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On Chomsky Hierarchy of Palindromic
Languages

Pal Domosi, *Szildrd Fazekast Masami Ito t.8

Abstract: The characterization of the structure of palindromic regular and palindromic
context-free languages is described by S. Horvéth, J. Karhumaéki, and J. Kleijn [5]. In
this paper alternative proofs are given for these characterizations. Moreover, a simple
observation is also given for palindromic context-sensitive (phrase-structural) languages.

1 Introduction

Characterization of palindromic regular and context-free languages is given
by [5]. In this paper we give alternative proofs of these characterizations,
moreover, we characterize the palindromic context-sensitive languages. (The
palindromic phrase-structural languages have a trivial characterization).

2 Preliminaries

A word (over X) is a finite sequence of elements of some finite non-empty
set 2. We call the set X an alphabet, the elements of ¥ letters. If u and v

*College of Nyiregyhdza, Institute of Mathematics and Informatics,
H-4400 Nyiregyhéza, Séstéi it 31/B, Hungary, e-mail: domosi@nyf.hu

TCollege of Nyiregyhsza, Institute of Mathematics and Informatics,
H-4400 Nyiregyhéza, Séstéi ut 31/B, Hungary, e-mail: domosi@nyf.hu

tKyoto Sangyo University, Faculty of Science, Kyoto 603-555, Japan,
e-mail : ito@cc.kyoto-su.ac.jp

$The first two authors are grateful to JSPS (Japanese Society for Promotion of Sci-
ence), Kyoto Sangyo University, and Nyiregyhéza College for their constant support. The
first author was also supported by Czech Ministry of Education, Youth and Sport, and
Hungarian National Development Agency No CZ-1/2009.



are words over an alphabet X, then their catenation wv is also a word over
Y. Especially, for every word u over &, ul = A\u = u, where A denotes the
empty word. Two words u, v are said to be conjugates if there exists a word
w with uw = wv. A nonempty word is called primitive if it is not a power of
another word. Otherwise we speak about nonprimitive word. Thus A is also
considered as a nonprimitive word.

The length |w| of a word w is the number of letters in w, where each
letter is counted as many times as it occurs. Thus |A\| = 0. By the free
monoid X* generated by ¥ we mean the set of all words (including the empty
word \) having catenation as multiplication. We set ¥ = ¥* \ {\}, where
the subsemigroup Xt of ¥* is said to be the free semigroup generated by
Y. Subsets of ¥* are referred to as languages over X. Denote by |H| the
cardinality of H for every set H. A language L is said to be slender if there
exists a nonnegative integer ¢ havmg HweL:|w=n}<c

For a nonempty word w = z1---Z,, where x1,...,Z, € X, we denote
its reverse, T, -z, by wt. Moreover, by deﬁnition, let A = AE, where A
denotes the empty word of ¥*. We say that a word w is a palindrome (or
palindromic) if w = w®. Further, we call a language L C ¥* palindromic if
all of its elements are palindromes.

A language L C X* is called a paired loop language if it is of the form
L = {wwwz™y|n > 0} for some words u,v,w,z,y € X*.

Finally, as usual, we write a generative grammar G into the form G =
(V,%,S, P), where V and ¥ are nonempty finite distinct sets, the set of
nonterminals, and the set of terminals, S € V is the start symbol, and P is
the finite set of derivation rules. For every sentential form W € (V U L)*,
Lg(W) denotes the language generated by W, and L(G) (= Lg(S)) denotes
the language generated by G. '

We shall use the following classical results.

Theorem 1 [1] Let L be a regular language. Then there is a constant n such
that if z is any word in L, and |z| > n, we may write 2 = uvw in such a
way that |uv| < n,|v|] > 1, and for all ¢ > 0, w'w is in L. Furthermore, n
is no greater than the number of states of the finite automaton with minimal
states accepting L. O

Theorem 2 The family of context-free languages s closed under the inverse
homomorphism. O
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Theorem 3 [1] The language L C ¥* is context-free if and only if for every
reqular language R C X*, L N R is context-free. O

Theorem 4 [4] Given an alphabet T, a nonempty wordw € 7, each context-
free language L C w* is regular having the form

UF_ w™ (w™)* for some my,nq,...,mg,ng > 0. (1)
a

Theorem 5 [6, 7, 9] Every slender context-free language is a finite disjoint
unzon of paired loop languages. O

The following statement is well-known.

