0000000000
017670 20110 14-24 14

Discrete series for symmetric spaces
over p-adic fields

Shin-ichi Kato (Dept. of Math., Kyoto University)
meE F— (FREK - HEPER)
Keiji Takano (Akashi National College of Technology)
=E BRE (ARLESH)

0 Introduction

Let G be a connected reductive group over a non-archimedean local field F' equipped
with an F-involution ¢ : G — G, and H the subgroup of all o-fixed points of G.
The quotient space G/H of F-points G = G(F) by H = H(F) is called a symmetric
space over F. We are interested in representations of G which can be realized in
the space of functions on G/H. Such representations are said to be H-distinguished.
We are concerned especially with representations which can be realized in the space
L?(G/ZgH) (in rough notation) of square integrable functions on G/ZgH, where Zg
denotes the center of G. An irreducible representation having such a realization is
said to be in the discrete series for G/H.

We give a criterion for such realizability, i.e., square integrability on G/H, in terms
of exponents of Jacquet modules. The result has already appeared in [KT2]. In
this report we give a brief survey of the main result of [KT2] (and also a part of
our preceding work [KT1]). It is a symmetric space analogue of Casselman’s well-
known criterion for the group case ([C], which we recall below in Section 1). In our
symmetric space analogue, we only consider Jacquet modules along o-split parabolics,
and consider exponents on (o, F')-split components (see Section 3). The set of relative
ezponents used in our criterion is given in 5.1, and the main theorem is stated in 5.2.

Several examples are included in the final section.
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1 Casselman’s criterion for the usual square integrability

Let F be a non-archimedean local field with the valuation ring © and the absolute
value |- [p. Let G be a connected reductive group defined over F' and Z the F-split
component of G, that is, the largest F-split torus in the center of G. Let us write
G = G(F), Z =17Z(F).

Let (m, V') be a smooth representation of G. Suppose that 7|z is a unitary character
of Z. Let (7, V) denote the contragredient of (m, V). The usual matrix coefficients of

7 are functions on G of the form
co,5(9) = (@, m(g"")v) (g€ Q)

for v € V and ¥ € V. The representation 7 is said to be square integrable (in the

usual sense) if
/ lev,5(9)|* dg < o0
G/Z

forallve Vand7eV.

We briefly say that P is a parabolic subgroup of G if P is the group of F-points of
a parabolic F-subgroup P = P of G etc, by abuse of terminology.

For a smooth representation (7, V) of G and a parabolic subgroup P = MU, let
(mp, Vp) denote the normalized Jacquet module of (m, V) along P: The space Vp is

the quotient of V' by the M-stable subspace

V(U)={({r(u)v—v |ueUwveV}k.
Let jp:V — V/V(U) = Vp be the canonical projection. Then M acts on Vp by
mp(m)jp(v) = 85"/ (m)jp (n(m)v)

where dp is the modulus of P. It is known ([C, §3]) that if 7 is finitely generated
(resp. admissible), then so is the M-module 7p.

Let X(A) be the set of all quasi-characters of the F-split component A of the Levi
subgroup M. For a x € X(A), consider the generalized x-eigenspace

There exists a d € N such that }

(VP)xoo = {6 € Ve (mp(a) — X(a))d -7=0foralac A
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A quasi-character x € X(4) is called an ezponent of Tp if (Vp)y,00 # {0} The set
of all exponents of mp is denoted by E4(7p).
The set £4(mp) is finite if 7 is finitely generated and admissible. One has a direct

sum decomposition

Vp = @ (VP)x,OO°

XEEa(mp)

Set
A~ ={a€ A||a®|r £ 1 for all simple roots a}.

Let us take up the following condition imposed on P:

(bp) Ix(a)] < 1 for all x € E(np) and alla € A~ N\ ZA(OF).

Now the well-known Casselman'’s criterion is stated as follows:

Theorem 1.1 (Casselman [C, 4.4.6]) A finitely generated admissible representation
7 of G is square integrable if and only if the condition (bp) is satisfied for every

parabolic subgroup P of G.

2 H-square integrable representations

From now on we assume that the residual characteristic of F' is not equal to 2. Let

o : G — G be an F-involution on G. We put
H={hcG|o(h)=h}, Zo=({z€Z|0(2) =z'1})0,
We call Zg the (o, F)-split component of G. We write G = G(F), H = H(F) etc.

