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ON THE CURVATURE OF

HOLOMORPHIC LINE BUNDLES
WITH PARTIALLY VANISHING COHOMOLOGY.

SHIN-ICHI MATSUMURA

ABSTRACT. The Andreotti-Grauert vanishing theorem asserts, a partial curvature pos-
itivity of a holomorphic line bundle implies asymptotic vanishing of certain higher
cohomology groups for tensor powers of the line bundle. This report introduces re-
cent results on Demailly-Peternell-Schneider problem, which asks whether the converse
implication of the Andreotti-Grauert vanishing theorem holds.

1. INTRODUCTION

On a complex projective manifold, positivity concepts of a (holomor-
phic) line bundle are important. In particular, in the theory of several
complex variables and algebraic geometry, a positive line bundle plays
a central role. A positive line bundle is characterized in various ways.
For instance, some positive multiple gives an embedding to the projec-
tive space (geometric characterization), all higher cohomology groups of
some positive multiple are zero (cohomological characterization), and the
intersection number with any subvariety is positive (numerical character-
ization). In this report, we study the characterizations of a g-positive
line bundle which is the generalization of a usual positive line bundle.
The main purpose of this report is to introduce recent developments on
relations between g-positivity and g-ampleness of a line bundle.

Throughout this report, let X be a compact complex manifold of di-
mension n. Sometimes we may suppose that X is Kéahler or projective.
First we define ¢-positivity and g-ampleness of a line bundle. Let L be a
holomorphic line bundle on X and ¢ an integer with 0 < ¢ <n — 1.

Definition 1.1. (1) A holomorphic line bundle L on X is called g-positive,
if there exists a (smooth) hermitian metric A whose Chern curvature
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v—164(L) has at least (n — q) positive eigenvalues at any point on X as
a (1, 1)-form.

(2) A holomorphic line bundle L on X is called (cohomologically) g-ample,
if for any coherent sheaf F on X there exists a positive integer my =
mo(F) > 0 such that

H' (X, F®O0x(L®™)) =0 fori>gq, m > my.

The above definition of a g-ample line bundle may seem to be different
from the definition in [DPS96]. However, we have that they are actually
same. It is proved in [Tot10, Theorem 7.1]. Andreotti and Grauert gave a
relation between g¢-positive line bundles and g-ample line bundles. They
proved that g-positivity of a line bundle leads to g-ampleness. It is so-
called the Andreotti-Grauert vanishing theorem.

Theorem 1.2. ([AG62, Théorem 14|, [DPS96, Proposition 2.1] ). A
g-positive line bundle is always a qg-ample line bundle.

Note a 0-positive line bundle is equal to a positive line bundle in the
usual sense by the definition. It is well-known that a positive line bundle
corresponds with an ample line bundle. A line bundle is called ample, if
the complete linear system of some positive multiple of the line bundle
gives an embedding to the projective space. Recall that the Serre van-
ishing theorem says, an ample line bundle is always 0-ample. Thus the
Andreotti-Grauert vanishing theorem can be seen as the generalization
of the Serre vanishing theorem. Remark that the converse implication
of the Serre vanishing theorem holds, which gives the characterization of
ample (positive) line bundles in terms of cohomological properties.

It is of interest to know whether the converse implication of the Andreotti-
Grauert theorem holds. It is a natural question, however, it has been an
open problem for a long time except the case when ¢ = 0. This problem
was first posed by Demailly, Peternell and Schneider in [DPS96].

Problem 1.3. ( [DPS96] ). If a line bundle is g-ample, is the line bundle
q-positive ?



In this report, we mainly discuss the recent results on Problem 1.3.
This report is organized in the following way: In section 2, we introduce
the results of [Mat11], which claims Problem 1.3 is affirmatively solved
in some situations. For example, the results asserts that the problem is
true for any line bundle on a smooth projective surface or, under the as-
sumption that a line bundle is semi-ample. In his paper [Ott11], Ottem
gave a counterexample to Problem 1.3 on a higher dimensional mani-
fold by investigating the properties of ample subvarieties. Section 3 is
devoted to the study of the counterexample and some observations of
ample (positive) subvarieties.

Acknowledgment. The author would like to express his deep gratitude
to his supervisor Professor Shigeharu Takayama for useful comments.
He also would like to thanks Professor Makoto Abe, Hideaki Kazama
and Kazuko Matsumoto for fruitful discussions on Problem 3.2. He is
supported by the Grant-in-Aid for Scientific Research (KAKENHI No.
23-7228) and the Grant-in-Aid for JSPS fellows.