Proposition 6 Given a context-free grammar G = (V, %, S, P), a sentential
form W € (V UX)*, the language Sg(W) is also context-free. O

Theorem 7 [10] Given a positive integer i, a pair u,v € LT, let uv = p° for
some primitive word p € . Then vu = ¢* for a primitive word q. O

Theorem 8 [8] Ifuv = vq,u € L7, v,q € T*, then u = wz,v = (wz2)*w,q =
zw for some w € ¥* z € T and k > 0. O

Theorem 9 [8] The words u,v € X* are conjugates if and only if there are
words p,q € ¥* with u = pq and v = ¢p. O

Theorem 10 [2] Let u,v € X*. u,v € wt for some w € L7 if and only if
there are 4, > 0 so that u* and v/ have a common prefix (suffiz) of length
|ul + |v] = ged([ul, [v]). O

We shall use the following direct consequence of this result.

Theorem 11 If two non-empty words p* and ¢’ share a prefiz of length |p|+
lg|, then there exists a word r such that p,q € r+. a



3 Results

We start with alternative proofs of some results of S. Horvath, J. Karhumaki,
J. Kleijn [5)].
First we turn to consider regular languages.

Theorem 12 [5] A regular language L C £* is palindromic if and only if it
is a union of finitely many languages of the form

Lp = {p}’ Lq,r,s - qr(slr)*qRa (p> q, 7,8 € 2*)’ (2) |
where p,r and s are palindromes.

Proof: Clearly, any finite union of languages in (2) is both palindromic and
regular. Conversely, let L be a palindromic regular language and n be the
language-specific constant from Theorem 1. Naturally, there are finitely
many words shorter than n, those will form the languages L,. For any
suitably long word w € L, according to Theorem 1, we have a factorization
w = quz, with 0 < |qu] < n and v # ), such that qv'z € L, for any 7 > 0.
The two cases being symmetric, we may assume |q| < |z|, i.e., z = z¢®, for
some £ € L*, with viz being a palindrome. This gives us z = r(v®), for
some r with v® = sr and some j > 0. But, for large enough %, v*z ends in
st = (vivFR)Br = (rBsf)2r(vR)7 and it starts with 712 so we instantly get
v = rfis and thus s = sf. It also follows, that v® = sfr and v® = sfrf
hence r is a palindrome, too. Then, our original word w can be written as
qr(sr)i**qF. A similar decomposition, according to Theorem 1 is bound to
exist for all words longer than n. All parts of the decomposition, ¢,r and s

are shorter than n, therefore there are finitely many triplets like this.
: O

Next we prove the following simple observation.

Proposition 13 Given a pair of positive integers i, j, let p,r,u,w € X*,v €
>t be arbitrary with |p| < |ul,|r| < |w| and let ¢ € T be a primitive word
having [v7| > |v| + 3|q| such that pg'r = uwvw. Then there exists a positive
integer k such that v and ¢* conjugate.

Proof: By our assumptions, there exists a pair of factorizations u = pu', v
v'q such that ¢¢ = u'v/v'. Because |[v/| > |v| + 3|q|, [« = |¢¢| — V7]

IA



|¢*| = |v] — 3|g| < |g"~%|, there are a positive integer 7, a suffix g, and a prefix
g3 of g such that v/ = gyq™gs. Hence v/ = ¢2(q192)" g3 = (g241)"q2g3 for some
decomposition ¢ = qiq, and prefix g3 of ¢q. By our conditions, |[v/| — |g3| >
|v| + 3lg| — |gs|] = |v| + 2lq| > |v| + |¢|. Therefore, applying Theorem 11, we
obtain v, g2q; € 2T for some primitive word z € X*. By Theorem 7, ¢2q; is
also primitive. Therefore, z = gzq;. Hence v = (ga¢1)* for some k > 0. Then
Theorem 9 implies that v and ¢* conjugate. O

Now we continue with palindromic context-free languages.
Theorem 14 [5] Every palindromic context-free language is linear.

Proof: Let G = (V, X, S, P) be a context-free grammar generating the palin-
dromic language L. Without loss of generality we can assume that V is
reduced, i.e., for every X € V, Lg(X) # (. In particular, we may assume for
every X € V, |Lg(X)| = oo. Indeed, if |Lg(X)| < oo, then we can eliminate
the derivation rules |

Y 5> W XWoX - W, XW, 11, X - W € P,
W, Wi, Wa, ..., Wny1 € (V\{X})UZX)* by new derivation rules of the form
Y = WiwiWows - - wnWoy1, wi, ... ,wp € La(X).

