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Algorithms for Primality Testing Based on Pseudosquares
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ABSTRACT. A prime number is a positive integer greater than 1 that has no positive
divisors other than 1 and itself. Public-key cryptography is used for confidentiality
preservation in telecommunication today. In public-key cryptography, primality
tests, that is algorithms to determine whether a given number is prime, are play
important roles for public-key generation. The purpose of the research is to view
and verify the possibility of an improvement of a primality test proposed by Lukes
et al by experiments with computers. For each odd prime number p, a positive
integer L, called a pseudosquare corresponds to p. In the algorithm of Lukes et
al, a prime number p with n < L, is found, then, to determine whether a given
positive integer n is a prime number or not, for each prime number p; less than or
equal to p, a calculation of p; raised, modulo 7, to the power (n — 1)/2 is made.
Let p(n) denote the n-th prime number, where p; = 2 is the first prime number.
It is conjectured that the n-th pseudosquare Ly, should grow exponentially in n.

If the conjecture holds, then we can obtain a faster rigorous primality test than
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APRT-CL test or ECPP test, which is used in practice today. In this research,
possibility of removing one of primality conditions used in the rigorous primality
test based on pseudosquares of Lukes et al. is investigated by computer experiments.
In consequence, the following conjecture is proposed: The condition is needed only
in the case where the argument of the primality test is a Carmichael number.

1 [FEHIC

FE p ITHT HEETF I L, L1X, RO 2EEEMHETEFRTRVR/PNOEREKT
0B,

1 L,— 1 X8 DEHKTHY,

2. 2< q < p BT TRTOREE ¢ IZOWT L, —m? H ¢ DIFRIZARD &5 RIER
BEmBHEETS.

IhLDEGEBEREE > TEEERITROL I TS,
1. L, =1 (mod 8),
2. Im e Z*, L, =m? (mod q)
L% 2 DE&EERTHERIIFEFRIRITOVTO Legendre DFEFEE - T

(%)=

q

LETIENTED. ZOB20EB0LEY, L ZEHFETEIAVS, p UTFOLD
FREEE LISV EFEE LTRDES.

HHEE p 13T HBEE L, 122\ T, HEMEROBRICESINTL, A picxLT
MBI EMT A Z ENTRENTWT, Lukes HIZX Y, ZOFHEEEMHRE LIS
HAHEENREHET VI Y ALARB/RENTWS [2). —F, L, DEMI-HOWT ERH
($ER Y —= o FA8) ZRELZERNEBLNTVDA, ZOBMIMEMIT EFROHEBE
BROBRIZESWETREIV /N EVWA—FTHD. ERH OFRIMIETE2EELTHELN
AREBHBEHIET VY Xaix, Miller 512k 5 ERH #1RE L7=EERIFBEHET )V
FYXLLYHEFNITEELL TR,

RHARDOEFRBREIZBNT, EXRR2EFROBORBOGENERETHL LV FRRLE
Bi#R e L7~ RSA XHENEN L EbN TS, EXFIHTRERHEBORRES & RED
BTG U T RSA ARG S R/BRINIERELEE 5720, ARBOFELRH L
EHIZHEMLTW5., RSA AHEREICBITHAMEBOERTIE, ABRBOBEMIIET
FEXBRTFLOVEBEOEBRNEREIND. FOD, TV MORAFERRBEE &E
DOREERNCREHET Z 7L ITY XAORFEIL, HHRBEOHBILICHFLE TE 5 LHFF
Ihs.

