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1 Introduction

1.1. This paper is concerned with positive solutions of generalized Thomas-Fermi

differential equations of the form
(A) (l2’|*sgna’)’ = q(t)|x|’sgn z,

where o and 3 are positive constants and q : [a, 00) — (0, 00) is a continuous function.
Equation (A) is said to be half-linear, super-half-linear or sub-half-linear according as
a=8a< Bora>pg.

Our analysis will be performed in the framework of regular variation (in the sense of
Karamata).

For the readers benefit we recall here the definition and some basic properties of
regularly varying functions.

A measurable function f : (0, 00) — (0, 00) is said to be regularly varying of index

p € R if it satisfies
F(At)

= )\P
Jim 0] A? for VA > 0,

or equivalently, if it is expressed in the form

0
(S)ds}, t i to,
s

t

76 = cttyexp| |

to

for some £¢ > 0 and for some measurable functions ¢(¢) and &(t) such that

tl_gg c(t) = ¢ € (0,00), tli)lgd(t) = p-
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We denote by RV (p) the set of all regularly varying functions of index p. If in particular
p = 0, then we use the symbol SV for RV(0) and refer to members of SV as slowly varying
functions.

By definition a function f(t) € RV(p) can be expressed as
(1.1) f(t) =tPg(t) with g(t) € SV

and so the class of slowly varying functions is of fundamental importance in the theory
of regularly varying functions. If ¢(t) = co, then f(t) is called a normalized regularly

varying function of index p. Furthermore, a function f(t) € RV(p) satisfying

i
(1.2) lim —‘fg = const > 0

t—o00
is termed a trivial regularly varying function of index p, and a nontrivial regularly varying
function of index p otherwise. The set of all trivial (resp. nontrivial) regularly varying
functions of index p is denoted by tr-RV(p) (resp. ntr-RV(p)).
We quote the following result - Karamata integration theorem, which is frequently
used throughout the paper and is of the highest importance in the application of regularly

varying functions.

Proposition 1.1. Let L(t) be a slowly varying function. Then we have as t — oo

t t-y+1
() / STL(s)ds ~ ——L(t) i 7> —1;
to ~ + 1
oo t‘y+1
(i) / sTL(s)ds ~ ————L(t) if v < —1;
t v+1
(iii) If ¥y = —1 the occurring integrals are new slowly varying functions.

A comprehensive treatment of the theory and application of regular variation is pre-
sented by Bingham, Goldie and Teugels in [1]. Also, properties often needed for the

analysis of regularly varying solutions of differential equations can be found in [4].

1.2. The study of the half-linear equation (A) in the framework of regular variation
(in the sense of Karamata) was first attempted by Jaros, Kusano and Tanigawa [2] who

obtained the following result.

Proposition 1.2. Equation (A) with a = 3 possesses a regularly varying solution of

index p if and only if
(1.3) p € (—o0,0] U [1,00)



and -
: o — a—1 _
Jim ¢ /t q(s)ds = [p|* " p(p — 1).

The non-half-linear case of equation (A) has been analyzed from the viewpoint of
regular variation in a recent paper [3] by the present authors, in which the existence of
slowly and regularly varying solutions of index 1 and their asymptotics are studied for
both super-half-linear and sub-half-linear cases of (A).

Here we consider the sub-half-linear case of equation (A) and assume that the coeffi-

cient q(t) is regularly varying of index o € R i.e.
(1.4) a>pB, q(t) €RV(e) ie. gq(t)=t°L(t), L(t) € SV.

We establish some simple necessary and sufficient conditions for the existence of non-
trivial regularly varying solutions x(t) of index p in the range (1.3) using Schauder-
Tychonoff fixed point theorem, and determine the precise asymptotic behavior for t — oo
of such solutions z(t).

These results (in Section 3) are preceded by a short section showing that information
about the surprisingly simple and clear structure of regularly varying solutions of (A) can
be obtained on the basis of Proposition 1.2.

Let us emphasize that in the fundamental paper on the subject by Mizukami, Naito
and Usami [5] cases (2.1) a) and (2.2) a) (i.e. the trivial SV and RV(1) ones) are completely
resolved, both for the super- and sub- half-linear equation (A) with the continuity of q(t)
as the basic hypothesis on g(t) (i.e. without the regular variation).