It can also be assumed that for every X — W € P, there are at most two (not
necessarily different) nonterminals appearing in W. Indeed, if
X = ui Ay upAptung, € P with X, Aq,..., A, € Vug,...,up, € X5,n > 2
then we can eliminate this derivation rule by the following new derivation
rules using some new nonterminals A,... A’ | :

/ / / /

Next we show that the derivation rules of the form X — pAqBr with p,q,r €
Y*, A, B € V can be eliminated.

* *
First we establish that for every ¢1,q2 € ¥*,A 3 ¢1,A 3 &2, @1 # @

* *
implies |g1| # |gz|. Similarly, for every ri,7y € £*,B 3 r1,B 5 re, 1 #
To 1mphes 1] # |ral. Because G is reduced there a,re u,y -€ X* having

S => uXy. Therefore, A= T qand A é g2 imply that for every v’ € Lg(B),



upqrqr'ry, upgaqr'ry € L, i.e., both of them are pahndromes This is im-

possible if |q1| = |go| with ¢ 7é qa. S1m11arly, B =*" r, and B => ro imply
that for every ¢’ € Lg(A), upq'qriry, upq'qrary € L i.e., both of them are
palindromes. This is impossible if |ri| = |rq| and 7y # rs. '

This means that all of the languages Lg(A), Lg(B) are slender context-
free languages. Using Theorem 5, X — pAgBr can be eliminated by con-
sidering some new nonterminals Aj,...,An, Bi,..., B, and for every ¢ =
1,....,m,j = 1,...,n, new derivation rules X — puiAiyiquijyjr,
A — va :pz,A — wy, By = v; “B; x B — w' € P, where u;, v;, w;, T, Ys, U
v, wi, xl,yi € 3¥*. Therefore, we may suppose that for every X — pAqBr e
P,AB € V,p,q,r € Z*,A — vAr,A = w,B — VAx,B — w €
Pv,w,z,v, w2’ € * and A, B do not appear on the left side of any other
derivation rules. Thus

La(pAgBr) = {pv'wz*qu”’w'z"r | i,j > 0}.

To our statement it is enough to prove that at least one of the following
equalities is true: wz = zw,vw’ = wv'. Indeed, if wr = zw then X —
pAqgBr € P can be eliminated by linear derivation rules as follows:

omit the derivation rules X —> pAgBr,
A — vAz,A = w and let X — pC,C — vxC,C — wqB be new ones
with the new nonterminal C;

similarly, if v/’ = w'v’ then X — pAqgBr € P can be eliminated by the
following linear derivation rules:

omit the derivation rules X — pAqBr,
B — v"Bx',B — w' and let X — pCr,C — Cv'z/,C — Aquw' be new
ones with the new nonterminal C.

Therefore, if one of v, z,v’, 2’ is empty then we are ready. Thus assume
that none of v, z,v’, 2’ is empty.

Let S f} w' Xy for some v,y € ¥* with |[v/| > |¢/|. Then for every
z € Lg(pAgBr), w'zy' € L. Hence v'zy’ = (u'zy’)®. Therefore, v’ = y'?u for
some u € ¥* such that for every z € Lg(pAgBr), uz = (uz)f.

Recall that Lg(pAqBr) = {pviwzquw'z"r | i,j > 0} with |z’| > 0.

Let z denote the primitive root of v. Moreover, let k be a nonnegative
integer such that |up| < |z’*r|. First choose ¢ and j such that |2%1| + 3|z| <
|97 < |upvt| < |zr|. Hence |2/|+3|2| < |277%| and (upv®)® = zhx'Rr for
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some suffix z} of z’. Recall that |up| < |z'*r|. Therefore, applying Proposition
13, 2’ and a power of 2% conjugate.

Now we choose ¢ and j such that |[v'w'z7=%r| + 3|z| < v/ ~4w'z"*r| <
lupv'| < |t < pYw'z¥r|. Hence || + 3lz] < |v97¢ and
(upv')® = v = 271wz ~1r, where v} is a suffix of v". Applying Propo-
sition 13 again, we obtain that v’ and a power of 2 also conjugate.