2. ON PARTIAL ANSWERS UNDER VARIOUS SITUATIONS

2.1. On line bundles on smooth projective surfaces. In this sub-
section, we give the sketch of the proof of the following theorem, which
claims Problem 1.3 is affirmative on a smooth projective surface without
any assumptions on a line bundle. See [Mat11, Section 2] for the precise
argument.

Theorem 2.1. On a smooth projective surface, the converse of the Andreotti-

Grauert vanishing theorem holds. That is, the following conditions are
equivalent.

(A) L is 1-ample.

(B) L is 1-positive.

We need to give a numerical characterization of a (n — 1)-ample line
bundle on a smooth projective variety for the proof of the theorem above.
For this purpose, we shall establish Proposition 2.2. The equivalence
between (1) and (2) in Proposition 2.2 is proved by using the Serre duality.
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Thanks to the deep result of [BDPP], the dual cone of (the numerical
classes of) pseudo-effective line bundles is equal to the closure of the cone
of strongly movable curves. This fact implies the equivalence between (2)

and (3) .

Proposition 2.2. Let L be a line bundle on a smooth projective variety
X of dimension n. Then the following properties are equivalent.

(1) L is (n — 1)-ample.

(2) The dual line bundle L®! is not pseudo-effective.

(3) There exists a strongly movable curve C' on X such that the degree of
L on C' 1is positive.

Here a curve C is called a strongly movable curve if
C=p(A1N---NA)

for suitable very ample divisors A; on X, where 1 : X — X is a birational
morphism. See [BDPP, Definition 1.3] for more details.

On a smooth projective surface, the closure of the cone of strongly
movable curves agree with the closure of the cone of ample line bundles
(that is, the nef cone). Therefore a l-ample line bundle on a smooth
projective surface is characterized by the intersection number with an
ample line bundle as follows:

Corollary 2.3. Let L be a line bundle on a smooth projective surface X.
Then the following properties are equivalent.

(1) L is 1-ample.

(2) There exists an ample line bundle H on X such that the intersection
number (H - L) is positive.

The difficulty of the proof of Theorem 2.1 is to construct a metric whose
curvature is g-positive from numerical properties (such as property (3) in
Proposition 2.2 or property (2) in Corollary 2.3). In order to overcome
the difficulty, we prove the following theorem by using solutions of Monge-
Ampére equations.

Theorem 2.4. Let L be a line bundle on a compact Kahler manifold X
of dimension n and w a Kdhler form on X. Assume that the intersection



number (L-{w}"1) is positive. Then L is (n—1)-positive. That is, there
exists a smooth hermitian metric h whose Chern curvature \/—10y(L)
has at least 1 positive eigenvalue at any point on X.

Here {w} € HY'(X,R) means the cohomology class of w. It follows
Theorem 2.1 from Theorem 2.4 and Corollary 2.3. Further Theorem 2.4
gives the following corollary which can be seen as the generalization of
[FO09, Theorem 1] to a pseudo-effective line bundle. In [FO09], Fuse and
Ohsawa showed (n — 1)-positivity of a Q-effective line bundle. They use
(n — 1)-completeness of a non-compact complex manifold in the proof.
We make use of Monge-Ampére equations instead of (n— 1)-completeness
of a non-compact complex manifold.

Corollary 2.5. Let L be a pseudo-effective line bundle on a compact
Kdhler manifold X. Assume that the first Chern class ci(L) of L is not
zero. Then L is (n — 1)-positive.

A pseudo-effective line bundle (which is not numerically trivial) is (n —
1)-ample (see Proposition 2.2). Therefore it can be expected to be (n—1)-
positive if the converse of the Andreotti-Grauert theorem holds. Corollary
2.5 asserts that is true at least on a compact Kéhler manifold.

2.2. The case when a line bundle is semi-ample. In this subsection,
the various characterizations of g-positivity of a semi-ample line bundle
are given on an arbitrary compact complex manifold. A line bundle is
called semi-ample, if the holomorphic global sections of some positive
multiple of the line bundle has no common zero set. Thus a semi-ample
line bundle gives a holomorphic map to the projective space. See [Laz04]
for more details on a semi-ample line bundle. Theorem 2.6 provides the
characterization of fibre dimensions of a holomorphic map in terms of
g-positivity.