2 Structure of regularly varying solutions

Let z(t) be a positive solution of equation (A) on [tg, 00). Then, we see from (A)
that |2/ (¢)|*~1a’(¢) is increasing for ¢ = ¢y, which means that z’(t) is either positve or
negative for all large £. If x’(t) is positive, then it is increasing and tends to a positive
constant or grows to infinity as ¢ — oo, which implies that either

(2.1) a) lim —~ =const >0 or b) tlim — = oo,

t—oo

x(t)
t
while if 2’ (t) is negative, then ’(t) — 0 as t — oo, and z(t) is decreasing and satisfiess

either

(2.2) a) t]i)rga xz(t) =const >0 or b) tl-l_)Ig xz(t) = 0.
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Note that if z(t) € RV(p) is an increasing (resp. a decreasing) solution of (A), then
(2.1) (resp. (2.2)) implies that p 2 1 (resp. p £ 0).
This shows that the restriction (1.3) on p holds also for sub- (and super) half-linear

cases.

Let Ry (resp. R_) denote the totality of increasing (resp. decreasing) regularly
varying solutions of (A). The symbol R(p) is used to mean the set of all regularly varying
solutions of index p of (A). Then, from what is remarked above we have the following

schematic representation for R4 and R_:
(2.3) Ri={UR(M): R-=R0).
p21 p<0

It turns out, however, that use of Proposition 1.2 for half-linear equations enables us
to make a deeper analysis of (2.3), depicting a surprisingly simple picture of the structure

of increasing and decreasing regularly varying solutions of the sub-half-linear equation
(A).
Theorem 2.1. Let o > B and suppose that q(t) is a regularly varying function.

Then, the structure of regqularly varying solutions of (A) is as follows:

(2.4) R+ =R(p+) for some single p; € [1,00),

(2.5) R_ =R(0)UR(p~) for some single p_ € (—o0,0).

Remark 2.2. The class R is always non-empty, and the index p in (2.4) is uniquely
determined by g(t) and its regularity index. It may happen that R_ is empty, but if
R_ # 0, then the subclass R (0) in (2.5) is always non-empty, while R(p—) may or may
not be empty. In case R(p_) # 0 the index p_ is uniquely determined by g(t) and its

regularity index.

3 The case p # 0, 1 and the case p =20, 1

We prove

Theorem 3.1. Suppose that (1.4) holds; then equation (A) possesses regularly varying

solutions x(t)
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a) of index p < 0 if and only if o < —ox — 1,
b) of indezx p > 1 if and oﬁly ifoe>—0—1.

In both cases p is given by

c+a+1
(3.1) p= ——.
oa—8
Furthermore, all of such solutions are governed by the unique asymptotic formula
ttig(t =P
(3.2) z(t) ~ [ 1‘1() } , t— oco.
alpl*1p(p — 1)
Here and throughout the symbol ~ is used to mean the asymptotic equivalence
f(t)
fit)~g(t) as t— oo <« ——(-t—)——>1 as t — oo.
g

PROQF. The “only if”part.

a) Suppose that z(t) is an RV(p)-solution of index p < 0. Then as is explained at
the beginning of Section 2, it is decreasing and x(t) and z’(t) both tend to 0 as t — oo.

By integrating on both sides of (A) from ¢ to co one obtains

(3.3) z(t) = /too (/:o q(r)w(r)ﬂd'r) %ds,

for all large t. We need to analyze the right-hand side of (3.3). Using the expression (1.1)
for g(t) and x(t), i.e. by writing q(t) = t°l(t), z(t) = tP£(t), I(t),£(t) € SV, we

have
(3.4) /too q(s)z(s)Pds = /too s7 PP (s5)¢(s)Pds.

The convergence of the last integral means that o +p8 < —1, but the case o+ pB8 = —1
is impossible. Therefore, we have & + pB < —1. Karamata integration theorem i.e.
Proposition 1.1 (ii) applied to (3.4) gives
oo 1 ctpB+1 1 B8
« t7 o I(t)=&(t) =
(3.5) ( / q(s)m(s)ﬁds> ~ W@, .
t [—(o +pB+1)]5

Since the right-hand side function is by (3.5) integrable in a neighborhood of oo, one

has

(3.6) oteB+1 < —1.

