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Abstract

A number of travelling wave solutions in a square duct are discovered by a homotopy
approach using artificially arranged body forces, following Waleffe, Phys. Rev. Lett. 81,
4140-4143 (1998). Some of them appear at much lower Reynolds number than the transitional
regime to turbulence, Rey ~ 1000. It is found that most of the solutions presented in this
paper have their counterparts in pipe flow listed in Pringle et al., Phil. Trans. R. Soc. A
367, 457-472 (2009).

1 XC&Ic

FERRNPEARL Y MRRNSREERSE L2, 5 LERICBI BELHADEBIZAE
RRIRIERELDS | 2 & & x> TR E, (HEZERIIC 354> T Navier-Stokes ARAICH T 2 EBBEOFRLZE
R (ERETERD 2 VIIANEE L) 0D ZKET RENEAATH B LEXDNATVS. Th
® X, Navier-Stokes RRADIFERRIC N 2 BEAELFEBBHESEZRAT S L CRARTHS.
MEBERRNCN T 2 IHREREIBE L RDENTVADIEHN L, EARL 7 FAGIICHT BRI
Wedin et al.(2009), Uhlmann et al.(2009), Okino et al.(2010) D3R 1= 3 BEDORDARICL P E >
TW3. RN T, EAEY Y PARNICET 28R DEBEITEREDBERL RD B 1-HDF
L, TORREBON 9 BEOERETHRIC DOV TIRNS.

2 EBFHELFT FARNICEIT 3 EEETRR

- Couette FPHEARN, $5VREERLTHERE LTV BEAKL 7 FARNCREENS
LI BRMEERRELRVRND B, L BAAMDMKIIET V. FhDZIC, 25U
RICPT B IR RD B FDICHE P E—E TN A FEN LIZLIEAV OIS, Thuds
KWL RE THBWNERRELT L5535 A—% (BIxIE, REEDEEREESR L) i
A, —HRIRERRDIAGC, FDIRFGA—2ERICRITLT, bLb LORICHT EEBEF
ETHB. LhLERS, @ LED/IGA—2BMA LT ATHRE FE—ENRT LERNT
BRALIZ 7. FIAIE, Barnes & Kerswell (2000) ZFABWRNICEHE 5 A— 22 BAT S L
TEZRUBERDID, B/ 5 A—2EBICRL, Sl MERRNOIERERAN L BT 3T
CICIRBL T3S, Waleffe (1998, 2003) i3 {RABATL AR 2 FARBICEINL , fEiRZBAT ST
& T, ¥H Couette i & P Poiseuille FIC N $ 2 IEEMBEB L LICKRI L. T2 TIRRED
77a—FloT, EARE Y FARNICH UTRENENZEA L, ERERERD 575
DFEDENILEITES.

E R Z & DOMBRICRWE 7 FNIC B 2 IEEMRS R DEBIC DV TE R 5. EAK
D—ADEE % b,, FADHMSIHEREE v, L35, £, Cartesian BHER (2., yr, 2.) ZERET 3.
T, B H 7 Mo T2 BRI, ya, 2, BE KX 7 MEOT E FITICE D, EAROHRCESE L
%. it z, BARDOEAAEC L > TREHINS. COMEREE AT —)Vb,, BEA—
b2 /ve, BERT =V v, /b, ZRANTERTLT 2. TROBE « 3EXTRERL, L%, HFELL
REXTRERT. Hf u = (y,v,w) LES P I3, EEOR,

V.-u=0, (1)

L EFHHER,

du+ (u-V)u=-VP+V?u+F, 2)
KXo TREENS. TT T, FIRMRENTEBATHY, X7 FEIC B 3BEIckET 3. ¢
BB, F = (0,Fy(y,2), F.(y,2)) £EENB. I5i, BREGL LTI UBERESZET.

u=0 at y==1 and 2z =+1. 3)
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2.1 EFMR

¥, BAEML LT (u,v,w) = (Us(y,2),Ve(y,2),Ws(y,2)),P = Pgp = —xz £BL. Thb%
@) RIRATBZ LickD,

(VBay + WBaz - A2)UB =X (4)
(VBBy + Wpg0, — Ay)Vp = Fy, (5)
(VBay + WBaz - A2)"VB = Fz (6)