Theorem 2.6. Let & : X — Y be a holomorphic map (possibly not
surjective) from X to a compact complex manifold Y. Then the condition
(B) implies (A). Moreover, if X is projective, the converse holds.
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(A) Fiz a Hermitian form w (that is, a positive definite (1,1)-form) on
Y. Then there exists a function ¢ € C*°(X,R) such that the (1,1)-form
®*w + ddp is q-positive (that is, the form has at least (n — q) positive
eigenvalues at any point on X as a (1,1)-form).

(B) The map ® has fibre dimensions at most q.

When the map is the holomorphic map to the projective space as-
sociated to a sufficiently large multiple of a semi-ample line bundle, the
condition (B) in Theorem 2.6 is equivalent to g-ampleness of L (see [So78,
Proposition 1.7]). It leads to the following corollary:

Theorem 2.7. Assume a line bundle L on a compact complex manifold
X is semi-ample.

Then the following conditions (A), (B) and (C) are equivalent.

(A) L is q-positive.

(B) The semi-ample fibration of L has fibre dimensions at most q.

(C) L is g-ample.
Moreover if X is projective, the conditions above are equivalent to the
condition (D).

(D) For every subvariety Z with dim Z > q, there exists a curve C on
Z such that the degree of L on C is positive.

The condition (B) (resp.(C), (D)) gives the geometric (resp. cohomolog-
ical, numerical) characterization of a g-positive line bundle. In particular,
the converse of the Andreotti-Grauert theorem holds for a semi-ample line
bundle on any compact complex manifold. In the condition (D), the pro-
jectivity of X is effectively worked when we construct a curve where the
degree of L is positive. Note that the equivalence between the condition
(B) and (C) due to [So78]. The original part of [Matl1] is to construct a
hermitian metric whose curvature is g-positivity from the condition (B).

2.3. The case when a line bundle is big. In this subsection, we con-
sider Zariski-Fujita type theorems (Theorem 2.8) in order to investigate
g-positivity of a big line bundle. It reduces g-positivity of a big line bun-
dle to that of the restriction to the non-ample locus. That is, the converse
of the Andreotti-Grauert theorem for a big line bundle is reduced to the



case of smaller dimensional varieties. See [ELMNP] or [Bou04, Section
3.5] for the definition and properties of a non-ample locus. (Sometimes
a non-ample locus is called an augmented base locus or a non-Kihler
locus.)

Theorem 2.8. Assume that L is a big line bundle on a smooth projective
variety and the following condition (%) holds.
(*) The restriction of L to the non-ample locus B, (L) is q-positive.
Then L is g-positive on X .

Recall that a 0-positive line bundle is a positive line bundle in the usual
sense (that is, an ample line bundle). Hence Theorem 2.8 implies that L
is ample on X if the restriction of L to the non-ample locus is ample. It
can be seen as the parallel to the Zariski-Fujita theorem (see [Zar89] and
[Fuj83] for the Zariski-Fujita theorem).

If L is g-positive on X, the restriction to any subvariety on X is always
g-positive. However the converse does not hold in general. Theorem 2.8
says the converse holds when a subvariety is equal to the non-ample lo-
cus. In his paper [Broll], Brown showed the similar statement holds for
a g-ample line bundle. See [Broll, Theorem 1.1] for the precise state-
ment. Remark that g-positivity can be defined even if a subvariety has
singularities. Therefore a ¢-positive line bundle can be defined even if
the non-ample locus has singularities. See Definition 2.9 for the precise
definition.

Definition 2.9. Let V be a subvariety on X. The restriction L|y of L
to V' is called g-positive if there exists a real-valued continuous function
@ on V with the following condition:

For every point on V, there exist a neighborhood U on X and a C?-
function ¢ on U such that, @|yny = ¢ and the (1, 1)-form /—16,(L) +
dd°¢ has at least (n — g)-positive eigenvalues on U.

When the dimension of the non-ample locus is less than or equal to
g, the condition (*) in Theorem 2.8 is automatically satisfied. Thus it
follows the corollary from Theorem 2.8.
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Corollary 2.10. Assume the dimension of the non-ample locus of L is
less than or equals to q. Then L is q-positive.

It is known that, L is g-ample under the assumption in Corollary
2.10. (cf.[Kirl0], [Mat10, Theorem 1.6]). Corollary 2.10 asserts that

g-positivity has the same property.

2.4. On the relation with Holomorphic Morse inequalities. In this
subsection, we study the asymptotic cohomology of a line bundle, which
is defined as follows. It is closely related with the Andreotti-Grauert
vanishing theorem.