Consider a pair of nonnegative integers s,¢ > 0 such that |upv®| = |zha''r|
for some suffix x5, of 2/. Then, by our assumptions, for every i > s,j >t +1,
viTtwriquiw'z "2 with o' = z) is a palindrome. Consider a positive
integer j such that |v] < |v"7| and let ¢ be given such that ¢ — s is the small-
est positive integer having |w'z”~*"1z}| < |v*~¢|. Obviously, then [0*=%| <
|7 W'z~ %) |. Thus we may assume (v*=%)F = vjv*~lw/'z7 =1z for some
¢ > 0, for for some suffix v} of v/ and some prefix z{ of z’. Recall that v' and
a power of 2%, moreover, 7' and a power of z¥ conjugate. Hence w' = zft2%2%
for some nonnegative a, a suffix z, and a prefix z; of the primitive root z of v.
Moreover, because v’ and a power of 2%, and also 2’ and a power of 2% conju-

1t

gate, (V'7°)F = vfu " ly/z'17 "1z and w' = 2(2%)%2F imply v/ = (2F2f)
and ©' = (282F)° for some b,c > 0 such that zF2F = zE:F = 2. Hence
upvtwriquiw'zr = upv'wrtp(rf(2923) 202%21 (2421 )9 R =
upvtwriq(rag(2Htateiz )R = upviwariqef(zf)bitatei 1y =

upvtwziqzf ((27)°) ((2F)) (2F)228r. Choose § = qz1,v" = (2F)%, w' = (2F)?,
o' = (2R)°, 7 = 2&r.

Modify the grammar G such that omit the derivation rules X — pAqBr,
B — v'Bz/,B — w' and let X — pAgC7# C — v/Cz',C — w' be new
derivation rules with the new nonterminal C. Obviously, Lg(pAgBr) =
L (pAGCT), and thus, L(G) = L(G"). On the other hand, by our construc-
tions, for every i, > 0, v'w’ = w'v'. Therefore, as we have already seen,
the derivation rules having the form X — pAgB7, B — v'B2’', B — w' can
be eliminated by the following new ones X — pCr,C — Cv'z’,C — Aqu/,
where C' is a new nonterminal. ,

We assumed in the proof that S 3> v/ Xy’ such that |u/| > |[v/|. Changing
the roles of the right and left sides of the discussed strings, we can also

eliminate the derivation rules of the form X — pAgBR if S 5 v/ Xy for
some u',v" € ¥* with |y’| > ||. Thus we receive that L(G) can be generated
by a linear grammar. a

Lemma 15 Given an alphabet X, words v,z € ¥*, a non-empty word w €



¥, each context-free language L C vw*z is reqular having the form
v(UE_ w™ (w™)*)z for some my,ny,. .., mg,ng > 0. (3)

Proof: Let a, b, ¢ distinct symbols and consider a homomorphism 9 : {a,b,c} —
T* with ¥(a) = v,¥() = w,¥(c) = z. Then ¥~}(L) Nab*c = {ablc |
vwkz € L,k > 0}. On the other hand, using that ab*c is obviously a reg-
ular language, Theorem 2 and Theorem 3 imply that ¥ ~!(L) N ab*c is also
context-free. Let v’ : {a,b,c} — b* be a homomorphism with 9'(a) =
¥'(c) = X and 9'(b) = b. By Corollary 2, ¥/(vp"1(L) N ab*c) is also context-
free. On the other hand, ¥/(~'(L) N ab*c) = {¥* | vw*z € L,k > 0},
therefore, by Theorem 4, it is regular which can be written into the form

Uk_ 6™ (b™)*)z for some my,ny, ..., mg,n; > 0. This fact and the equality
Y (Y1(L) Nab*c) = {w* | vw*z € L,k > 0} implies that L is regular having
the form as in (3). O

Lemma 16 Every palindromic context-free language can be generated by a
grammar G = (V,X, S, P) having P C {X — aYa | X,Y € V,a € T} U
{X—=a|XeVaelU{X - T}

Proof: Consider an arbitrary palindromic context-free language L. By The-
orem 14, we have that L is linear. Thus there exists a linear grammar
G = (V,%, S, P). Without restriction, we may assume that G is reduced,
- moreover, P C {X = aYb | X € VY € VU{A},a,b € TU{A},ab # A}
Indeed, if X — paYbq € P with p,q € ¥*,pqg € Xt,a,b € XU {\},ab #
AY € VU {\}, then we can eliminate the derivation rule X — paYbq € P
by introducing a new nonterminal symbol Z and the new derivation rules
X — pZq,Z — aYb. Thus we get in finite-many steps that all derivation
rules have the form X — aYb, X € Va,b e U {A},)Y e VU{A}.
Clearly, then

L=U{{p}La(X){q}| S5 pXq, X €V,p,qe &% p, gl < |V[}. (@)

Next we prove that all of the derivation rules having one of the forms
X=aY, X, YeV,aeZor X »>aY,X,Y € V,a € X can be eliminated.
We say that a nonterminal X € V' is non-balanced if there are p,q € X*

