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Profiles of solutions to an integral system related to
the weighted Hardy-Littlewood-Sobolev inequality

RIAKFARLEGEHLPAER  NEFF B (Michiaki Onodera)
Mathematical Institute, Tohoku University

1 Introduction

The weighted Hardy-Littlewood-Sobolev inequality of Stein and Weiss [17] states that

f(z)g(y)
/Rn /n |z||z — y|*|y|8 dzdy < C| - llglls (1.1)

holds for f € L"(R"), g € L*(R") with 1 <7,8 < 00,0 <A<n, 0<a+8<n— )\,

1 1 1 1 A
_+9.<1’ _+é<1, and _+_+gj:__@_.+__=
T n S n Tr S n

2.
Here, || - ||, denotes the L"(R") norm and the constant C = C(r,s, \, o, 8) does not
depend on the choice of f and g.

To obtain the best constant for the inequality (1.1), one desires to maximize the

functional F)9(w)
z)g\y

J(f, :=/ dz d

29)3= Joo S el = oo 2%

under the constraint || f||, = ||g||s = 1. In the case where o, 3 >0and a+8+ A < n,
Lieb [16] proved the existence of a pair of maximizing functions f, g for this variational
problem. By assuming that f and g are nonnegative functions, the corresponding
system of the Euler-Lagrange equations is derived as

a1 9(v)
Af(@) |z]e /R |z — yAyl? w (1.2)

_ f(y)
A s—1 _ d ,
20 = TP Jon o=yl ¥

where \; and A, are the Lagrange multipliers which satisfy Ay = Xy = J(f,g). Note
that, if (r—1)(s —1) # 1, then we may assume \; = Ay = 1 by taking ¢, f, cog instead
of f, g with appropriate constants c; and c;. For convenience, we rewrite the system
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(1.2) by u := f71, v = g*}, p:=1/(r—1) and q := 1/(s — 1) to obtain the following
system of integral equations:

_ 1 v(y)°
U= G e (13)

~ Jalf Jre l2 = vyl

dy,

where v € LPT1(R"), v € LI*}(R"), 0 < p,q < o0,

1 1 A
L , _@<____1 , and + =a+ﬁ+ .
p+1° n gqg+1 p+1 qg+1 n

(1.4)
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<

The determination of the functional forms of solutions to the integral system (1.3)
yields the best constant for the weighted Hardy-Littlewood-Sobolev inequality (1.1).
Lieb [16] classified all the maximizers of the functional J = J(f,g) under the con-
straints || f||» = ||g]ls = 1 in the special case where o = 8 = 0 and r = s. It was shown
that any maximizer must be of the form

¢ (2n—A)/2
) (15)

t2 + ‘:C - .’E0|2

@)= gl) =<

with some constants ¢ € R, ¢ > 0, and zo € R™. In the paper [16], he posed the
problem of the classification of all the critical points (not only maximizers) of the
functional, i.e., that of all the solutions to the integral system (1.3), in the case where
a=0=0,p=gqand u=wv.

Letting u = v reduces the system to the single equation

_ [ u@)
u(z) = /Rn Z— g dy, (1.6)

where v = n — \. This integral equation corresponds to the well known differential

equation
(—A)%y = um /(=) (1.7)

which has been investigated by many authors. In particular, when v = 2, Gidas, Ni
and Nirenberg [7] proved the radial symmetry of positive solutions to (1.7) under the
additional condition that u(z) = O(|z|?>~") as |z| — oo, and hence the solutions must
be of the form (1.5). Then, Caffarelli, Gidas and Spruck [1] obtained the same result
without imposing the decay condition at infinity. Their proof was simplified by Chen
and Li [3], and Li [13]. Moreover, Wei and Xu [18] studied more general equation
(1.7) with 7 being even numbers between 0 and n.

Later, Chen, Li and Ou [5, 6] introduced an integral form of the method of moving
planes to prove the symmetry of solutions to the equation (1.6) and to the system (1.3)
when a = 8 =0, p,q > 1 and pg # 1, and therefore they solved the open problem



posed by Lieb (see [15] for a different argument by using the method of moving
spheres). They also discussed about the relation between the integral equation (1.6)
and the differential equation (1.7).