(84
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But the case of equality is excluded. For, because of (3.3), (3.5) and Proposition 1.1
(iii), this would lead to

(3.7) z(t) ~ ll /00 s"ll(s)ég(s)gds €SV, t— oo,
t

(8 X1

which implies that p = 0, contradicting the hypothesis p < 0.
We are left with the inequality case of (3.6) which permits another application of

Proposition 1.1 (ii) giving

(3.8) /:o (/oo q(r)a:(r)ﬂdr) éds ~ )\tﬁ%ﬁ'—l"'ll(t)i‘g(t)g,

8

as t — oo, where

-1
a+pﬁ+1+1>] _

(3.9) A=l +pp+t |- (T2
Combining (3.3) with (3.8) and x(t) = tP£(t) gives for t — oo
(3:10) B(t) ~ AT [T HH(B)] 7 = A= [ (1) 72

This means that p is given by (3.1), and hence the negativity of p implies ¢ < —ax — 1.
Since A defined by (3.9) can be expressed as

A= (a(—p)*(1 - p))"% = (alp|**p(p — 1))75,

formula (3.10) also gives the desired asymptotic formula (3.2).
b) Suppose that x(t) is an RV(p)-solution of index p > 1, then it is increasing and
oo

by [5, Th. 3.8], the integral [ g(r)z(r)?dr diverges. Hence by integrating on both sides
to

of (A) twice from ¢g to t, we obtain the asymptotic relation

R~

t 8
(3.11) Z(t) ~ / ( / q(r)m(r)ﬁdr) ds, t— oo
to to
The divergence of the inner integral (3.11) implies
(3.12) o+ pB2-1.

But the equality, via Proposition 1.1 (i) applied to (3.11), would give for ¢ — oo

RI=

(3.13) z(t) ~ t (/t s"ll(s)ﬁ(s)ﬁds> , t—oo.

to



This shows that z(t) € RV(1) contradicting p > 1.

We have yet to treat the inequality case in (3.12): A repeated application of Propo-
sition 1.1 (i) to the integral in (3.11) and the use of the expression (1.1) for z(t) i.e.
x(t) = tPE(t) gives for t — oo

(3.14) @(t) ~ pas[totetl(t))as = pata[tetiq(t)]s,
where p is given by

p=(o+pp+ 1) H(TT2E0 )
«a

This shows that the regularity index p of (t) is given by (3.1). In addition, since by
hypothesis p > 1, this implies & > —3 — 1, and since p = (ap®*(p — 1))/, the
asymptotic formula (3.14) is identical to (3.2).

The “if” part.

a) Suppose that & < —a — 1. Define the constant p by (3.1) and the function X; (¢)
by

a+1 B
t>tiq(t) } * iz
alp|*~tp(p — 1)

It is a matter of straightforward computation to verify that the integrals in (3.16) converge

(3.15) X, (t) = {

and via Proposition 1.1 (ii), that X;(t) satisfies the following asymptotic relation

a
(3.16) / (/ q(r)Xl(r)'Bdr) ds ~ X4(t), t— oo.
t 8
Therefore, there exists T' > a such that
1 o oo ‘cl',;
(3.17) §X1(t) < / (/ q('r')Xl('r')Bdr> ds £ 2X,(t), t=T.
t 8

Let A denote the set consisting of all continuous functions z(t) on [T, co) satisfying
(3.18) kX (t) Sz(t) S KX,(t), t=T, and z(t) ~ Xi(t), t— oo,

where 0 < k < 1 and K > 1 are constants such that

B8
o

1
(3.19) k1% < 5 and K222,

It is clear that A’ is a closed convex subset of the locally convex space C [T, 0o) with the
topology of uniform convergence on compact subintervals of [T, c0). We now consider
the integral operator F defined by

RI=

(3.20) Fa(t) = /t = ( / = q(r)m(r)ﬂdr) ds, t2T.

27
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It will be shown that JF is a self-map on &, F is a continuous map and the set F(X;)
is relatively compact in C[T, c0). Consequently, by the Schauder-Tychonoff fixed point
theorem there exists a fixed point z(t) € A; of F, which is a solution of the integral
equation (3.3) and hence of the differential equation (A) on [T, 00). Since z(t) ~ X1 (%)
as t — oo, x(t) provides a desired regularly varying solution of negative index p < 0
given by (3.1) and with the asymptotics given by (3.2).

b) Suppose that & > —8 — 1 and put

1
tetig(t) 1=-7
__L)} . t Z a,
ap*(p — 1)

where p > 1 is defined by (3.1). As before it is verified without difficulty, X () has the
asymptotic property

(3.21) X, (t) = [

t s %
(3.22) / ( / q(r)xl(r)ﬁdr) ds ~ X1(t), t— oo,
and one can choose T' > a large enough so that X;(¢) 2 1 and
t 8 %
(3.23) / ( / a(r) X: (r)ﬁdr> ds < 2X,(t) for t2T.
T \Jr

Let G denote the integral operator

Rim

(3.24) Ggx(t) =1+ /Tt (/Ts q(r)w(r)ﬁdr) ds, t2T,

and define X; to be the set of continuous functions x(t) on [T, co) satisfying
(3.25) 1S z(t) S2KX(t), t2T, and z(t) ~ Xi(t), t — oo,
where K > 1 is a constant such that

(3.26) K'-3 > 21+3,

If (t) € X, then using (3.22), (3.23), (3.25) and (3.26), one obtains
t 8 —;7
1< Ga(t) <1+ / ( / q(r)(zz{xl(r))ﬁdr) ds
T T

<1+4202K)%X,(t) £1+ KXy (t) < 2KX:(t), t2T,

and
Gx(t) ~ GX,(t) ~ X1(t) as t— oo.