*
with |p| # |q| such that X I pXgq. Otherwise, we say that X is balanced.
Now we eliminate the non-balanced nonterminals. Consider a non-balanced



nonterminal X, as above. Let us assume X appears in a derivation at some
point as S = uXwv. Then because X = pXgq, we get S = up*Xq'v, for all
i > 1. Without loss of generality, we may assume |u| < |v|, that is, since the
derived word will be a palindrome, v = wuf, for some w € £*. Now, to keep
~ arguments simple, let X stand for any word in Lg(X). So, we know that
p* X ¢'w is a palindrome for any positive 3. For large enough i, this gives us
that w® = p/p;, for some j > 0 and p; € &* prefix of p, hence p* X ¢pF(p™)’
is a palindrome. Again, if ¢ was big enough for |p*| > |¢®pf(pf)?|, then
by Theorem 10, we get that for a decomposition qiqs of g%, its conju-
gate ¢2q; has the same primitive root as p, i.e., there exists some primi-
tive word z € ¥, m,n > 1, such that qzq; = 2™ and p = 2. Rewrit-
ing p*X¢'pft(p?)? with these powers of z, we have 2™ X (qFql)ip,(2F)W =
2 Xl (qf gl qfp, (2F) = 2 X gl (2F)™EVglp, (2F)™ is a palindrome,
therefore 2"(1=9) X g (2%)™(=VgRp, is as well. This means pRq,2? is a pre-
fix of 2”7 and we can apply Theorem 10 again to get that, since z is
primitive, pfq; = 2%, for some integer k. Since p¥ is a suffix of p® = (2F)"
and ¢; is a suffix of 2™, there exist non-negative integers 41,4, and z. suf-
fix of 2%, 2’ suffix of z, such that 2/(2%)%2/2% = 2*. From here, there is

some prefix 2z of 2%, with 22 = 2%, 2.2/ = 2, so both 2/ and z. are

palindromes and so are p; = z.(2/2.)" and q1 = (2//z.)*"4~12". But qoq; =
2™ — (2L2)™, 50 gy = 2L(2/2 )™+ From here, 27X (qliqR)ipy (+R) =
(2L2)M X (zhz) ™2l (2 20) 0 (20 2L = (2 2" ) X (2 21" )™+a+7d 4! s a palindrome
for all ¢ > 1. As our original assumption was |p| # |q|, i.e., m # n, for a
large enough 7, the word X will be entirely to the left or right from the center
of a palindrome of the form (2.2))72 X (2.2//)%22.. Since 2/2! is primitive, the
center of the palindrome has to be exactly 2. or 2/, and this means that
X € (2,2)". Then, the language Lg(X) is isomorphic to a unary context-
free language, hence it is regular with rules of the form X — (z.z/)™*t"X.
This way, in our original grammar we can replace all rules with X on the
left with balanced rules X — (2/.2")"2" X (2.2/)™%", or if m +n is odd, with

rules X — (2.2))™ "X (2.2!)™™ and X — (2L2/)™t"| )\, etc. O

T

Lemma 17 Every palindromic context-free language can be generated by a
grammar G = (V, 3,8, P) having P C {X — aYa | X,Y € V,a € T} U
{X—=a|XeVaelUu{X — X2}

Proof: Consider an arbitrary palindromic context-free language L. By The-
orem 14, we have that L is linear. Thus there exists a linear grammar
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G = (V,%, S5, P). Without restriction, we may assume that G is reduced,
moreover, P C {X — aYb | X € VY € VU{A},a,b € ZU{A},ab # A}
Indeed, if X — paYbg € P with p,q € Z*,pq € Xt,a,b € U {A},adb #
AY € VU{A}, then we can eliminate the derivation rule X — paYbq € P
by introducing a new nonterminal symbol Z and the new derivation rules
X — pZq,Z — aYbh. Thus we get in finite-many steps that all derivation
rules have the form X — aYb, X € V,a,b e ZU{\},Y e VU {A}.
Clearly, then

L=U{{p}La(X){q}| SF pXq, X €V,p,qe T |pl,lg| < |V|}. (5)

Next we prove that all of the derivation rules having one of the forms
X—aY, X, YeV,aeXor X —-aY,X,Y € V,a € ¥ can be eliminated.
We say that a nonterminal X € V is non-balanced if there are p,q € £*

with |p| # |q| such that X (;:*‘ pXq. Otherwise, we say that X is balanced.
Now we eliminate the non-balanced nonterminals. To complete our proof,
for every X € V with X — vXz and |v| # |z|, first we eliminate the
productions having the form X — aYb,Y € VU {A},a,b € T U{A}.

