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1 (FU®IC

Azk%ﬁ)‘mi, HAXT MLb € RPBZEL L, BETIAINETNTNA e R BLYN
A=A+0l,c eRTHBLUTD2DO0HEEHER

Az =b, AZ=b (1)

EREMICRS ZLEERD. ZIT, FEITH A BIV A RICIERHADERNTH
5ET D AMXTIE, AEZ seced HER, B#E % add FEREER. 27 MBS E
X (1) I3 FET ¥ (Lattice QCD), KRB THEHE, #HER, X/-75EE%D
AIECEAEREICNT 2HEEOBIMEE L TRERL BB TEHN, PENK
EREORBENEENTNS.

DT RSB (1) 2R EHEMAFEE LT, seed FEARB LW add FREEFN
UK LT, NLIT (BTLEAT &)Krylov S ERIEZERT S 2 & ThH 5. ARNH
WEZBETZIENTEND, EHFERZHRMICHES ZIENTES. LALARNS,
BRI FRABICRRD HICEETHIHREND S,

—HRBB7TO0—F LU T, seed HRRAE add HER £ FEHICHE< Shifted Krylov &
3 ZERE RN B FEEDSEEE B SN T W5, FEHIZEE 2 i Tm <R %A%, Shifted Krylov
M ZEREI, Krylov 852202 7 MEN: AIEIRZ Mot Th T, 17514 B
LT ATHT B Krylov HAZMIZS 7 F o XS TELY, ENDBBICE I RET
H5.

Krylov #7 Z2REOFHE O X S OFEEET Krylov B R OREENR Y7 MIVOERT
& %. Krylov HB73ZEH D> 7 ML, Krylov 85 ZEROEENY MVZ2BEHHAT 5
LK, T MRS RK (1) ORERNIRFEETREE T 5. TN E TIZ, Shifted CG
¥ [5], Shifted QMR # [6], Shifted GMRES # [2], Shifted Bi-CGSTAB(() # [7], Shifted
IDR(s) ¥ [3] 7 EMR 2 IRBEMR R I N TS, IR [16) 2B RE Nz,

GMRES i% [14] ® FOM # [12] IZAER I 115 Arnoldi R IZE D < Krylov #1422k
W, BEWBEX 2575, REEROBIMIE> TRESYZD DFREEBLVTEARN M
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KT3. 20D, ERLEOBENS “ DAY —N NERAINS [13]. FAEOEHAD S,
Shifted GMRES 72 & @ Arnoldi [E# 2 E D < Shifted Krylov #4 ZBRIEICH L TH U
A - EBEATHZENEEND. LMLAENS, IHIRERY MIDRHERTHo 2 &
LTh, —IC, Krylov B ZRIETES N REAY MUIR SRS L. 2ok
», —#RIZIZ, Shifted Krylov S ZREICH L TIZY A4 — FASERA TE /20,

ZOBEEEMRIRT B HEE LT, Frommer & Glissner 1 Shifted GMRES £~ 1)
25— NO#E % AREE U 7z Restarted Shifted GMRES i [8] 248 F L /2. &#®X T,
Frommer & Glissner D7 A5 4 7IZH D&, ) A& — bHE D Shifted Krylov &843 22
HED—BW %KY . £/, Restarted Shifted GMRES ik DfIRES E R L, U A Y — M &E
@ Shifted Krylov S92 ZERINEICKH T 2H L WR/INEERGZIRET 5.

FRIUTOLOICHER I NS, %2 H T, Shifted Krylov #8322l D ERZIZ DU
T&T. %3 & T, Shifted GMRES #EADY A% — F DiE A % v]RE & L 7z Restarted
Shifted GMRES D E AL T 1 T4 TIZDWTHAL, URXF— M} ED Shifted
Krylov B89 BRIiED—E 2R, £z, F4HIZHBWT, Restarted Shifted GMRES #
DOREIESZRL, ) AY — MMt ZE D Shifted Krylov 284> Z2REICHN T 28 L W ER/NERZE
FEERETD BREBICESH TELDESROBELZRNS.

2 Shifted Krylov #4592 iE

(A, u) 2R A e RV BEXUNRY Mlhu e R*ICKDERE NS Krylov #5722/
Hi(A,u) = span{u, Au, A%u,..., A" lu} TH2ETS. ZOF, X7 Mo, weR”
BB (v=cw,cecR)THBREIE, EBEDc e RITHL,

(A, v) = K (A+ ol w) (2)

NEROVID. Zh%E, Krylov B8AEBRID S 7 MAEME &L [16)].