Now our attention turns to the integral system (1.3) for general «, 3 and p,q > 0.
The symmetry of solutions was studied by Jin and Li [10]. Chen, Jin, Li and Lim 2]
obtained the optimal integrability of solutions to the system when a,3 > 0, and Jin
and Li [11] extended the result to the case where a or 4 is even negative. By using
the integrability of solutions, Li and Lim [14] studied the profiles of solutions around
the origin and the infinity. However, their results are restricted to the case where
p,q 2 1 and pg # 1, since the methods use linear operators to make a regularity lifting
argument. This restriction was removed by Hang [8] when o = § = 0 by developing a
nonlinear technique. He proved the symmetry and regularity of solutions in this case
for all 0 < p,q < co. This technique was also applied to a different integral system
by Hang, Wang and Yan [9).

In this paper we develop the methods of obtaining integrability, regularity and
symmetry by adopting a nonlinear approach to show the profiles of solutions to the
integral system (1.3) for general @, 3 and 0 < p,q < oco. This paper unifies and
extends the previous results obtained by other authors and completes the study in
full generality.

The following theorem shows a priori integrability of solutions in the case where
a,B8>0.

Theorem 1.1. Suppose that a pair of nonnegative functions u € LP*Y(R™) and v €
L7*Y(R™) (0 < p,g < 00) is a solution to the integral system (1.3), where 0 < A < n,
0< 0,8, a+ B+ A <n, and the condition (1.4) are satisfied. Then, u € L" (R™) and
v € L*(R™) hold for r, s satisfying

max{g, q5+a+ﬁ+/\_1}<1<mm{a+/\ C](5+)\)+a+ﬂ+)\_1}’
T

b

n n n n
(1.8)
max{é, pa+a+ﬁ+)\_1} <1<min{ﬂ+/\, p(a+)\)+a+ﬂ+)\_1}.
n n s n n
(1.9)

We show an analogous result in the case where o or 3 is strictly less than 0. Here,
we may assume ( < 0 without loss of generality.

Theorem 1.2. Suppose that a pair of nonnegative functions u € LP*1(R™) and v €
LI*(R™) (0 < p, g < o0) is a solution to the integral system (1.3), where 0 < X < n,
f<0,0<a+f<n-— A, and the condition (1.4) are satisfied. Then, u € L™(R™)
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and v € L*(R™) hold for r, s satisfying

9_<1<min{a+ﬁ+/\ q(ﬂ+,\)+a+ﬁ+,\ 1}
n T n
(1.10)
ma.x{O, pa+a+ﬁ+)\__1}<l<min{ﬂ+)\’ (p+1)(a+6+,\ 1}
n S n
(1.11)

Theorems 1.1 and 1.2 play an important role to determine the profiles of solutions
to the integral system (1.3). In fact, the analysis employed by Li and Lim [14], and
Lei, Li and Ma [12] can be applied to show the following result concerning the profiles
of solutions. In the theorem, we use the notation u(z) ~ A/|z|" as || — 0 to mean
that limy, o |z|"u(z) = A. Remark that the condition o+ 8+ A < n and (1.4) imply
that either g8+ 8+ < n or pa+a+\ < n holds and also that either g(8+A)+8 > n
or p(a+ A) +a > n holds. This fact can be easily confirmed by simple computations.

Theorem 1.3. Suppose that a pair of nonnegative functions u € LF*Y(R") and v €
LTY(R™) (0 < p,q < 00) is a solution to the integral system (1.3), where 0 < A < n,
0 < a+ 3 < n-A and the condition (1.4) are satisfied. Then, u and v have the
following profiles.

(i) Around the origin.

Assume moreover that g8 + 8+ A < n. Then, it holds that

r A
-]—x—llﬁ | if pa+a+A<n,
AO Azloglx ,
u(x)Nl—mF and v(z)~ < ——W—-— if pa+a+=mn,
3 .
\ W Zf pa+a+)\>n,

as |z| — 0. Here the constants Ao, A1, A, A3 are given by

v(y)* / u(y)? ( / v(y)? )”
Ag = —_dy, A;:= —Z—dy, A= wp- ——d ,
e g8 Y AU L e L\ Jge P8 Y

v()? \° / 1
d A;:= —2 _d d
me s (/R PP y) e o1 — 2Pz 2

where w,,_1 denotes the surface area of the unit sphere, and e; = (1,0,...,0).
(ii) Around the infinity. '
Assume moreover that ¢(8+ A) + 8 > n. Then, it holds that

( B .