A smooth representation (m,V) of G is said to be H-distinguished if the space
Hompy(w,C) = (V*)¥ of H-invariant linear forms on V is nonzero. For a while,
suppose that 7|z, is a unitary character of Zg, say, wo : Zo — C{'. Let (m, V) be H-
distinguished and take a non-zero H-invariant linear forms A € (V*)¥. We consider

functions ¢y, on G/H for v € V defined by
Prw(g) = (A 7(g7v) (9 €G).

Such functions are called (H, A\)-matriz coefficients of . Note that these are not the

matrix coefficients in the usual sense, but are generalized matrix coefficients, since
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H-invariant linear forms are not smooth in general. We have an obvious equivariance

for (H, A)-matrix coefficients:

©rw(20gh) = wo(20) Yorn(g) Vzo € Zo, g€ G, he H.

We also have @y (g)v = L(g)@a,v (Where L(-)¢ denotes the left translation). Thus,
for a fixed A € (V*)#, the set of functions {go,\,v J v E V} gives a realization of 7 in
the space of functions on G/H.

Since H is reductive, H is unimodular. So the quotient space G/ZyH carries a

unique (up to constant) left G-invariant measure, denoted by / ...dg.
G/ZoH

Definition 2.1 We say that 7 is (H, \)-square integrable if lgo,\,v(-)\ is square inte-
grable on G/ZyH for all v € V, namely, if

/ ox,0(9)[*dg < o0
G/ZoH

forallveV.

Remark 2.2 In our preceding work [KT1], we have defined that (m,V) is (H,\)-
relatively cuspidal if the support of ¢, , is compact modulo ZgH for all v € V. So,
by definition, (H, A)-relatively cuspidal representations are (H, \)-square integrable

provided that wp is unitary.

3 Tori and parabolics associated to o

We recollect some notation and terminology for tori and parabolic subgroups asso-

ciated to the involution o. Basic reference is [HH].

Definition 3.1 (i) A parabolic F-subgroup P of G is said to be o-split if P and
o(P) are opposite, i.e., if P Mo (P) is a (o-stable) Levi subgroup of P.
(i) An F-split torus S is said to be (o, F)-split if o(s) = s~ hold for all s € S.

Let us fix a maximal (o, F)-split torus Sy of G and take a maximal F-split torus
Ay containing Sg. Then Ay is necessarily o-stable, so o acts naturally on X*(Ap).
Let & € X*(Ag) be the root system of (G,Ap). It is o-stable. We can choose a
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o-basis A of ® that has the property

a>0,0(a)#a = o(a) <0

in the corresponding order. The subset of all o-fixed roots in A is denoted by A, .
Let Py be the minimal parabolic subgroup corresponding to the choice of A. Stan-
dard parabolic subgroups P; = M;U; (i.e., those containing Pp) correspond to

subsets I of A as usual. We can decide exactly when P; is o-split.

Lemma 3.2 ([HH, 2.6], [KT1, 2.5]) (i) P is o-split if and only if I > A, and the
subsystem ®; of ® generated by I is o-stable. (In such a case we call I a o-split
subset.)

(i) Any o-split parabolic subgroup of G is written in the form v Py for some
o-split subset I C A and v € (MoH)(F), where Mo = Zg(So) denotes the centralizer
of Sg in G.

Therefore, a minimal o-split parabolic subgroup Po of G can be given as the one
corresponding to the minimal o-split subset I = A,. Alternatively it is given by
Py = PgM,. Note also that My is the o-stable Levi subgroup of Py.

For a subset I C A, let A; be the F-split component of M;. If I is a o-split subset,
let Sy denote the o-split part of Ay, i.e., the identity component of A; N Sy. We call

S; the (o, F)-split component of P;. For a positive real number € £ 1, we put

SI_(E) = {SGS] =S](F) l |Salp és (Ote A\I)}

and
|s%|r S € (aEA\I),}

’Sf’_(e)z{ses‘):S"(F) e<|s®lrS1(ael)

We abbriviate S; = §; (1) and S5 = S5 _(1). We note that if o € A, and s € S,

then s* = s7(® = (s71)% so that |s%|p = 1.