7 MR HER (1) 1T 5 Shifted Krylov S BRIEOERHT 1 T 4 713, seed
HRERXZML DITHEL /= Krylov 33 2# %, Krylov 57 ZM 0> 7 M REH (2) IZ
HOZ add FERICHLTHHEABATEHZIETHS.

BHERICHT DOMLELIRE o, Bo, T DHIHIBEE 1y := b— Az, 7 := b—AZ,
LEL. ZOE, HIHIRE r, 7o NEWIHBRTH-72ET 5 E (o = Y070, 7% € R)T,
Krylov 38925 D> 7 M AL (2) £ 0, k£ KEH OELIE o, T 13, (A, 10) DEE
R MNZEINHEODn x kTR V: ZH0N, THhZTh

T = To + Viyk, T = To + Vil

DEDITEDLENS. 22T, yr, U ERFTH 5.

B HFRRICHNT B Krylov 843 2Bk L FIRRIC, CTNETICEENRY MVOERT IV
TV ZXLBEUORY MLy, Uh ZRETEDORMFIC L OFRLBRBENREEINT
W5, FHIIEE [16) 2RI Nz,

N, A =20 =0 B I EICLDERTES. ZOMr=7fo=bv%=1TH3%.




3 URXR#— MtZE Shifted Krylov 8522 /ix%

Arnoldi JFEIZE D < Krylov i ZRIEIIEVWEILRX 2 D720, KEEKDEMIC
HENWIREL-DDHEEEBIVERERIHEATS. 204D, Arnoldi JFEIZE D
Krylov 8 EREZ B FERICER T 2856, - REUICUZXY—-FRBVLNS.

7 MR AR (1) 1Tk LT Arnoldi BEIZE D < Krylov #84> 28k & @A T 5
BEKRTHD, EFA LOBENSYRAY—REfATHIENEENS. LA LARNS,
AR ZE ro, 7o MEBTH 72 E L TH, Krylov B ERIETHE SN EE

T =19 — AViyr, Tk =70 — AVilk

E—RICHERITIIR SN, 2Dk, —EUAY— K275 &, THUROKREIZBN
Tid Krylov 83 2EM D2 7 MAEME (2) 2FIH TE 720,

LT T, COMBERZEMBRT S HiEE LT, Shifted GMRES 5D A ¥ — K D&
FA%7nJREE L 7=, Restarted Shifted GMRES #E DB A2 L, U A ¥ — b f}Z @ Shifted
Krylov #f5> Z2fik D — &K 2 RS .

3.1 Restarted Shifted GMRES ;&

GMRES 0 BR/33558 T 3 5 Shifted GMRES # T, X7 MV yi, gk 13 GMRES i
L RRICHICRNERERBICED X

Yyr = argmin ||fe; — Hyyll, (3)
yeRk

o~

G = argmin [|Byoer — Hidll (4)
GERK

DEDITHREEIND. ZIT, Hy, H: 13 Arnoldi I OFFIEH
AVi = Vi Hy, AV = Vi H; (5)

CEDBEND (k+1) x k LAy ALFFRAITHD,

I
OT

Zi/=9. 7z, 8= |roll2,er = [1,0,...,0]T e R TH 3.

Frommer & Gléssner 1%, LFE® Shifted GMRES EIZx LU A4 — M D@ A % vl6E &
T %728, seed FRRITH U TIZ GMRES ik & FIHRICER/INERESRM (3) #3#T—H T, add
TR U T, BAINRESRE (4) ITRDD, LR

Hi=H+o

'Fm = YmTm: Tm € R (6)

ERTLVWDITATATEREL.
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m RED GMRES 5 TR 5N % seed FRADEENRY bl r, i3,
Tm = Vim+1Um+1, um+1 = Bel — H;ym € Rm+1 (7)

DEIIRBTES. Z DR, HRHESRH (6) BXV Arnoldi FEDITHIRB (5) 15,

P = YmTm & b — A(Zo + VinGim) = YmVint1Uma1
Aad 7o — A\Vmgm = Vm+1Um+1Ym
Aad Y070 = Vi1 Hipm = Vi1 U1 ¥
Aad Vm+l(ﬁ;gm + U 41Tm) = YoTo

And H:ngm + Umt1Ym = '70:361

DEBKELOLD. > T, HBEHERHEF (6) 22T g BEUP 1 id (m+1) x (m+1)
AN TITFAERBICRDBEHER

umH] [ gm ] = Yof3€1 (8)

[f’%
DfEE L TH 5N 512, Restarted Shifted GMRES D 7))L I X 3 Algorithm 1 D X
2IREINS.