[P if pla+A)+a>n,
B Byloglz .

ue)~ I:rl‘ﬁ” and  v(z) ~ 9 TZ5|73+—IA‘| if pla+X)+a=n,
By .

| Jz[plerNtathta-n if pla+A)+a<n,




as |z| — co. Here the constants By, Bi, By, Bs are given by

e R

v(y)? . \° / 1
d = —_— '
md B (/JR:n lyl? dy) rn €1 — 2|} 2|2 (et A)(p+1) dz

The radial symmetry of solutions will be proved by means of an integral form of
the method of moving planes introduced by Chen, Li and Ou [5, 6]. Assuming that
p,q 2 1, Jin and Li [10] studied the system (1.3) for general o, 8 > 0. On the other
hand, Hang [8] developed the method to treat the case where either p<lorg<l,
and proved the symmetry of solutions for 0 < p, g < co when & = 8 = 0. We extend
their results for general 0 < p,q < co and a, 3 > 0.

Theorem 1.4. Suppose the same assumption as in Theorem 1.1. Then, u and v are
smooth away from the origin, radially symmetric, and strictly decreasing in the radial
direction. Moreover, the center of the symmetry must be the origin unless o = 3 = 0.

This paper is organized as follows. In section 2, we consider integrability of so-
lutions. By developing a nonlinear contraction mapping technique, it is shown that
solutions must belong to the Lebesgue spaces with exponents in certain ranges as
stated in Theorems 1.1 and 1.2. Then, Theorem 1.3 follows as a corollary. In section
3, an integral form of the method of moving planes is used to prove Theorem 1.4. In
the case where a > 0 or 3 > 0, the symmetric center is shown to be the origin, since
solutions have singularities at the origin.

In the following sections, C' denotes a generic constant and Bg(z) is the ball of
radius R > 0 with center at z € R".

2 A priori integrability of solutions

The method we use here is based on a regularity lifting argument employed in the
work of Chen, Jin, Li and Lim [2] and Jin and Li [11]. They considered the operators
Tf, TY defined by

po(z) e L v(y)?g(y)”
Tole) = g /  —gPlyle Y

L[ ufy)We (e
1356 = 0 . TPl °

)

with p = 1. It is easy to see that any solution u, v to the system (1.3) satisfies
T{v = u and T§u = v. To explain the idea of their work concisely, we assume
that ||ullp+1, [|v]lg+1 are sufficiently small. When p = 1, the mapping T defined
by T(f,9) == (Tf9, Ty f) is a linear operator from LP*'(R") x Le+(R") into itself
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and it can be shown that T is a contraction mapping with the unique fixed point
(u,v). Here, LP*'(R?) x L#*}(R™) is the product space equipped with the norm
N(f, Dllps1,041 := | Fllp+1 + |gllg+1- Moreover, T also becomes a contraction mapping
from L™(R") x L*(R™) into itself with r, s satisfying some conditions. As shown in (2,
Theorem 1], it then turns out that a unique fixed point in the space L (R™) x L*(R")
must coincide with (u,v). This implies that u € L"(R") and v € L*(R™).

However, the above argument is available only when p, ¢ > 1, since the reason that
the mapping T becomes a contraction mapping relies on the inequalities ITYall- <

Cllvl22llgle and (ITEflls < CllullZ /P £II%, ie., g —p > 0 and p — (1/p) > O are
required for T to be a contraction mapping. In addition, we need to take p = 1;
otherwise T is no longer a contraction mapping. This prevents us from extending the
above argument to the case where either p or g is smaller than 1.