218%. ENNZMARVBAICB38EBE Uy L L (Txb B, Uge 3TN & LEEHRSE
BDOELETD -AUgy =x @ﬁg), ROESI Reynolds BEERT S:

Upgo«(0,0)b,
—

*

Re = Ugo(0,0) = (7)

%33, Reynolds BUZHESREICLLHIT B (x = 3.3935Re).
Ve & Wg it (4) REZMNICRL LA TES. HROK (1) &9,

8,Va + 8, Wg =0 8)

NMEONBDT, 7 FEICHI 2 EAREZRRT 5MNEHZHAT 5.
Vg = 8,98, 9)
Wg = ~8,05. (10)

WNBER op RRET 3 HERR, 6,(6)-0,() I & > TROBTHBENS.
—(B,088, — 8,080, — Da)Aagp = O,F, — 0,F, = 2s. (11)

BB op K& > THRENS, ¥ MWHEICET 3 ERORNI, (11) KXo TERT B REN
BIH 0, RINABC LIcd>TIEET ENB. ZhORIC, 1d LbIC pp BER, ZORIC (4)
REBL T LICE->TEAREES. MBI pp AL MAZ#ER L, Dirichlet &ff £ Neumann
B EFH-TEEERVCTEMRENS:

M N
YB =€ Z Z‘menqsm(y)(b'n(Z)' (12)

m=4n=4

T T T, ¢m & m RD Chebyshev BERX T,,, EHWTRD X3 IcEABNS.

dom = Tom + (m2 - %)TO - szz, 5
_ 13
Pom+1 = Tomyr + i +2m 2Tl - ;-st, (13)
FoO—HZELITICEET.
#s(y) = 16y(1 — y?)?, (14)
ér(y) = 16y(1 + 4°)(1 — v°)%. (15)
tE, BERE 0mn IZRD K S ICHRBIEL THBL.
M N
Z Zl‘Pan[ = 1. (16)
m=4n=4

Eiz, (12) RPDIRS A— & ¢ ZREBOBE LS LICT 5. FRhBEBOREKRR L, TOR/REL
ZEAM% Figure 1, 21TRY. Figure 1, 2 IC &> TRENWBRENAIC K- T, ThEh 4 DHlaL
SOBOEAMIFEEINS. &b, ChORMOWARICKELEVRITHRTHS.
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(a) (b)

Figure 1: (a) The basic stream function wp = £¢5(y)@s(z) with € = 1 represented by the grey
scale. (b) The laminar solution for Re = 3000 with ¢ = 0.266. The grey scale shows the
streamwise velocity Ug.

(a) (b)

Figure 2: Same as figure 2. (a) ¢ = &(¢5(y)p7(2) — d7(y)ds5(2)) /2 with £ = 1. (b) The laminar
solution for Re = 3000 with £ = 0.191.

2.2 WEREERRNT

AETIX, AIEICEE L -BETATHICES N eiitiiz L DEAROBREREERFDOFEIC DV
TihR%. £9, BXR Up = (Us, Vs, Wa), P licntL, BEl 4, p Nz 5:

u=Us+1, (17)
P=Pg+p. (18)

ThoZXEABRNCRAT B Lick D, BELZROABRICHES T LhibhB.
V-4=0, (19)

8+ (U -V)a+ (4-V)Up + (4 - V)i = —=Vp + V4. (20)



54

TTT e, -Vx(20) & e, Vx(20) DIREEEZRRT 5T LiIcK>TRERS.
[{8.+ (Us - V) - V2 + 8,V5}0. - 82,Uso
- [{at +(Ug - V) - V2 +8,V5}d, + awaaz]a (21)
+(8,Us, - 0.Upd, — 82,Uz +8,Vpd, )b =,

[{at +(Ug-V) - V% +8,W5}d, — afoB]w
- [{at +(Ug V)= V2 +08,W5}0, + asza,,] a (22)
+ (azUBay - 8,Usd, - 82,Up +8,Wsd, )i = 0.
Ric, (19) RE 4 2>V THEL.
i = —8; (81 + 8, W). (23)

TZT,o; ik icBT MR EET. (21), (22) RPD Vg, W, 413 (9), (10), (23) Ric &> T
HET 3. £ HEICBT 388 0, 0 BERDEK S i /—<IVE— FORITERMRYT 3:

(Z) (z,y,2,t) = (”‘(y’ 2) ) explia(z — ct)). (24)

wl(ya z)

TTT, BENEEL c TERI O, TOBRICHER o ERLIZLOPBIEORERICH5. v,
L w BEREGERET LS LBYEBERTREELZDB, (24) X% (21), (22) ANERATS.
Galerkin HEZHT I LiIcX> THEHEEE c LT3 X5 H—RICEEHEIELZES.