Lemma 3.3 ([KT2, Lemma 1.6)) For any € < 1, one has
So= U 185 (e) (disjoint).
ICA:0-split
It will turn out that the behaviors of H-matrix coefficients are determined essentially

on Sy, and furthermore, on the subset ; Sy (€), they are connected to M; N H-matrix

coefficients of the Jacquet module along Pj.
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4  Asymptotic behaviors of H-matrix coefficients

Let (m, V) be an admissible representation of G. Only when P = MU is a o-split

parabolic subgroup, we have defined in [KT1] a linear mapping
re (V)Y = (VE)MOH

between the spaces of invariant linear forms. If v € V is a canonical lifting (|C, §4])
of 7 € Vp with respect to a suitable o-stable open compact subgroup, then rp(A) for
A € (V*)H is well-defined by the relation

<7'P()‘)7 6) = O‘v ’U>

(see [KT1, 5.3(2)]). The same mapping was constructed independently by N. Lagier

[L] in a different manner. P. Delorme extended the construction of such mappings to

any smooth representations by using Bernstein’s second adjointness theorem in [D].
Now, through the mapping rp : (V*)# — (V3)M"H  the H-matrix coefficients of 7

are related to the M N H-matrix coefficients of the Jacquet module wp as follows:

Proposition 4.1 ([KT2, 3.3]) Let I be a o-split subset of A and P = P; the corre-
sponding o-split parabolic subgroup with the (o, F)-split component S = S;. Let (w, V)
be an H-distinguished admissible representation of G and v € V, A € (V*)#. There

exists a positive real number ¢ £ 1 such that
(A (o) = 852 ()(rp(N), p(8)jp (v))
for all s € 1S5 (e).

Remark 4.2 In [KT1, 6.2], we have shown the following criterion for (H, \)-relative
cuspidality in terms of rp: The representation w is (H, \)-relatively cuspidal if and

only if rp(A) = 0 for every proper o-split parabolic subgroup P.

5 Main theorem

Let (m, V) be a finitely generated H-distinguished admissible representation of G,

with a non-zero H-invariant linear form A € (V*)¥. Let P = MU be a o-split
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parabolic subgroup of G with the (o, F)-split component S. We let X(S) denote
the set of all quasi-characters of S and for a x € X(S), we consider the generalized

x-eigenspace (Vp)y 0o as in section 1.

Definition 5.1 A quasi-character x € X(S) is called an exponent of mp relative
to rp(\) if the induced linear form rp(A) on Vp is non-zero on the generalized x-

eigenspace (Vp),,0o- The set of all such exponents is denoted by Es(mp;rp(N)):

Es(mpirp(V) = {x € X(8) | rp(N)|(ve) #0} -
Now we consider the following condition imposed on P and A:

(Hp,a) Ix(s)| < 1 for all x € Es(mp;rp(A)) and all s € S N\ ZyS(OF).

The main theorem of [KT2] is the following:

Theorem 5.2 ([KT2, 4.7]) Let (7, V) be a finitely generated H-distinguished admis-
sible representation of G, with a non-zero H-invariant linear form A € (V*)H. Then,
the representation (m,V) is (H, \)-square integrable if and only if the condition (§p )
is satisfied for every o-split parabolic subgroup P of G.

Remark 5.3 By combining our criterion and Casselman’s criterion, we have the fol-
lowing (possibly non-trivial) corollary: If (w,V) is H-distinguished and is square
integrable in the usual sense, then it is (H, \)-square integrable for any A € (V*)#.

6 Ingredients of the proof

To evaluate the L2-norm of the (H,\)-matrix coefficients, we first decompose
G/ZyH according to the analogue of Cartan decomposition. We fix a o-stable open
compact subgroup Ky of G which has Iwahori factorization with respect to each
o-split parabolic subgroup. This is not a maximal compact subgroup. [BO] and [DS]
gave the following: There is a finite set = of G and a finite set T’ of (MoH)(F) such

that
G= |J U eKos™!yH.
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Choose ¢ so that Proposition 4.1 is valid for all I and put
Gr~y= U Kos™'vH
s€18y (€)/Z0So(O)
for each o-split subset I C A and v € I". Then we have
G/ZoH = | ] €Gr./20H
£, 1

by Lemma 3.3. Now, the evaluation of the L2-norm of ¢ = ¢, , starts from

2 2
/G/ZDH|<P(9)| dg< ) (/gGI.W/ZOHMg)I dg)-

£:v,1

We may drop & by changing vector suitably. To prove the if part of the main theorem,

it is enough to show the following:
Claim. If the condition (§p.») is satisfied for P = v~ Py (see Lemma 3.2 (ii)), then

/ |o(9)|*dg < 0.
G

1,+v/ZoH
The integral is bounded by the series

2.