In this section we consider the composite mapping TYT¥ or THTY instead of T with
general p, and treat all the cases 0 < p,¢ < co. Then, as we will demonstrate later, it
can be proved that the nonlinear operator T Ty is a contraction mapping from L" into
itself when p < 1 and so is T§T{ when p > 1 with r being in a certain range. From
this fact we can obtain the integrability of either u or v, and subsequently that of the
other by the equations (1.3) combined with the weighted Hardy-Littlewood-Sobolev
inequality. Along this way, we prove Theorem 1.1 which is the key to obtaining the
profiles of solutions to the integral system (1.3) as we will see in the next section.

We should remark that this kind of nonlinear approach was employed by Hang
[8], and Hang, Wang and Yan [9] to prove the regularity and symmetry of solutions
to the system (1.3) and a different system of integral equations associated with a
sharp inequality for harmonic functions. Here we develop the idea to show a priori
integrability of solutions.

Proof of Theorem 1.1. First observe from the equality in (1.4) that the assumption
a+ B+ A < n is equivalent to the inequality pg > 1, and hence there exists p such
that 1/p < p < q. In what follows, we often use a variant of the weighted Hardy-
Littlewood-Sobolev inequality which states that a function w defined by

w(z) : L / Aly) dy

T zl|e Jre |z = yMylP

belongs to the space L™(R™) and satisfies ||w]|, < C||hl|,, provided that h € L#(R™)

vith 1 B+ 11 B+
LBy golyBFA g LoLliotfer
L on 7 n roow n
This follows from the inequality (1.1) and a duality argument.
Step 1. Let us derive basic inequalities together with sufficient conditions for these
inequalities to hold. Applying the weighted Hardy-Littlewood-Sobolev inequality and

then Hoélder’s inequality, we have

1TFgll- < Cllv*™*g°|l, < CllvllgiTllglle (2.1)

1.
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for g € L*(R™), provided that r, s > 1 satisfy

1 - 1 1 '
—.=4-f E, —+—6— <1, 0< —1—+ﬁ+/\—1, and — = -1—+ﬁ—-*;ﬂ—ﬂ—1. (2.2)
v g+l s u n 1 n W
Similarly, we see that
ITZ£lls < Cllur=C/0 /e, < Cllullb 7 £(11e (23)
for f € L"(R"), provided that r,s > 1 satisfy
1 - (1 1 1 A
_;=m_)_+ﬁ,.1_+9f<1’0<_+0‘+ __1,
v p+1 rov o n v n (2.4)
and _1_=~1_+a+ﬂ+/\_1‘
s v n

Note that, in view of (1.4), the last equalities in (2.2) and (2.4) are equivalent to each
other. Moreover, we see that 7, s > 1 satisfy the conditions (2.2) and (2.4) if and only

if
DB g 1oL (1__L). (2.5)
] n r p+1 s q+1

Qe
[a—y
Q
+
S
3|

n r n

From (2.5) we derive the following single condition for s:
max {}. (g —_ 1 _|_ 1 , .’.8.}
p\n p+1 g+1 n
1 ) lfa+ A 1 1 B+ A
< - <minq - - + —, .
s p n p+1 g+1 n

This means that, for any given s satisfying (2.6), we can take r so that the condition
(2.5) holds. Similarly, we have the following single condition for r:

max é 1 n 1«
P\% g+1 p+1 n
1 ) { (6+>\ 1 ) 1 a—i—)\}
< = <min{p - + , .
T n qg+1 p+1 n
Step 2. Here we show that, depending on the value of p, u € L"(R™) or v € L*(R")

holds for r, s satisfying (2.6) and (2.7). To handle even the case where ||u|ps; or
[|[vllg+1 is not small, we consider the following operators T/, T#* instead of T?, TY:

(2.6)

(2.7)

Ay 1 va(y)??g(y)? 1 (v(y) — valy))*
9@ = f o — Pl © lxxa/ I P

P A _ 1 ua(y)r=0/e) f(y)/e 1 (u(y) — ua(y))”’
(@) = lw}f’/ R P WE dy+i:v|5/mn =gl
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where u4 and v4 are defined by
(z) = u(z) when |z| > A or |u(z)| > A,
ualf) =13 o otherwise,
) = v(z) when |z| > A or |v(z)| > A,
va(z) = 0 otherwise.

Then, it is easy to see that T{ATP*v = v and TPy = .