3.2 U R#&— ftZ Shifted Krylov 28422 i D —AgHz

add ARAITH U TIBHERE (6) 2T L TY XY —FEAIREICT 5 & 1D From-
mer & Gléssner D7 A 74 713, seed FBRADEENRY Ml r, BK (7) DK SITEET
EBHZELICEDL. Zo&EBIE, GMRES #IZHE 59, Arnoldi FEIZE D <EED Krylov
W ZERETURETH D, Z D7D, Frommer & Glissner D71 T4 TICHEDE, U X
%4 — MM & Shifted Krylov #8473 2213k D — & 13 Algorithm 2 DL S ICTRKRBETE 513,

—7%, Simoncini {3, Ym, Um % & HIZ Ritz-Galerkin FHICEDIEHET B LT, B5
NDBRET,, T, NHEREBDF[CEBL, BRICHRESRG 2B T LE DR Restarted
Shifted FOM i% [15] 2#8%R L /z. T Z T, Restarted Shifted FOM I3 BBAICIZ LML S
HEBEL THENDHOD, Algorithm 2, Step 3IZHBNT, seed FRRICHL Tm KED
FOM B2 EM T 5MEEFETH 2 RICEET 5.

2seed FRRICHT 2 m KHED GMRES IOBREZEHRE P,(\) £T 5 (rm = Pu(A)rg). TR,
HRER (8) ORETAVNENE 25D OBE+HEHIL, Pr(—0) #0 TH 5 [8, Lemma 2.4].

t3Restarted Shifted GMRES & & Rz, HRX (8) DBREITAINER L2 52D DHBE+HEHEIL,
seed ARAICHT 2 m KED Krylov B EEEDORZLZER P,,(A) B P (—0) #0 2z TILTH
5.
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Algorithm 1 Restarted Shifted GMRES method

1:

10:
11:
12:
13:

14:

15:
16:

2
3
4
5
6:
7
8
9

Choose the restart frequency m and the initial guesses o, Zo such that 7o = YoTo,
e.g., Ly = .’./L'\o =0

: Set B = ||roll2, v1 = 10/B
: for j=1,2,...,m, do:

Compute w; = Av;
for:=1,2,...,4 do:
hi; = (w;, v;)
w; =w; — hmvi
end for
hivr; = llw;ll2
Vit = Wi/hj,
end for
Define the (m + 1) x m Hessenberg matrix H* = {hi ;}1<i<m+1,1<i<m
Compute y,, = arg minyecn ||Be; — Hyll2 and set umiy = fe; — HEym

~

’U«m+1J Ym = pe;

m

Solve [I?;’,‘L

Tm = To + Vinldins T = o + ViU, Pm = 7o — AViYrm, P = 7o — AV
Update xp := @, To 1= L, To := T, To i= Prn, Yo := Ym, and go to 2

Algorithm 2 General form of the restarted shifted Krylov subspace method

1:

Choose the restart frequency m and the initial guesses :1:((, ),mo such that 1’7((]1) =

YOrD eg, 2 =30 = 0

2: for 1 =1,2,..., until convergence do:
3:  Solve (approximately) the seed system by m iterations of Krylov subspace method
with the initial guess w() and get the approximate solution zl) = (l) + V(l)y(l)
4:  Compute 2 = (l) + V(l)y(l) and v by eq. (8)
5:  Update :c((,lﬂ) = 5,?, A((,Hl) = ,(fl) and %l+1) = 77(,?
6: end for
4 Y R&— btE Shifted KrylovE85ZRiEICHT2HL

WER/INRZEFMH

BIEITR LKL DT, U AF — M Z Shifted Krylov 384 2281 D — &% i Algo-

rithm 2 O KD ITREIND. ZOkD, BEERFHT H-0DHHER, Step 3I2BNT
seed FRKUTH L TEDE 572 Krylov A 2k Z2EH T 20DOATHS. THETIT,
seed FREFKITN LT GMRES % FOM it B L U0F 15 OB Bz E DEEED Krylov I
DEMEZERTDICED, WS DHDY AY — ~MF & Shifted Krylov 2450 22 gk A8
RINTE/ [1,8-11,15].



FHTIZ, seed HFRAITKH L TB/NRESRHEITE D < GMRES #%:%# M L /= Restarted
Shifted GMRES iEDREIESZxR L, Y A ¥ — MMt & @ Shifted Krylov B3 Z2RIED 728
DHFLNBNRERGZRETS.