Definition 2.11. Let L be a line bundle on a compact complex manifold
X of dimension n. Then the asymptotic g-cohomology of L is defined to
be
A |
h9(L) := limsup ——h4(X, Ox (L®™))
mooo M"

In his paper [Dem85]|, Demailly gave a relation between the dimension
of the asymptotic cohomology of a line bundle and certain Monge-Ampére
integrals of the curvature. It is so-called Demailly’s holomorphic Morse
inequality. For simplicity, we assume that X is projective.

Theorem 2.12. ( [Dem85|). For every holomorphic line bund L on a
projective manifold X of dimension n, one has the (weak) Morse inequal-
ity

hI(L) < inf /X - (V=16,(L))*(-1)4,

" h:hermitian metric on L

where h Tuns through smooth hermitian metrics on L, and X (h,q) is the
set defined by

X(h,q) == {z € X | V=164(L) has a signature (n — q,q) at z.}.

The holomorphic Morse inequality would be seen as an asymptotic ver-
sion of the Andreotti-Grauert vanishing theorem. In his paper [Dem10-A],
Demailly conjectured that the inequality would actually be an equality.
The conjecture has the similarity to Problem 1.3. He proved the converse



of holomorphic Morse inequalities on surfaces in [Dem10-B]. Its result
can be seen as a “partial” converse of the Andreotti-Grauert theorem.

2.5. Example. Thanks to Theorem 2.1, a 1-ample line bundle is always
l-positive on a smooth projective surface. However, in general, it is diffi-
cult to construct a concrete metric whose curvature is 1-positive. Thus it
seems to be worth collecting examples which can be explicitly computed.
This subsection is devoted to give such examples. For simplicity, we use
an additional notation for line bundles in this subsection.

Example 2.13. Let X be the product of two 1-dimensional projective
spaces. Denote by p; : X — P!, the i-th projection (i = 1,2). Then a
line bundle L on X can be written as

L(a,b) =aq pi(’)lpl(l) +b p;OIpl(l)

with integers a, b. Here Op:(1) is the hyperplane bundle on P!. From a
simple computation (or Corollary 2.3), L (which parametrized by integers
a, b) is 1-ample if and only if a > 0 or b > 0. Then a metric on L which
is induced by the pullback of suitable multiple of the Fubini-study metric
has a 1-positive curvature.

Example 2.14. Let E be an elliptic curve. We set X := E x E with
projections p; : X — E (i = 1,2). We consider line bundles

F1 = pi(Ox(p)), Fy = py(Ok(p)), [':= Ox(A),

where p is a point on F and A C X = E x E is the diagonal divisor. It
is known that an arbitrary line bundle on X can be written as a linear
combination of Fj, Fy and I'. Thanks to Proposition 2.2, L .is 1-ample
if and only if —L is not pseudo-effective. Since the automorphism group
of X (which is a connected algebraic group) acts transitively on X, the
pseudo-effective cone corresponds with the nef cones. Thus, the line bun-
dle L is 1-ample if and only if (L?) < 0 or (L - A) > 0, where A is an
ample line bundle such as A := F; + F, + . The intersection numbers
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among Fy, F, and I" can be computed as follows:
C-F[)=([T -F)=(F-F)=1,
(%) = (F7) = (F§) = 0.
By the argument above, we have the following proposition.

Proposition 2.15. A line bundle L = aF; + bF3 + cI' is 1-ample if and
only if

a+b+c>0 or
ab+bc+ ca < 0.

Now we construct a metric on L whose curvature is 1-positive under
the condition above on a, b and c. Denote by h, a hermitian metric on
Og(p) such that the pull-back of the Chern curvature by the universal
covering C — E is equal to du A du. Here u is a (standard) coordinate
on C. On the other hand, we can construct a metric £ on I' whose Chern
curvature can be written as:

Ok(T) = dd°|z — w|®
=dzAdZ+dwAdw —dz Ndw — dw A dz.

Here (z,w) is a local coordinate on X which is induced by the universal
covering C?> — X. Then the Chern curvature of

L =aF;+bFs + cI'
associated to a metric p}(h®?) ® p5(h®’) ® k®° is
(a+c)dzNdz+ (b+ c)dw A dw — cdz A\ dw — cdw A dZ.

Eigenvalues of the curvature are solutions of the equation

det ((a e (b4 ) — :1:> =0.



The a necessary and sufficient condition that the equation has at least
1-positive solution is

a+b+2c>0 or
ab+ bc + ca < 0.

It is easy to see that this condition is equivalent to the condition in
Proposition 2.15.