Let us prove that, when p > 1, the mapping 7% ’AT{”A becomes a contraction by
taking A to be sufficiently large. By the simple fact that (a + ¢)'/# — (b + ¢)'/? <
al/? — b1P for ¢ > b > 0, ¢ > 0 and the Minkowski inequality, we see that

(T{” Agl(:l:)) i (T{”Agz(fc)> < (Ifclla / ,, vA(y)g;'flﬁjA)p;lggz(y)lp dy> 1/P.

In view of the inequalities (2.1) and (2.3), it then follows that

i/p

VArmp,A , A —(1 -1
ITEAT A, — TEAT Aol < CllualBrl val &0 gy = galls 28

1
< ‘2’”91 — g2l

for s satisfying the condition (2.6). Here the last inequality holds if A is taken to
be sufficiently large. Therefore, for such a number s, THATP* becomes a contraction
mapping from L*(R") into itself. In particular, s = g + 1 satisfies (2.6), and hence
we deduce that v € L*(R"™) (see [2, Theorem 1]). Similarly, it can be shown that, if
p < 1, then TPT* becomes a contraction mapping from L"(R") into itself for large
A, so that u € L"(R") for r satisfying (2.7).

Step 3. We are now in a position to complete the proof by taking an appropriate
number p. We may assume that ¢ > p and hence g > 1 without loss of generality.
Although the case where p > 1 was already treated in the paper [2], we also give the
proof of this case for the sake of completeness.

Let us first consider the case where p < 1. Since 1 < 1/p < p < ¢, we use the
contraction mapping T2AT?#. In view of (2.6), p should be taken as small as possible
to obtain the maximal integrability of v, i.e., p — 1/p. Then, we see that v € L*(R")
for

(2.9)

<l<min a+)\_ 1 + 1 B+ A
s P\ ™% p+1 g+1 n |

This is equivalent to the condition (1.9). Moreover, with this integrability of v, it
follows from the first equation in (1.3) and the weighted Hardy-Littlewood-Sobolev
inequality that u € L"(R") for

1, (2.10)

1
T
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where s satisfies (2.9),

945 1 and 0< 2482 4
S n S n

Here, these three conditions for s can be represented by
max{1<1——'3+/\),é}<1<min{—1-(1—é>,ﬁ+>\}, (2.11)
q n n s q n n
since we see from pg > 1 that
o 1 1 1 B+ A
- — + <-f{1-
p(ﬂ p+1) g+1 q( n )
and 1 1—§)<p(a+/\— 1 + 1 .
q n n p+1 g+1
Therefore, by (2.10) and (2.11), we deduce that u € L"(R") for
max{g—, gB+a-+ B+ _1} - 1 <min{a+)\, gB+ N +a+8+A __1}.

n n T n n

This completes the proof for the case where p < 1.

Next we turn to the case where p > 1. Then, we have two possible choices of
p. Let us take p such that 1/p < 1 < p < ¢, and consider the contraction mapping
TY ’AT{’ A As in the previous case, taking p as small as possible, i.e., p = 1, we see
that v € L3(R"™) for

Q 1 1 I} 1 . [a+ A 1 1 B+A
maxy————+ ——, — < — < min — + , .
n p+1 qg+1 n s n p+1 gqg+1 n
(2.12)

Consequently, it follows from the first equation in (1.3) that u € L"(R") for

1 A
_=g+a+ﬁ+ _
r s n

L,

where s satisfies the condition (2.12),

2+§<1 and O<g+ﬁ+)\—1.
5 n s n

This again implies the desired integrability interval (1.8) of u. Hence, what is left
to do is to prove the integrability of v as (1.9). To this end, we take p such that
1/p < p £ 1< g, and consider the contraction mapping 7% ’AT2” 4 In view of (2.7),
we take p as large as possible to obtain the maximal integrability of u, i.e., p = 1.
Then, we see that u € L"(R") for

Ié; 1 1 « 1 . [B+A 1 1 a+)\}
max{ — — ——+ ——, — 3 < — < min — + , .
n qg+1 p+1' n r n g+1 p+1 n
(2.13)
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Consequently, it follows from the second equation in (1.3) that v € L*(R") for

l=g+a+ﬂ+A_L
s T n
where r satisfies the condition (2.13),

D a+A

-
This implies that v € L*(R") holds for

mﬂ{g1m+a+ﬂ+A_1}<l<mm{ﬂ+A,ﬂa+M+a+ﬂ+A_1},
n n S n n

1.