2.3 FHRFCRRAT

WIELEHRITIC L > TRONERRD 5 NIKT 5 ZRTRIIRICRYT FREC L THLNS.
Y, B 4, p VLI LEWERCOART B,

ﬂ(l" Y, Z,t) = f](y) Z,t) + ﬁ(iﬂ, Y, Z,t), (25)

Bz, v, 2,t) = P(y, 2,t) + B(z, 9, 2,1). (26)

TTTC, FHAR—ERHICED, VP =0THA LICERE L. FHRO R U =(0,V,W) =
JT*u dz L& TEXBO, TRENNEMA B VEEOEERORERDE S ICERLTH
U = (U, V', W) =U - Upge,. HET, (25), (26) X% (19), (20) RICRAT BT LicE->T

Rz1{5.
V' +,W' +V-u=0, 27

AU’ + ) + (U - VYU + (U - V)a + (& - VYT + (&- V)&
=-Vp+ AU +V3au+ F. (28)
EHIC, e, - Vx(28), ey - Vx(28)ic&k>T
[(6.+ (U - V) - V2 +8,V"}0, - 82,05
- [{at +(T-V)-V2+0,V'}d, + ayw'az]a
+(8,00, - 8,00, — 82,0 +8,V'8, )w
—(8y — A2)3,U' - 8,(U’'-V)U +e,-V x {(%-V)u} =0,

(20)

[{at +(U-V) - V?+08,W'}, - af,t’f]w
- [{at +(U-V) = V2 +8,W'}0, + azv'a,,] &
+(8.08, - 8,08, - 82,0 + 8,W', ) |
—(8y — D)V - B,(U" - V)T — ey V x {(&- V)iz} =0

(30)



AMRONB. Eiz (27) ADHNAEFEEL BT LIC k> TRERS.

V' +8,W' =0. (31)
TTT, &Y MEIC B3 HNER o #EBAT S:
V' =8,¢, (32)
W' =-8,¢. (33)
T, e;-(28) and e, - Vx(28) DFENARTEEE L ST,
U’ + (8,48 — 8y’ 8,)U — DU’ + 8,% + 8,7 = 0, (34)
~(8; + 8,08y — 89’8, — Dg) Doy’ + (82, — BZ,)00 + B2, w2 — 0 = 02, (35)

Z21/8%5. TIT, A—N—SAVRBFENARTEEET: = = o/(27) fozw/a- dr. EbiC, (27) A%
(B RIERAL, 2 ITDVTHL:

i = -85 (8yd + 8,1). (36)

BEBUCT BEREMR,
V=w=0,0=U'=¢' =8,/ =08,/ =0 at y==I, (37)
I=w=0,0=U'=¢ =8,0' =0,/ =0 at z==1 (38)

DEIICED. TTT, IERERORIL U TERETRBENES 5. E8E7, o, w, XFNAR
ICBE9 % Fourier B X > TRO XS ICEBE N3

. L
(v) (T, ¥, z:t) = (Uz(y’z)) explila(z — ct)]. (39)
W V7 \wily, 2)
1#0
STOEHX, ¥7 MEICE L TEE ¢, & ¢, ZHAVTEREINS.
(] Vimn®m (Y)¥n(2)
M N
wy wlmn¢m(y)¢n(z)
— . 40
g ,,;:4:‘2 Unmn¥m (¥)¥n(2) “o
¥’ Pmn®m(Y)on(2)
T T T, ¥, & Dirichlet &% #5729 BT, n XD Chebyshev FHAE BT, KA TEZ 5N 5.
"/)271, = T2'n - TO’
{ Yon+1 = Tony1 — T. (41)

ERETEOMHEZRET 75,
%‘[1}252] =0. (42)

EBL. BRI, V/, W, u% (32), (33), (36) REFAWVTHE LD B, (29), (30), (34), (35), (42)
I Galrekin S EZHT T Lic kb, ZXDREABEXEES:

Aijxj + Bijkxjxk =0, T = ('Ulmny Wimn, Umnv‘Pmnrc)T- (43)

Z 1% Newton-Raphson %% AWV THEL . Newton REDHIHHE L LT, RS BII3EAME
BEANS. BOIBRBE (B30I ERTE) OREL L TEBELOEEK S DI RNVF—ERD &

SICERT B. 2je 1 b1 1o
_a /e (|
Esp = ar A /-1 [1 " dzdydz. (44)
iz, L5 0L DDEFREEORE L LT/35V 7 Reynolds BIEERT 5:

1 [+l
Re, = Z,/ Uy, z) dyd=. (45)
-1 J1
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Table 1: Travelling wave solutions in square duct flow with their minimum values of the bulk
Reynolds number and the Reynold number.

Solution min Re,(Re, o) min Re(c)
1 (WBN) 598 (Re = 1968,0 = 0.85) 1952 (a = 0.87)
pl (ONWB) 332 (Re = 836,0 = 1.14) 828 (o = 1.13)
v2 (UKP) 455 (Re = 1579,a = 0.90) 1535 (o =0.88)
o2 498 (Re = 1627,a = 1.10) 1607 (o = 1.08)
o4a 1081 (Re = 4308,a = 3.06) 4287 (a=3.11)
o4b 1011 (Re = 2726,a = 3.20) 2714 (o = 3.12)
2 903 (Re =3285,a =2.35) 3138 (a=2.27)
2 624 (Re =2313,0 = 1.20) 2179 (a = 1.16)
62 670 (Re=12225,0 =1.32) 2187 (a=121)
(a) (b)
0.12

0.1 |

0.08 + 1200 |

0.06 - 1000

800

Re,,

0.04 +

odb —— : N | 600

Laminar - : "\»: 0o |
Turbulent ---~--- ‘ 0
0.02

300 600 900 1200 1500 0.5 1 1.5 2 25 3 3.5

Figure 3: (a) The skin friction A against the bulk Reynolds number for the travelling waves in
square duct flow. The laminar state is represented by A = 28.45/Re;. The turbulent state obeys
the empirical formula by Jones (1976): A~1/2 = 2log,,(2.25Re;A1/2) — 0.8. (b) The existence
domains of the travelling wave solutions. The Reynolds numbers of the solutions are 2000 and
2400 for v1, 900 and 1200 for p1, 1700 and 2000 for »2, 4400 and 5000 for o4a, 2750 and 3000 for
o4b, 3200 and 3400 for u2, 2200 and 2400 for (2. The domains become larger as the Reynolds
number increases.

24 ®WR

PlLERRBRIEAZEICE - T, I BEOERETRRER/SIC LICHYILI:. D5 B0 3 DIIBHCHf
DEED (Wedin et al. 2009; Uhlmann et al. 2010; Okino et al. 2010) iC K> THRE SN TS 8
TH3. TOMD 6 DORIFI-ICHRRENTMTHSB. T T, FERBRIC RN EZR L
T3 (symmetry I, II, III. Okino et al. 2010 D (3.2) K2R X.). B DOB1LTOEREITHER
X, B/IND Reynolds #, 73V 7 Reynolds 8 & 3Ei, Table 1 ICE L HENTUV 5. Figure 3 (a) &
(b) BENFhBROBEEFR L GEERBERT. EEEBHEE X ) =4x/Ri IC&>TEREO
5. Figure 3 (a) TlZ, 73)V %7 Reynolds EB/INCT 3 & 5 Lif#ve & DR %EBA TU 5. Figure
3 (b) X, BBEE (Repy ~ 1000) & D &% D/NE W Reynolds BIC TRN B BB BIZ 1
DL ZITH/ID Reynolds ME L BT LERLTVWS. LT TR, MHEIC k> THESEL, &84
DRI OV THBUITENS. FHIIC DWW TIZ Okino (2011) Z28MRE XK.



