota\in L_{t}^{2}$ for all $x-\in C_{c}^{\infty}(\mathbb{R})$ and $\tilde{x}-\in C_{c}^{\infty}((-$ oo, $\sigma))$ , (2.9a)
$Op^{w}(\chi_{+}(a_{0}))u\in L_{t}^{2}$ for all functions $x+as$ in (2.6b). (2.9b)

In particular we can take $t=-s_{0}$ in (2.9a) and (2.9b).

The proof of the uniqueness statements of Theorems 2.3 and 2.5 relies partly on a
$t$ ‘propagation of singularities” result in the spirit of [H\"o2, Me, Va, DSl]. For example
it follows that (2.8) is valid for all $\sigma<2$ if it is valid for some $\sigma>0$ , and consequently
Theorem 2.5 i) follows from Theorem 2.3. The bounds (2.9a) and (2.9b) essentially
follow $hom$ [FS]. We note that the “incoming” solution $u=R(O-iO)v$ can be
characterized similarly. Our results generalize [DSl, Proposition 4.10] at zero energy.
For similar results for positive energies and for larger classes of potentials see [H\"ol,
Theorem 30.2.10] and [GY].

Remark 2.6. Define under Condition 1.1 the operator
$\delta(0)=(2\pi i)^{-1}(R(O+i0)-R(0-i0))=\pi^{-1}{\rm Im}(R(O+iO))\in B(B^{\mu}, (B^{\mu})^{*})$ ,

and note that its range
Ran$(\delta(O))\subseteq \mathcal{E}:=\{u\in(B^{\mu})^{*}|Hu=0\}$ .

Under some stronger conditions it follows from [DSl, Theorem 8.2] that Ran$(\delta(O))=$

$\mathcal{E}$ (proved in terms of wave matrices at zero energy). Equality is an open problem
under Condition 1.1, in fact it is only known [FS] that $\delta(0)\neq 0$ . More generally
”scattering theory at zero energy” in the spirit of [DSl, Theorem 8.2] is an open
problem under Condition 1.1.
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