+3<1 and 0<£+
n T

as required. O

Remark 2.1. In the remaining case a + 8+ A = n, i.e.,, pg = 1, since the last
inequality in (2.8) fails to hold, the regularity lifting argument does not work. As
pointed out by Lieb [16, p. 369], we cannot expect the existence of maximizers for the
variational problem in this case.

Theorem 1.2 can be proved by an analogous way. However, we need to be careful
with each calculation since the condition 8 < 0 requires slight modifications.

Proof of Theorem 1.2. Let us take psuch that 1/p < p < q as in the proof of Theorem
1.1. Since 8 < 0, we need an additional condition x > 1 as well as (2.2) and (2.4)
so that the inequalities (2.1) and (2.3) hold. We put the conditions p > 1, (2.2) and
(2.4) together to obtain

1 1 1 1
g(- ﬁ.ﬂ_-i—_é’ 0<_<..6L)\ d ———=p }___.__1_ . (214)
n or n s n T p+1 s +1
The condition (2.14) yields the following single condition for s:
GG-) e o)
max{— | — — + , 0
p\n p+1 g+1 (2.15)
1 ) {1(a+ﬂ+)\ 1 ) 1 [3+)\} ’
< -<ming - - + , .
s p n p+1 g+1 n

Similarly, we have the following single condition for 7:

P 1 «o 1 ) B+ 1 1 a+p8+2A
mw{ q+1+p+1’n}<r<mm{p( n g+i) Trr1 T = '
(2.16)

Then, as in the step 2 of the proof of Theorem 1.1, we see that v € L*(R") holds for s
satisfying (2.15) when p > 1, and that u € L"(R™) holds for r satisfying (2.16) when
p<Ll ‘




The next step is to choose an appropriate number p to obtain the desired integra-
bility of u and v. We divide the proof into three cases. First let us consider the case
where 1 < 1/p < g. Then, in view of the condition (2.15), by taking p — 1/p, we see
that v € L*(R") for

max{p(g—- 1)+ L 0}
n p+1 g+1 (2.17)

1 A 1 1 + A
< -<minqp atb+ - + ,/B .
s n p+1 g+1 n

This is equivalent to the condition (1.11). Moreover, with this integrability of v, it
follows from the first equation in (1.3) and the weighted Hardy-Littlewood-Sobolev
inequality that v € L"(R") for

1_g,0+8+A | (2.18)
ro s n
where s satisfies (2.17),
A
T<1 and 0<? +ﬁ;’; ~1

Here, these three conditions for s can be represented by

1(I—ﬂ_*-/\)<1<min{-l-,ﬂ+)‘}. (2.19)
q n 8 q n

Therefore, by (2.18) and (2.19), we deduce that v € L"(R") for
%< 1 <min{a+ﬁ+/\ gB+N)+a+B8+A _1}.

n ’ n
This completes the proof for the case where 1 < 1/p < g.

Next we consider the case where 1/p < 1 < g. Let us take p such that 1/p <1 <
p < g. Then, by taking p = 1 in (2.15), we see that v € L*(R") for

max{g—-——l———l- 1 0} 1 in{a+ﬂ+)\_ 1 N 1 ’ﬂ+)\}.
n p+1 +1’ s n p+1 gqg+1 n

(2.20)
Consequently, from the first equation in (1.3) and the weighted Hardy-Littlewood-
Sobolev inequality it follows that v € L"(R") for

T_g a+b+r
r 8
(2

n

where s satisfies the condition (2.20),

—<1 and 0< = +B—:—)‘——1
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This implies the desired integrability interval (1.10) of u. To prove the integrability
of v as (1.11), we use this integrability of u. It follows from the second equation in
(1.3) that v € L*(R") for

1 _p a+B+Xr

0<===+
., 8 T n

1

where r satisfies the condition (1.10),

p a+ A

r

+%<1 and 0<Z2+ 1.
n r

This implies that

pa+a+5+)\_1}<l<min{ﬂ+)\’ (p+1)(a+B8+A) _1}’
n $ n n

max {O,

as required.
We now deal with the last case 1/p < ¢ < 1. In view of the condition (2.16), by
taking p — g, we see that u € L"(R™) for