Obviously, then, S % pXq, X :f_" w, X Jgr> vXz imply that for every ¢ > 0,
priwziq is a palindrome.

Therefore, for every non-negative integer m, there exists a pair k£, > m
with pv* = (z2%q)® for some suffix z, of z. Indeed, if |pp™| > |z™g| then
pv™ = (z22%q)F for some £ > m and suffix 2 of z. Similarly, if |[pv™| < |z™q|
then pv* = (z92™q)® for some k > m and suffix z, of z.

Suppose |v| > |z|. Then there exists a non-negative integer ¢ with |pv*| >
|lwz'q|. Hence, pvi~9~tv; = (voviwzlq)® for some factorization v = viv, and
j > 0. But then wou; = (vpv1)f, and thus, v2(vive)Jwaiq = (vovr )~ wfipf,
i.e., w is a prefix of vy (vov; )" I twfpf Hence, w = 22*2, for some k > 0,
where 2z is a proper prefix of v1v5v1, 2 € (v2v1)*, and 2 is a proper prefix of
Vv VEpT,

Next we assume |v| < |z|. Then for an appropriate non-negative inte-
ger i, pvwziz; = (zo2* 7 1q)® for some factorization z = z,z, and non-
negative integer j > 0. This implies o2, = (z22;)® and that piwziz, =
Rzl ol (zoz)) 9722k, ie., w is a suffix of ¢zl (zoz, )" 221,

Hence, w = 2, 2"z, for some k > 0, where z; is a proper suffix of ¢?zfz,z1,
z € (z9m1)*, and 2, is a proper suffix of zoz;zf.

In both cases we receive that w € z;2*2; for an appropriate primitive
palindrome z and words z;, 25 € X*.
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By Proposition 6 and Lemma 15,
Lo(X) = 2 (UF_ 2™ (2™) 2, for some my,ny, ..., mg,ng > 0, (6)

Introducing some new nonterminals and derivation rules, such that each

Z of them has the property that Z [—} pZq, P,q € ¥* implies |p| = |q|. we can
derive the language Lg(X) as follows.

Omit all derivation rules of the form X — w,w € (V U X)*, and let
21 =Q1 Qp, 2 = by+--bp,z = ¢y Cp. Consider the new derivation rules
X = a1 Xq, Xy — CL2X2, ce 7Xk—~1 — apXg, Xp — }/gbg, Y, — Yé..lbe_l, cee
Y, — Yi1by, where Xy,..., Xk, Y1, ..., Y, new nonterminals. Obviously, then
X % z1Y125. Now, let m,n > 0 with m+m > 0, 2 = ¢;...csdcs ... cq,
Cly...,Cs € B,d € LU{A}. We distinguish the following cases.

Case 1 If m =0 thenlet Y7 — A.

Case 2 If m = 2¢ for some 7 > 0, then let Y7 — ci1Aic,
Al — CQAQCZ,...,AS_Q — cs——lAs~lcs—laAs—1 — CSASCS,AS — dBld,
By — csAsy1Cs, Asy1 = Com1AstaCs—y, ..., Agsm1 — Ccr1Agscr, Aoy — dBsd,

ey By — CsAz(i-1)3+1Cs, A2(i——1)s+1 — Cs—lA2(i—1)s+2Cs——1a cee
Aois_1 — c1Agsc1, Asys — A be new derivation rules with some new non-
terminals Al, ey A2i37 Bl, ey Bgi_l.

Case 8 If m = 2i+ 1 for some ¢ > 0, then similarly as before, let
Y — clAlcl, e )As—l — cgAsCs, As — dB.d,...,Boy_1 — CsAg(i_1)3+1Cs, N
Agis—1 — c1Agisci. Moreover, let Ags — c1Agisic1, Agisp1 — CaAgisala, .. -,
A2ig1)s—1 = CsAz(i+1)sCs, A2i+1)s — d be new derivation rules containing

some new nonterminals Ay, ..., Agit1)s, B, ..., Bai—1.

Case 4 Finally, if m = 1, then analogously to the previous case, let
Y1 = c1Aic, A1 — cAgca, ..., As_1 — c.Ascs, As — d be new derivation
rules, where A;,..., A; be new nonterminals.

Obviously, in all of the above cases, X % 212™zy. Therefore, if n = 0,
then z12™(2")* 25 C Lg(X).