4.1 Restarted Shifted GMRES ZDRE=

Restarted Shifted GMRES #13 seed AR R L TIXB/NERESRM: (3) %, add A8
RITH U T3S (6) 2B U ML THD. I T, Restarted Shifted GMRES
DOPRMEIZEL, LT OB AL D AL D [8, Theorem 3.3].

TE 1 HRO>7 bMEEHFENX (1)

(9)

{ . BT ANERM : (Az,x) >0, Yz #0)
c>0

-5 ET 5. DB, Restarted Shifted GMRES iZIZEBE DU A5 — MEH m 1T
LTIET . £/-, add FERRXOBIFKICHEEL, FEORERK L BLMEREDY A
H—KrG AL T,

17012 < 182

MR DD,

BRI, B LU RS — A 2B 2RI ) = 2l) =0 L BET B
D, W =1Ths. o, £EORERK k BEOEEDY ZF — M 7))V LK
LT

W< bl <

N EN3. %o T, ®E 113, &4 (9) 2Rz THRBEICN U T add HRKD seed H 12
REDBESWERTEHIEEEK®RT S.

Fig. 1 (a), (b) ICZTNTNEM (9) 22T RIRE, 7z T72WEREIZHT % Restarted
Shifted GMRES DN R BREZR 9. Fig. 1IR3 315 L D1, Restarted Shifted GM-
RES #13, & (9) 22 THEICH L TRRE LEIGREZRTHOD; Fig. 1 (a) &
M, & (9) 2 SR WBEICH L TIE, Y AY — hMEilseed FRADYIDEZ 21T
ELTHM, RN AREEICRDBEMNH 5; Fig. 1 (b) BEK.

Z D& S1Z, Restarted Shifted GMRES #id, GMRES(m) % 2 7 MR A ERICH
LTHELERETHD, B/INREZFHEIZEDIDHBOD, £ (9) 2 I RWLBEICK
LTIRATLUDEELEIGREEZ RSN, 2O HA Restarted Shifted GMRES £ DR
BullLT¥ToNS.

MTER (4] 1I2BNT, YUY — FMEIZIR OBV H BRI seed 2EETHZ ETIOREZKRETE S
EWMRBINTNS.
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£ (a) satisfying the condition (9) £ (b) not satisfying the condition (9)

1) 6 T T 8 6

i =1 —— 5

& 4 O =11 —re ] a4

g 27 1 2 2

‘@ 0 1 B 0 7

e 2

e 27 ' e 2

g -4 1 Z 4t 1

s -6 1 2 -6 1

RN 1 5 -8t 1
=) \ =)

e -10 S ! - : e -10 : * *

= 0 20 40 60 80 100 2 0 20 40 60 80 100

Number of restarts Number of restarts

Fig. 1: Relative residual 2-norm histories of the Restarted Shifted GMRES method
for shifted linear systems: (a) satisfying the condition (9); and (b) not satisfying the
condition (9).

4.2 FLOWRNMNEEFREBLIUCZOEK(L

Restarted Shifted GMRES kD seed FRRAICHE I N2 B/NEESZRMG (3) 13, seed H 2
RDOERZE VA |rpll, ZBMELTHED, seed HERICHL T (B2 VA DEKT)
RERREETHD. LALENS, ZOREICHEL add FEXODGEEZEEL THES
T, add FERICH L TIIST L HBEYRREETH B EIIEZARN. I DHH Restarted
Shifted GMRES ILOYURDOALZERDBERTH S 526N 5.

CDMERZMIRT D720, FRX T, SHFBRRDOEE VA |rnll, |Fnl: ZEE
U 7= B/NR =S M ~

shift shift | __

min |15 oo, o = [[Tmll2, [F]l2]T (10)
ymER

ERETD. ZIT,seed FRADEE r, & add FRADREE 7, D3GR (6) I
EOE—1 ST B0, Bz IV A [|rhitt]| o 13X By, ICORMEET B HIT
EET3.

ARSI (6) K0, BE IV L |lrshift)| o 1%

P = max{|[rmlls, [}

= ||Ber — Hpymllz max{1, |ym|}
EEINBD, $iLORINEERE (10) 13

Y 1= arg min ||fey — Hyylla max{1, [} (11)

ERBINS. ZZT,vid

7

—~

Be; — H:nyji [ v
~

:' = e
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DRELTHSNS. ZD7=%H, GMRES %% Restarted Shifted GMRES ix Ti#Rah s
BHEOB/NRERHEN m ROBEE/MEREE 3) ELTERLENZDITHL, FIiLn
B/NRZESME (10) 1d m ROFEREE/MERBE (11) L L TERLENS.