This implies that G maps X into itself. Furthermore one can prove in a routine manner
the continuity of G and the relative compactness of G(X1). Therefore G has a fixed point
x(t) € A, which clearly gives an RV(p)-solution of equation (A) of index p > 1 given
by (3.1) with the asymptotics (3.2).

This completes the proof of Theorem 3.1.

Using a similar argument as in the proof of Theorem 3.1 we obtain analogous results
for the cases p = 0, i.e. when x(t) € SV, and p = 1, i.e. when z(t) € RV(1). This is

encompassed in the following two theorems.

Theorem 3.2. Suppose that (1.4) holds; then equation (A) possesses nontrivial de-

creasing slowly varying solutions x(t) if and only if
(3.27) () o=-a—1, (i /(m@ﬁﬁ<ux

Furthermore, all such solutions are governed by the same asymptotic formula for t — oo

o

(3.28) z(t) ~ z;ffwﬁgﬁa

t

Remark 3.3. Asymptotic formula (3.28) is identical to the formula (4.15) in [3].

Theorem 3.4. Suppose that (1.4) holds; then equation (A) possesses nontrivial (in-

creasing) reqularly varying solutions of index p = 1 if and only if

(o <]
(3.29) Q) o=-8-1, (i) / Pq(s)ds = oo.
Furthermore, all such solutions are governed by the same asymptotic formula for t — oo

o

— 8 [t =
'B/ sﬁq(s)ds] , t— o0.
2 a

(3.30) MQNt[

Remark 3.5. Asymptotic formula (3.30) is identical to the last one in [3].

Remark 3.6. Theorem 3.1 reveals how the asymptotic behavior of regularly varying
solutions of the sub-half-linear differential equation (A) is determined by its coefficient
g(t) which is regularly varying, but also conversely.

Suppose that the equation ((z’)%)’ = g(t)x® with regularly varying q(%) has a solu-
tion z(t) € RV(—2) such that

z(t) ~ t7%(2 + sinloglogt), t— oo,

29
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then by Theorem 3.1 a) q(t) must satisfy
2
q(t) ~ 480t~® (t_2(2 + sin log log t)) = 480t~1°(2 + sinloglog t)?, t — oo.

If it is known that the equation ((z’)7)’ = q(¢)z®, has a solution z(t) € RV(2) such
that

z(t) ~ t? exp(\/log t), t — oo,

then, by Theorem 3.1 b) g(t) must enjoy the asymptotic behavior
q(t) ~ 896t~*exp (2 log t), t — oo.

Example 3.7. Consider the equation

ap(t)

t>e
te+1(log t)(log log t)2e—A’ ’

(3.31) ([2'|*7'a’) = q(t)|z|?~ 'z, q(t) =
where @ > B > 0 and ¢(t) is a continuous function such that tliglo p(t)=k>0. Itis
easy to see that (3.27) (ii) holds and

k=alta
(a — B)(loglog t)~%

Hence Theorem 3.2 ensures the existence of a nontrivial slowly varying solution 4 (%) of
(3.31) such that

t — oo.

| Gsatepzas ~

1
=

z1(t) ~ t — oo.

loglogt’

If in particular
2

logt + log t-loglogt’
then (3.31) has an exact SV-solution 1/loglogt. Note that (3.31) also has a trivial SV

solution 2 (t) decreasing to a positive constant as ¢ — oo.

() =1+

Example 3.8. Consider the differential equation
!
(3.32) (I21°7'2’) = q@®)|=/*z, q(t) = at~®+D(logt)* P p(t), tZ e,

where @ > B > 0 and ¢(t) is a continuous function such that tlim p(t) =k > 0.

Since 0 = —3 — 1 and

/t sPq(s)ds ~

€

«

k
ﬁ(log t)* P, t— oo,



Theorem 3.8 ensures the existence of nontrivial RV(1)-solutions of (3.32), all of which
satisfy
z(t) ~ ka-Ftlogt, t— oo.

1 a—1
t)=1|14+ —— ,
p(t) ( + logt)

If in particular

then (3.32) has an exact solution ¢ log ¢.
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