If n > 0, then we introduce a new derivation rule A,,s — c;Alc;, more-
over, analogously to the above Cases, distinguishing the cases n = 2j or n =
2j+1 for some j > 0, or n = 1, we introduce further new derivation rules with
some new nonterminals. In particular, for every above defined new deriva-
tion rule having one of the forms A, — cfAcricp, Ans = A, Ans — d, Ags —
dByd, By — csAggs+1Cs, we consider appropriate further new derivation rules
with  of the  form, in  order, A = crA, . cf,



12

Ay = NAL, = d, AL, — dBd, By — csAyg41Cs, A, — cpAycy, where
AL, ALy Ansy Agsy Adgsi1, By denote new nonterminals.

Finally, we also consider a new derivation rule A;, — Y; with the further
new nonterminal A7 ..

Obviously, in all cases, X (;,f 212™(2™)* z3. Therefore, z12™(2")* 22 C Lg(X).
By (6, Lg(X) consists of finite-many languages having the above form.
Therefore, we receive in finite-many steps that Lg(X) can be generated by
new derivation rules containing only balanced nonterminal on their right-

hand sides.
Now we assume that V contains only balanced nonterminals, i.e., for

*
every derivation,X ¥ uXz, X € V,u,z € ¥* |u| = |v|. Then, for every

X € V,p,q € ©*, S T pXq implies ||p| — |¢|| < |V|. Indeed, assume the
contrary and, for the simplicity, put Xo = S. Then there exists a derivation

Xog 1 X3 T -1 Xn-1Yn—1" " N1TT1 "  TnXnUn ' * U1, (7)

where Xo,...,X, € V, and by our assumptions, Zi,...,ZTn,Y1,..-Yn
€ LU{A}. On the other hand, if X; = X for some ¢, j with 1 <4 < j < nthen

Xi ? {7 B .'Dinyj Yt also holds.
If |@iy1 -+ 5] # |y; -+ - Yis1| then it contradicts to our conditions. Other-
wise, ||Z1+ Tio1Zj Tn| = |Yn+ Ys¥i1 - y1l| 2 [V] and

Xo 3 T Ti1Tj TnXnYn YilYi-17 " Y1
also holds. Following this treatment, in finite steps we can reach Xy 3
ay- o apXbg - -br,a, ... a8, b1, ..., b € BU{A} with ||ay - - - ag|— bk -+ 1] =
|V| such that k < |V|, which is impossible. Therefore, for every X € V,p,q €

x
¥*, S § pXq implies ||p| — |q|| < V.

Now, for every derivation step, we order two pip-line stores, called left
store and right store. Either both of them is empty, or one of them is empty
and the another one contains a non-empty terminal string of length less than
V.

At the start, both stores are empty. This status remains until the applied
derivation rules are of the form X — aYa, X,Y € V,a € Z U {A}. If the
applied derivation rule has the form X — aY, X, Y € V,a € %, then there are
two cases: if the left store is empty, then we drop the terminal letter a into
the top of the right store; otherwise we delete the terminal letter contained at
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the bottom of the left store. (In the second case, the bottom of the left store
should contain the same terminal letter a. Otherwise the generated word will
not be palindrome.) Similarly, if the applied derivation rule has the form
X —=YbhX,Y €V, be X, then we have two cases: if the left store is empty,
then we drop the terminal letter b into the top of the left store; otherwise
we delete the terminal letter contained at the bottom of the right store. ((In
the second case again, the bottom of the left store should contain the same
terminal letter b. Otherwise the generated word will not be palindrome.)

If the applied derivation rule has the form X — aYb, X,Y € V,a,b € %,
then we have the following possibilities: If one of the stores is not empty,
then our procedure works as in the previous cases (like, in order, applying
a derivation rule X — aZ,a € %,X,Z € V, and then a derivation rule
Z —=Ybbe X, Z,Y € V); if both stores are empty then a = b should hold.
(Otherwise the generated string will not be palindrome.) After applying the
considered derivation rule X — aYb, X,Y € V,a,b € I, the contents of the
stores remain the same.

We will construct our grammar such that a derivation rule of the form
X = a,a € ZU{A},X € V can be applied only if either one of the stores
contain the letter a or both stores are empty.