3. COUNTER EXAMPLES TO PROBLEM 1.3

In this subsection, we study Ottem’s counterexample to Problem 1.3.
Further we investigate the converse implication of Andreotti-Grauert van-
ishing theorem on a non-compact manifold.

By the (classical) Andreotti-Grauert vanishing theorem, a g-complete
complex space is always cohomologically g-complete. Let us confirm the
definitions. Let M be a non-compact, irreducible and reduced analytic
space of dimension n and ¢ an integer with 0 < ¢ < (n — 1).

Definition 3.1. (1) M is called g-complete, if there exists a (smooth)
exhaustive function ¢ € C*(M,R) whose Levi-form /=100y has at
least (n — q) positive eigenvalues at any point on M as a (1, 1)-form.

(2) M is called cohomologically q-complete, if for any coherent sheaf F
on M,

H'(M,F) =0 fori>q.

It is natural to ask whether the converse implication holds. It is a
non-compact version of Problem 1.3.

Problem 3.2. If M is cohomologically q-complete, is M g-complete ?

In their paper [ES80], Eastwood and Suria proved that the problem
above is affirmatively solved, if M is a domain with a smooth boundary
in a Stein manifold. Another proof is given for a domain with a smooth
boundary in C* in [Wat94].

It is well-known that any non-compact complex space of dimension n
is cohomologically (n — 1)-compete. If Problem 3.2 is true, any non-
compact complex space of dimension n should be (n—1)-compete. In the
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case when complex space is non-singular, Greene and Wu proved (n —1)-
completeness of non-compact analytic space in [GWT75]. In the case when
complex space has singularities, that is proved by Ohsawa (see [Oh84]).

In this section, we show that the observation for Ottem’s example gives
a counterexample to Problem 1.3. See [Ott11, Section 10] for the example.
The originality of the counterexample is due to Ottem.

Proposition 3.3. For a pair (n,q) of positive integers with n/2 — 1 <
q < n—2, there exists a complex manifold M of dimension n such that M
is cohomologically q-complete, but not g-complete. In particular, Problem
3.2 is negative in general.

Proof. We give the proof only in the case when (n,q) = (4,1). (A slight
change in the proof gives the proof of other cases. )

We consider a smooth Enriques surface S in the projective space P*.
Then we shall show that the complement P*\ S is cohomologically 1-
complete, but not 1-complete. We denote by M, the complement P*\ S.
Since S is an Enriques surface, the fundamental group 7 (S) is isomorphic
to Z/2Z. Therefore, we have H*(S,Q) = 0, (which is isomorphic to
H(P* Q)). Thus we can conclude that M is cohomologically 1-complete
from [Og73, Theorem 4.4].

It remains to show that M is not 1-complete. We assume that M is
1-complete for a contradiction. By the definition, there exists an exhaus-
tive function ¢ € C®(M, R) such that /=109y has at least 3 positive
eigenvalues at any point on M. We can assume that ¢ > 0 since ¢ is
exhaustive. Now we consider a function f on P* which is defined to be

s (e s
10 others.

A simple computation implies that the critical points of f on M are equal
to that of ¢. Therefore we have

V195f = Y 100¢ ;8‘9"”



at the critical points of ¢ on M. It implies that the index (the number
of negative eigenvalues of the Hessian) at the critical points is greater
than or equal to 3. Note that the index of the Hessian of a smooth
function is equal to the number of the negative eigenvalues of the Levi-
form. Therefore by applying the standard Morse theory, for an arbitrary
number 6 > 0 we have that, X is obtained from W; by successively
attaching cells of dimension > 3. Here Wj is f~1([0,4]). In particular,
we have the isomorphism m;(Ws,S) = m;(P4,S) for i = 0,1,2 for any
d > 0. Since we triangulate P* with S as a subcomplex, we can take a
neighborhood U of S which deformation retracts onto S. Since ¢ is an
exhaustive function, f is continuous. Thus, W; is contained in U for a
sufficiently small § > 0, since f has a positive valued on M. Then we
have the following commutative diagram

7‘-73(1[»47 S)

7Tz'(W57S) 7TZ(U7S)

The diagonal map on the left is an isomorphism for 7 = 0,1,2. Since U
can retracts onto S, we have m;(U, S) = 0 for any i. Therefore we obtain
(P4 S) =0fori=0,1,2.

By the argument above,we have that, if M is 1-complete, then the map
m1(S) — m(P*) (which is induced by the inclusion map) should be an

isomorphism. However, since P* is simply connected, it is a contradiction.
O
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