2.5 Symmetry I

Okino et al. (2010) D (3.2) N TEREN S symmetry [ %3 U 7z IRERIZ RO AN it %
&D. y#HicBEd B shift-and-reflect symmetry,

u u
S:lv | v | -v|(€+2-02) (46)
w w
2 Bl B89 % mirror symmetry,
u u
Z:|v (és Y, z) g v (51 Y, —z)' (47)
w —w

WS & Z &L DA S DI shift-and-rotate symmetry 29

u (]
Q:|v| €| —v |+ -y,-2). (48)
w —w

£, FNBIEE op = ed5(y)d5(2), 05 = e(85(y)d7(2) — d7(y)bs(2))/2 (Figure 1, 2 ER &.)
LEBRT LICE T, FNTh Wedin et al. (2009) & Okino et al. (2010) DREZEHET BT LICR
L7z, Wedin et al. (2009) DRRIZFIENIC 31T B2 N1 2, Okino et al. (2010) DRIZ M1 i3IS
TBHLEZILNTVWASS, FhFhvl, ul LAMT 5. HERARNICEIT BREDELE Pringle et
al. (2009) IZHE> T 5. Figure 4(a) i, HNBIEE o5 = cos(v)ds(z) EBARE L 2DBEHORE
REIRT. RTFA—RZ o =0.85, Re = 2500 TH Y, Bl IZHEBOWE 2L > TWVB. £~ 0.285
ISR B EAIREEBARREZRL, CTHLBOPBENERT 5. Figure 4(b) IHERDE T 2T 3
BELOEFRTDIRNF—ZRL, BORBEOBRFEREL TS, FERBRIE ¢ = 0.285(FHD
Bh) OREERAL SEEFRNCTEL, ¢ = 0 DEREREZLTVS, AATEINIRAR,
AN NZMA IR VBBICI1T B Navier-Stokes HRERDICHYT 5. Sk e = —0.2751C
BUTERL, Bl = 0DEREZETS. TDXSICLTROESNIEZDDIEHRED v1 D
lower branch & upper branch T$% 5.

(a) (b)
20 ‘ ; : . : 3500 ; , ‘ -

3000 | T

2500 1

-20

40 | 2000 |

a 3]
Esp

50 - 1500 |

1000

500 \
0 >

-03 -02 -0.1 0 01 02 03 04

-80

-100 k

-120

Figure 4: (a) The growth rate of the perturbations, aS(c], with a = 0.85 at Re = 2500. (b) The
bifurcation diagram of the solution v1 with o = 0.85 at Re = 2500. The bifurcation point is
indicated by the closed circle.
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2.6 Symmetry II

Okino et al. (2010) 10D (3.2) A TR E NS symmetry 11 23 U7 IR ROZTERAINFREZ
&D. y #HicBIT B shift-and-reflect symmetry,

u u
™
S v (€7yvz) > |-V (5'*' aa—'ya Z),
w w
BTEIC B 5 180° D rotate symmetry,
u u
Ry: | o (ga Y, Z) el Bt/ (5’ =Y —Z). (49)
w —w

S & R, DEAGDHEIX 2 8iCBIT 5 shift-and-reflect symmetry 2% :

u u
S: v [Ey2)=>]| v (£+£,y,—Z)- (50)
w -w

2.6.1 v2

FNBEEE op = e(ds(y)Pr(2) — d7(y)d5(2))/2 LBET LIC K> T Uhlmann et al. (2010) DE%
BHRT3 LI UE. MEARNICH 58 N2 LOXIEH 5, LIk OR%E v2 LIRS, @Y
FLOFBEERHEKTHT LIk D, 2 IINARICAET 20HEEZE DT LD h o7z diagonal
symmetry,

u

u
D:|v|(y z) - jw (5; z,y). (51)
w v

2.6.2 o2

AEARNICET 2 IERBR S2 ICHIET 2RER/Z. TTTRINE 02 L&TT 3. v2 OXNFRE
D %5 pitchfork MEIC K > T 02 I3BRNS. 02 DEEHIE 4 DI§D/%— %R U (Figure 5
Dk LK), Tl Uhlmann et al. (2007) iC & 2 BBREKICIBIT S DNS DR L IEHIC K S Bl
NRE—~VTH5.

2.63 o4

FEARNICEIT 28 S4 1SS 3 2 BEOMRHPEENT:. ThEH%E oda & odb LEER. IERE
fRod4a & oabld S, S, Ry IKNIA T, 90° D rotate symmetry 259 5.

u u
Ry:| v (61 Y Z) | w (Ev -2, y) (52)
w —-v

oda, 4b DFEFHII N ARICE U THFE 16 BRD/ A% — %% & D (Figure 6, 7 D/ LX), £

HNFNORBICBNT, BHAMFIC 2 D2DKEVRL XY FOHRLHAIIC 2 DD/NERBRLNS.