In addition, if both stores are empty, and X §> w may hold for the non-
terminal X contained on the left-hand side of the applied derivation rule,
then w should be a palindrome. In addition, if |w| < |V, then either w = b
with b € XU {A}, or w = ¢;---¢idey---¢; for some ci,...,¢c; € £,d €
YU {A},1 < ¢ < |V|. For the second case, we assume the existence of
some derivation rules of the form X — c¢1Zi¢1, 27 — coZyco, ..., Zi1 —
CtZtCt,Zt — d,Zl,...,Zt eV.

Having this properties, formally we define the following derivation rules,
where the (new) nonterminals are supplied by pile-line stores discussed pre-
viously.

Lt V={XeV|X %j w,w € &F, |w| < |V|} and define, in order,
V' = {X)\,)\ l X € V}U {Xal...ak,)\ | X € Viay,...,ap € L,k < IVI}
U {X}Hbl...bk l XeVb,. . . . .heX k< IVI}

and
P = {Xar'-ak,/\ — aY;I...aka,,\a,X,\,al...ak — Y/\,al'-'ak_pX)\,)\ — CLY;’)\O,
| X — Ya € PX)Y € V,a,...,qp,a € Xk < [V|} U
{Xal-nak,)\ — Y;ll-"ak—h«\’ X,\,al...ak — aY,\,al...akaa, X)"A — aY,\,aa
| X —= aY € PX)Y € Va,...,ap,a € %,k < |V|} U
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{Xa1~~ak,/\ — bY;zl---ak_lb,)\b; X/\,ar“ak — aY,\,al‘..ak_laa, X,\,)\ — aY)\,)\b ‘
| X — a¥b € PX)Y ¢ V,ai,...,ag,a,b € X U {)x}} U
{Xagoazr = Yaan Xoarear, = YaeaoXax = Y
| X —->YePXYe€Va,..a€ ZU{/\}}U{XG,,\ - )\aXA,a = A,

Xap — a | X = a € PX € Va € I} U
{X)\,A — A l X — A € P} U {XA,)‘ — (21Z1X>\,>‘01,
le,\,,\ — C2Z2x,\,,\c2’---aZt-1x,\,,\ - CtthA,,\Ct,th,\,,\ —d| X €V,

X%cl--.ctdctu-cl,cl,...,ct € X, de TU{\}}.
Thus we can receive that L(G) = L(G’), where G' = (V', %, Sy 5, P'). O

Theorem 18 [5] A context-free language L C X* s palindromic if and only
if it is a disjoint union of |V| number of languages of the form {pap® | p €
Lo}, where the L, (a € LU {A}) are regular languages (uniquely determined
by L).

Proof: Given an alphabet X, for every a € ZU{A} consider a regular language
Lq. It is clear that L = U,ezpuyy {Pap™ : p € Lo} is palindromic and linear
(and thus, it is also context-free). Conversely, consider a palindromic context-
free language L. By Lemma 17, it can be generated by a grammar G =
(V,£,S,P) having P C {X — aYa | X,Y € Via € S} U{X — a |
X eV,ae ZT}U{X — A | X € Z}. For every a € X U {\}, define the
grammar G, = (V,X,S5,P,) with P, = P\ {X — b|be ZU{A},b # a}).
Obviously, L(G) = Uses U {A}L(G,). Moreover. for every a,b € X U {)\},
L(G,)NL(Gp) # 0 if and only if a = b. Therefore, L is a disjoint union of the
languages L(G,),a € ¥ U {\}. By the construction of G4,a € X U {A}, it is
clear that G, o = (V, X, S, P e with Py ={X =2 Yb| X =2 bYbE F,, X, Y €
Via € B}U{X - b| X - b€ P,X € Via € 2U{A}} is a regular.
language. Similarly, G,, = (V,X,S, P, with P, ={X = bY | X = bYb €
P,X,YeVaeZSIU{X =2b| X »be P,, X € V,a € ZU{\}} is regular.
Moreover, Ly = L(Ga,) = L(Gay), and L = U sy {pap™ :p € Lo} O

Of course, every palindromic context-sensitive (phrase-structured) lan-
guage has the form

L= |J {pap":peL(a)},
a€ZU{\}

where the L(a) (a € ¥ U {\}) are context-sensitive (phrase-structured) lan-
guages (uniquely determined by L). Next we prove that unlike the regular
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and context-free cases, the above languages L(a), a € XU{\} can be arbitrary
context-sensitive (phrase-structured) languages.

Theorem 19 Given an alphabet X, for every a € XU {A} consider an arbi-
trary context-sensitive (phrase-structured) language L(a). Then

U {pap™:pe L(a)}
aeZU{A}

is not only palindromic but context-sensitive (phrase-structured) as well.
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