1 A1 1
L Y e L L athFAL (2.21)
n o n g+1 p+1 n

This is equivalent to the condition (1.10). Moreover, with this integrability of u, it
follows from the second equation in (1.3) that v € L*(R") for

1 _p a+B8+X

0<-==+ 1,
s r n
where r satisfies the condition (2.21),
. A
£+2<1 and 0<2+a+ - 1.
romn T n

This implies that v € L*(R") for
mw{apa+a+ﬁ+A_1}<l<mm{ﬂ:{(p+U@+5+M_4}_

n 8 n

This completes the proof. O

Employing the a priori integrability of solutions obtained in Theorems 1.1 and
1.2, the profiles of solutions to the system (1.3) around the origin and the infinity as
stated in Theorem 1.3 can be proved. In fact, an analysis similar to the one by Li
and Lim [14], in which the case where p,q > 1, pq # 1 was treated, works also for our
cases. We should remark that, if either a or 3 is negative, one needs more elaborate
technique to obtain the result. Recently, Lei, Li and Ma [12] investigated this matter,
and their argument directly applies to our case with the aid of Theorem 1.2. For this
reason, we omit the proof of Theorem 1.3.



3 Radial symmetry of solutions

Here we discuss the radial symmetry of solutions to the system (1.3). Before we
proceed to the proof of Theorem 1.4, we remark that the solutions are smooth away
from the origin. This can be proved by the standard bootstrap argument (see Chen
and Li [4], and Hang [8]). In particular, the continuity of solutions will be needed
when we employ an integral form of the method of moving planes.

In the following proof, we assume a > 0 or 3 > 0, since the case where a = 3 =0
was already studied by Hang [8].

Proof of Theorem 1.4. We may assume g > p without loss of generality. Then, let us
choose p > 1 so that 1/p < p < q. For 7 € R, we define a half space H, := {z =
(z1,7') € R™ | 1 < 7} and the reflection point z, := (27 — 1, z') of . We also define

u-(z) = u(z,), v, (z) == v(z,),

07 = {z € H | u-(z) > u(z)},
02 = {z € H, | v:(z) > v(2)}.

Step 1. Let us take arbitrary 7 > 0 and z € Q¥. By changing of variables, we see

that
1 / u(y)? 1 / u(y-)P
v(z) = dy + dy
@) =B Jo v © T P Ju, o= Pl
1 / u(y)? 1 / u(y, )P
> dy + dy,
2P Ju, o —yPl* Y T 128 Sy, T2 — Pl
1 u(y, )P 1 / u(y)?
ve(z) = dy + dy
( ) lx'rlﬁ »/Hq- IJ? - y'/\lyrla ,leﬁ H, |"I;T - Z/l’\ly|°‘
1 / u(y,)? 1 / u(y)?
< dy + dy.
‘leﬁ H, ,.’L‘ - yl/\,yT,a ,xlﬂ H, Ix'r - yIA[yla
Hence,

0 < v (z) —v(z)

[ —. (uﬁ%ﬂ?a - |;|Sf?fz)/|) U
/Qg (|x T yl*) (|§,(2’,7'y),a - I:ZLIE’?T?);IQ) W

< /Qg P 1 ((u(yr)l/p)pp _ (u(y)up)pp) dy

IN

IA

- yPAlyle

Ur(y)p—(l/ﬂ) Y y
< ur(y)/? —u(y)’?) dy.
N pp/g;g |z[8lz — g |yl (ur(v) ()'*) dy
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Consequently, by applying the weighted Hardy-Littlewood-Sobolev inequality and

then Holder’s inequality, we see that

<C “ug—(l/p) (u,l/” - ul/p) ||p+_1 o
P T

1/ _ ul/p”

llvr — U”q+1,ﬂg
(3.1)