TODMDBNIBVG 042 125V FOAICED S FNEEDDICH L, o4b R ZDFNEE

a?; TLTHS MBEOBRRHEORTEIIBTED, o4a %2 45° BT THIE, AR 04b EFL
ETH5.

2.6.4 pu2
FAERRNDOE M2 ICHY T 58% u2 LI 7-. Figure 8 i u2 DHIVERRYT. p2 DEEH

216 i/ Z—TH Y, 0da DEEFREFERICE LTV S, LA LERS, p2 i3xAHRIcBEd
BZNHED 2D, TORBFRIE oda LIZEKS.



2.7 Symmetry III

Okino et al. (2010) 1D (3.2) R TEREI NS symmetry III 25 U 7= IEARE I R DO Z= I FiE
28D, 2 #WilcCBIY B mirror symmetry,

Z:jv (S,y,z) - v (§,y,-—z),

w —w
y BHICBE9 % mirror symmetry,
u u
Z:\|v (3 y’z) = | v} -y 2). (53)
w w

XFE Z & Z! L DA E DB rotate symmetry B :

U ) u
Ry: | v (6, Y, Z) =+ | v (5» -y —Z).
w -—w

2.7.1 (2

HEARNICEIT 2IERIERE 22 LELOWRNZEL DRE (2 LMEC LICT . (213 2,27,
Ry AHCBL RICEBENBNMHIEQ 2ED:

u u
i fv| v | v |E+2,-2). (54)

w -V

MFE Q2 FRNARNDOREES 7 b e XY FBEICE 5 90° DEEREZRT. (2 DFHFRIEN
AIRICEEL THfE 8 DIRBIEZ L DN, MW &7 FDAM SHLENER@D S (Figure 9 ZR
X). EAES Y PABNIC R B (2 LHEATRNCET 58 22 ORI X ETVWB ED
D, (2 IFEFEBIFL D H1EBHIC{ELV Reynolds BICTRNB LWI KT, 22 LIIBR->TW3.

2.7.2 42

2 KON Q, ZRES C LIC X DRI 2MMES NI, Tk 62 LTI, FOFRNBOKRT
% Figure 10 ITRT .

3 &R

Waleffe (1998, 2003) L FRRDFEZAVT, EAEX 7 FARRNICET 2 IEREBRZHE (R
BB LK LT, Bl pl, v2, 02, (2, 62 IZBBEE, Re, ~ 1000 KD & T o L/HhE W
Reynolds BICTHERL, Zh 5 DEEBRERE THICEZLLERKEL O ERKEWERZ LS T
L H53ino 7z (Table 1 % Figure 3a ZRX). THHDMHE/D Reynolds B L 5 L&, W
DEMIZIE 1 THB LV T LIZERFEORERTH S (Table 1 % Figure 3 Z28H). & HIcHL
W BREEIC THRNS M oda, o4b, pu2 B1§/z. ThEORRIIMORITILN, TR E VKRB
KTHRL, BNBORFEEMTH 5. Table 2ITTRENSZ LS IC, LA EDRIZHEATIN
D (FIZ X, Pringle et al. 2009 ZR &) LDMISFII DN AT N3, (HEARNDOBROBEIZ
http://rsta.royalsocietypublishing.org/content/367/1888/457/suppl/bC1 I TRBTLNTES ) EA
47 F AN DR L BERTNOR L OFLHER, HEFIRORL 3 —BROmINNLEDEE
ZBUTEARNELEBBT B LEZREBLTNAS.
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Table 2: The symmetries of the travelling wave solutions in square duct flow and their counterpart
in pipe flow. The nomenclature of the solutions in pipe flow is based on Pringle et al. (2009).

Solution Symmetry Transformation Solution in pipe flow
v1 {WBN) i S,Z,Q N1
ul (ONWB) I S,Z, 9 M1
v2 (UKP) i S,R;, § +D N2
o2 II S,R,, § S2
oda I S,R,, S’ +Ry S4
o4b II S, R;, §' +R4 S4
u2 II S,R,, §' +D M2
2 III Z,7, Ry +92 unknown
62 II1 2,7, R, unknown
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