F L WER/NRESME (10) 2 L7zY X% — MT & O Shifted Krylov #4722k, #E3k
O Restarted Shifted GMRES{EE R4 D, EHBRXOKEEEE L EERE / IV D ||rshift)
DEFBIENRIESND. Z070, BEHFERIIHT 5 GMRES(m) & & FRKICEN
RERZEFROIENFINS.

BB, HFLWB/NRZESRH (10) 13, & (9) 2@z T REEICH L TIIEROBR/NEESR
H3)LRMETHDI L EMELTS.

4.3 FHLVLRMREFHFOIRREFE

EFNVEEEL T, A € RIOI% 2 — B A{T5] (8K = [0.01,0.02,0.03,0.04,
10,11,...,105], BIMARS = [1,1,...,1)) ELZLATOS 7 MR HER

(A+ o x(o) =b, (A+o:)x(o2)=0b (12)

B2EZ25. ZZTCb=[1,...,. 1T 01 =1,0,=-1THh5LT5. 2B, ZOETIVHE
8 (12) 1344 (9) 27227, Restarted Shifted GMRES kDY RMNRELE L7z 58] &
UTXHR [15) THRASNTWIRETH 5.

E5)VRIE (12) ot LT, AELmE V(o)) = 2(V(cp) = 0, U X ¥ — FEA#IZ
m = 10 & L 7= Restarted Shifted GMRES {58 X UNH L Wi/NRZES M (11) 23R LY
A & — MM & Shifted Krylov i3 ZMEZ#EA L, TOPCREZ K& T 5. 1238, m Kt
FERREB/IMERIRE (11) 13, [[r™® oo < (75" ||oo ZARAE L 72 £ TREEZ A VE BB
B/

TREDOIPHBEZE Fig. 2127, Fig. 2 KBICRINZ LD, HiILLWRNRE
GHZEZBRLUZRERD, ||rhif, OBFABMDOEERIET S Z LITK D, /KD Restarted
Shifted GMRES # (Fig. 2 ##) B L TREL ZNEEEZRT I &80 5. L
Ligins, RREOERZ / NLI~ 10 BETEHLTHO, £7LdbAELICIIDAR
Mo TWRWI ENHhb.

5 Lo

A5 X T, Frommer & Glissner D7 1 74 7ICETE, ) A ¥ — M E D Shifted
Krylov 85> Zefiliz D —f& &k L 7=. %7z, Restarted Shifted GMRES % DBIRE R &R
L, U RA%— MMFED Shifted Krylov SB3 ZBRIEICN T 28 L WBR/INREREZIREL .

BHEERNS, HILWR/NERESRGEZ Y XY — MM E D Shifted Krylov #853 22T
R LUEZRE, BE/ VL ||rdif), OERBDEERIET 25 2 & TREDIGREZRE
EEIEBENIEENEGSNZ. LOLARYNS, BRE/IIVAZBHLTLEVWLTLLHE
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6 T M T
g RS-GMRES: 6=1 ——
5 4 RS-GMRES: 6 =-1 ~ ]
= 2 N Proposed: 6 = | =—— |
5 0posed: G = -1 mweseemennee
20
3
s 2}
2
g 4
[3]
S 67
=]
e -8}
G | S
0 20 40 60 80 100

Number of restarts

Fig. 2: Relative residual 2-norm histories of the Restarted Shifted GMRES method and
proposed method for the model systems (12).

HABITE DR > TWRWORERTH 5. SHOFEE LTI, IERTR/IMERIRE (11)
DRMBEICE T 2ERBLOICREICET 2 BREMTIBIT o n 5.

KZ—7T, seed HBRRITH U TR/INERESMF (3) 2L, add FERITH L TITHR
PR (6) 2T & WD Frommer & Glissner D7 1 74 71, V) A& — MMt & D Shifted
Krylov #4) 2237213 73 < , Shifted Bi-CGSTAB(l) #% Shifted IDR(s) #72 & D1
LR Z R OMEITH L TH, EIWCRORELOEDITRAINTNS. IS O
KRHLUTHHLWRNEERGEZEAL, AIMERIETIILH5BOBBE L T%
Fohns.

A EE
APFIIHPC 1S T 0755 S5 MREFHEOREEME OEHEZI:.
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