- 8€185 (£)/Z0S0(0)

2
/ lo(g)|"dg
Kos“l')'ZoH/ZoH

over the lattice ;S5 (€)/ZpSo(O). Each term can be evaluated as

- - 2
/ () %dg < C - vol(Kos™ y ZoH/ZoH) - |o(s™ )|
Kos—lvZoH/ZoH

by a constant C. Look at the term where v = 1 for simplicity. In the right hand side,
e(s7h) = (A, m(s)v) = 8p(s)/*(rp(N), 7p(s)jp(v))
by Proposition 4.1. To proceed further, we need the following volume computation.

Lemma 6.1 ([KT2, 2.6]) For each v € T', there erist positive real constants c; and

¢ such that

c1+0p,(s7Y) S vol(Kos v ZoH/ZoH) < ¢ - 6p,(s7 1)

for all s € S5 .
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From this lemma, the volume factor can be replaced by (a constant times) ép,(s™),
so the problem reduces to the series
: 2
Yo e, me(9)ip @)
€185 (€)/Z0So(O)

whose convergence will follow from the condition (#p,»).

7 Examples

7.1 The symmetric space GLy(E)/GLy(F) where E/F is quadratic

Let E/F be a quadratic extension of non-archimedean local fields and wg,/r be the
unique non-trivial character of F'* trivial on the norm image Ng,p(E>).
Let G be the group GL2(F) and consider the involution o on G defined by

a(9) =(35)9(848),
where (-) denotes the conjugation over F. Then the subgroup H of o-fixed points in
G is isomorphic to GLy(F). The standard parabolic subgroup P = {(§ i) € G} is o-
split, with the o-stable Levi subgroup T = {(} 2) € G}. Any proper o-split parabolic
subgroup is H-conjugate to P.
Non-cuspidal irreducible H-distinguished representations of G are completely de-

termined in Hakim’s thesis [H]:

1. The irreducible principal series Ind(x1, x2), with x2 = X7
2. The irreducible principal series Ind(x1, x2), with x;|rx =1 and x1 # x2-
3. The spacial representation sp(xi,Xx2), with Xle_l = HE and Xll-[;l/2 =

X2,'|L~/2 = WwWg/F ON FX,

Here, for quasi-characters x1, x2 of E*, Ind(x1, x2) stands for the normalized induc-
tion determined by the quasi-character (39) — xi(a)x2(d) of T. In any case, it is
known that the dimension of the space of H-invariant linear forms is one.

The representations in the second class are (H, A)-relatively cuspidal (see Remark
2.2 for the definition, and Remark 4.2 for the criterion). Indeed, the Jacquet module
along P is the direct sum (x1, x2) @ (X2, x1) of characters of T. If x;|r = 1, then we

have
X1=X15 X2=1X3'
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so X2 # X' provided that x; # x2. Thus, neither (x1,x2) nor (xz2,x1) cannot be
trivial on TN H = {(42)}.

The representations in the third class provide examples of Remark 5.3.

7.2 The symmetric space GL3(F)/(GLx(F) x GL1(F))

Let G be the group GL3(F) and o the inner involution ¢ = Int(¢) defined by the
anti-diagonal permutation matrix € = (1 1 1). Then the o-fixed point subgroup H
is isomorphic to GLy(F) X GL,(F). For this symmetric space, all the irreducible
H-distinguished representations were determined by D. Prasad [P].

Form the normalized induction
n(p) = Ind3 ,(lgL,(r) ® p)

from the standard parabolic P; 2 of type (1,2) and an irreducible representation p of
GLy(F). Then w(p) is irreducible, and is H-distinguished. The Borel subgroup Fo
consisting of upper triangular matrices is the only proper o-split parabolic of G up
to H-conjugacy. It is easy to determine exponents of w(p) along Py. By using our
criterion, we may conclude that 7(p) belongs to the discrete series for G/H if p is the
Steinberg representation of GLy(F'). See [KT2, 5.1] for details.

7.3 The symmetric space GL4(F')/Sps(F)

Let G be the group GL4(F) and o the involution on G defined by
%6 eo1 (%0 i
o) = (70, ) (0 ,) weo
10 -10
Then the o-fixed point subgroup H is the symplectic group Sp2(F). For this sym-
metric space, H-distinguished representations were studied by Heumos-Rallis [HR).
Let p be an irreducible admissible representation of GLo(F') and form the normalized

induction 1/2 ~1/2
I(p) = Indg, , (p - [det()| 2~ ® o+ [det()] ).

where P; 5 is the standard parabolic of type (2,2). Then I(p) has the unique irre-
ducible quotient 7(p) which is H-distinguished ([HR, 11.1(b)]). One can show that
n(p) belongs to the discrete series for G/H if p is the Steinberg representation of
GLy(F). See [KT2, 5.2] for details.
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