LK, BOIOFEE p(1) =2 TRL, k FHOREREKE pk) TRT. F#RXTII,
BEIEF Lyny O n 20T 2 BB ZEMOFRELARE LT, Lukes 512X 5



67

HENRIBHET NI Y ZLOKBOFREMIZ OV THEMERIC I VFHE L. Lukes
LOTATY LTI, 20DUEFELZHERLTVDE, ZDIED 1 DEEHLIE
BDOWBNIOWTRIEL, TORGEONEREZHER Lz, SbIZ, BEENE CHE
| HBOEBHICOVTORERESNT, EDXSIT1204EEEH LIHEEI—~A
TNVBERBHE LI EORBHEENELH LV FTRERETS. '
2T, Lukes HIT L AREIEFBICEASNW=REHET VT XL 5288 L, Lukes
HOTNEY XALOHERH E L, OEMOBEDOBEBRIZOVWTE~S. Ebiz, EED
HEMRIZLVBONTWDREES K L, OBMOBETF L BRIICELNTHS L, D
ERETRIZOWTHETS. B3HT, Lukes HOT7 NI Y RLADHERMED 1 %%E
B LT A SRR HIENE U A RBIZOWT D, I—<A IV LRI 23 & OREEMED
EHLHEMERDEREZTRL, FNCESWTEDOLRMELZEK LT HE OHEIZD
WTOFRERETD. FAETIE, FLOLESBROBELERD.

2 BUEARICESVERBHETILIIXL
Lukes biZ, 520N 5 ¥ n NEETHEDDOROUEFHEEEE Z T2,

FE12X1 IVREVFETHDLEL, BIIEBETHLEL, piFEHTHET 5.
TDEE, ROZERTTHY ST, n T, i, BERORFETHS.

(1) n OFER#IL, +XT B L KREV.

(2) n < BL, A5 Y L.

(3) ¢S p EWETTRTORH ¢ 122V T ¢ V2 = 41 (mod n) ALY L.
(4

) n="5 (mod 8) D& x 20V/2 = _1 (mod n) BV LH, n=1 (mod 8) D& X
r(=D/2 = _1 (mod n) BL W r £ p 2 THRK r NEETS.

IDFEE 1 EEoTEXONE 1 LOREWHFE n BPRETHD Z L HRET HITIL,
n=a" &WET 1 KOREVELK 0,0 BDFEELBRVWI LR TLERDD. Hl2IE, 2
PLbdso n O2EFBUT CHIERK d 2o\ T, ERPFHEED=a— b EEfHE-
Te=|dn] ZHEL, Sbikn=c? ZHETII LKLY, n=a® 2T 1 LYK
EFVVER 0,0 BEET I LERVWNERET A LN TES. £, EH 1 OFKMEFLH
B4 H12i%, Miller-Rabin ¥ & FFICRE ZRET ¢ Y2 mod n, r®V/2 modn &R
DT,

A —FOFTEOKTIEL LT, f(n)=0(g(n) T f(n) = O0(g(n)(log g(n))™) &7
FBE m MEETIZ LR, EH 1 ICHNSES B OFEIX, EEHT7TLIY XA
EEROHERBOL—FIZHBLRNEZEZOND D, UTFT B=1LKETS. &b
2, BAONEEBE n T LT, n< Lyg M B/NOEBS k % k(n) TRTZ
EiZd 5.

AF n B R 1 KK T A=Y XAGHEREE T(n) TEL, n 04
X QHHER) % U(n) TRLELE, EOERLY

T(n) = O(k(n)(U(n))?)



68

MR SIDZ ENEIND. HEMIEET S, BEBLNATVND k & Ly OECHESY
DN DHER LIZHETD. B, Ly OEPERIIRESTWD bk OBRKIEL, k=74
Th3[4). BEETIRALATWDS k & L, OXSBERICEMST bz k(n) = 0((n))
LV FREBNBRRENTVS 25]4]. ZOFEBRIITE, T(n) = O((U(n))®) 2ELY
b, EBIZ, TOFROA—FIIRIT B I(n) OFREBEBE/NEINVWZ LHTFRENT
WAHDT, BE 1 IRESWETNITY ALRBEFRAIN TV IHRENREHIETH S
APRT-CLERECPPE LR L THEALEETH S.