< Cllurllpys, o

p(p+1), Q¢
Now let us estimate the right hand side of (3.1). For 7 > 0 and z € ¥, we have
1 v(y)? 1 (y.)°
u(z) > / dy + / dy
lzle S, |z —yMyl? |z-® Ju, [zr = y[My-|?
1 / v(y)? / v(y-)?
2 dy + d
% Jou 12—yl U el Joy Tor — 9P g P D
1 / v(y)? 1 / v(y-)?
+ T dy + e dy,
|| HA\Q |z, — y|*y|? |z | HA\QY |z — y*y-|?
1 v(y,)? 1 v(y)?
u-(z) < / dy + / dy
I:E,.]a H, |.7t7 - yl/\]y-r"ﬂ lea H; |.’L'T - y|)\|y|ﬂ
1 / v(yr)? 1 / v(y)?
< dy + d
2% Jou Te = uPlolP Y 7 Tal® Jow T2r — yPlge P Y
1 . 1 q
L1 / (yA) dy+ — / (y)A _dy,
|$T| H\Qu lx —yl lyTI lxl H-\Q |$r ’yi |y|

—(b+c)/P < a'/P —bP fora > b >0,

and therefore from the inequality (a + c)*/?
¢ > 0 and the Minkowski inequality it follows that

0 < u,(z)Y? — u(x)'/?

1 / v(yy)? 1 / u(y)? )1/ g
< dy + dy
(lfvl" o |z — yPyl# |z Jau |2+ — YAy |P
1 / v(y)° 1 / v(y,)? )””
— dy + d
(lwl" v |z — yMyl? lz-|* Jau |2 — y|My|? v
< / v(yT)q/p - v(y)q/p ? d
=\ Jox \[zlo7e|z = yPlelyipre )
U(yT)Q/p - v(y)q/p ? d e
+ / (Ixrl‘*/”le — yl*/”lyriﬁ/’) Y
q/p — a/p 1/p
< 9 / (o) v(Ay) ﬁ) dy
[z]*|z — y*yl

21/pq (y,) " (v(y,) — v(®))” , \*
( EE: d)




Consequently, by the weighted Hardy-Littlewood-Sobolev inequality and Hélder’s in-
equality, we see that

-1
0? = w7l an < C llorllgEa llor = vllgan oy - (3:2)

Combining the inequalities (3.1) and (3.2) yields

—(1 -1
1or = vl g4, 00 < C B3 o100 1or = vl 41,0 - (3.3)

Step 2. We are now in a position to move a moving plane from z; = +00 to the
left. By the inequality (3.3), let us show that Q2 = () for large 7 > 0. Indeed, by
observing

”u”'”p+1,9$ < ,'u|’p+1’Rn\HT —0 as7— +00,

”vT“q-H,Q}’J_ S ||UHQ+1,R"\HT —0 asT— —I-OO,

we can deduce that

l|lvr — v”q—f—l,Q?f. < ) |- — 'U”q+1,93

for sufficiently large 7 > 0. This implies that QY = 0.

Now by defining 75 := inf{r > 0 | QY = @ for ¢ > 7}, we will show that 7y = 0.
Let us suppose that 75 > 0. Then, by definition, we have v, (z) < v(z) for z € H,,.
we can say moreover that v,, = v. This can be confirmed by assuming v,, # v and
deriving a contradiction. Indeed, for z € H,, it follows from the inequalities

1 1 v(y)? — vry (y)?

u(@) = un(2) 2 /H (|x ey Sl P yl*) a0
—v 1 _ 1 u(y)P — un (y)P

v(@) = vn(2) 2 /H (|x v yl*) Pl YO

that v, (z) < v(z). This and the continuity of v imply that
lorlifho; = [ @I xay(e)de =0 a7 m,

since xqu(r;) — 0 as 7 — 7o for each z € R™\ {z; = 7}. Therefore, in view of
(3.3), there exists a small number £ > 0 such that Q¥ = @) for ¢ > 70 — . This is
a contradiction. Consequently, v,, = v, and hence u,, = u. However, this symmetry
implies that u and v do not have singularities at the origin. By Theorem 1.3, this
is impossible unless @ = 8 = 0. Therefore, we deduce that 7, = 0 as required.
We can repeat the above procedure in all directions, so that u and v must be radially
symmetric with respect to the origin and strictly decreasing in the radial direction. [J
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