£ 1 BESLN TV RLUESE Ly DHER

k | p(k) Lyw || K | p(k) Lk
1] 2 17 [ 40| 173 178936222537081
2| 3 73 [ 50 | 229 196640148121928601
3] 5 241 || 60 | 281 208936365799044975961
4 7 1009 | 70 | 349 99492945930479213334049
10| 29 117049 || 72 | 359 | 295363187400900310880401
20 | 71| 427733329 | 73 | 367 | 3655334429477057460046489
30 | 113 ] 196265095009 || 74 | 373 | 4235025223080597503519329

BE, BLEERE L, D ERE THRIZOWT, Schinzel 124 - TRD 2 >DEEMNES
nTa 3.

T2 EED >0 IR LT, pole) BEIEL, EED p> pole) 1ot LTROFER
XY LD,
p4\/€—5 < Lp < e((1/4)+5)1’

B 3 R —~< T (ERH) 2{RETIVE, EED e > 01X LT, pole) BHFEL,
EED p> pole) 120t L THROFREXNAR Y 3L,

e(1=eVP L, < el?loe: 2+¢)(p/log2 p)

3 BRUTEARICESVWERBHESFHED—<A7ILE

ZOETE, REORRTLRVWAERK N 2BBE 1 IZI-TARETHS LYETHH
BDEM (4) DLEMRITSVTRIMT S, 52 bN&% n R (1), (2), (3) 2T~
T LTWEEE, n=23 (mod 4) B LTI, EHIZ n PRENELIIHE
BORRTHHZ LBHEMPND., £H)TRVEE, BB 1IZE->T n DEEDELIZH
BORRTHDHI LEZTRTITNE, &M Q) DRV SIODEPZHE LR TR LR,

E26NEFHFE n 1220 Tn=1 (mod 4) MY Lo TVBIFEDEM (4) DSLEM
ERRDBEDIZ, B=1 B0 TROEME A 2B +TEBE n OFELZHEBERICL
DVRELE. ERTHESRT 0TI AOERICE, ul/I7I 0788 LT CE2EA
L, Gnu MP (GMP) 54 75 U #F|H L7z



69

Gl A p=pk(n) EBVEEE, nid, &k (3) BiEEL, 2o, BABREKED
D(BE—DORABFORETRY) EHEETHS.

p=pk(n)) 1%, n< L, (B=1%RELELFAEDOEME (2) 2Hl-TR/NORHTHS.
£72, n M A BT OI0E, 2002 21 B n TR TUIRBRVDT,
n IXFETRL TR B 7220,
IDEBRORER, n< 10" OFMBEATERME A 2WH-THE 1, RO5-2THBHI LN
A LTz,
488881, 3057601, 3828001, 6189121, 9439201

FMFE A ZRT o DERICHFEETIIE, BH1ICESHEREHET VT XANLHE
FUTRME (4) 2B T EIXTERY, RfE A 2T n MERICHEET 2 TR
57012, EO5ODFEERRESELIZL A, T_TH—~<A 7 V¥ (Carmichael
number) THH T & M L7z, .

488881 = 37-73-181
3057601 = 43-211.337
3828001 = 101.151-251
6189121 = 61-241-421
9439201 = 61-271.571

EEB N DI —~ATNETHBEIE, 1<a<n BIWged(a,n) #1 ZHETT
TOEBE o 122N T
a'=1 (mod n)

MDD ETHB. H—<A X MOV TKROEEBH SN TN S,
B 4 ROEMHIL, AR n BA—<A TNVETHITZDDONEBEFSEETHD.

nDI_XTOREL p Iz LT, p—1|n—-1n-1Fp-1DFHTHD)
BEOP?{n (n 13 p* OFEETRV) B L.

FIZET 256 A 2520, o, 107 XV/AEVW52O8REOFRREK L TR 4
o, TNHSEODEREBTRTH—~AA TNV ETHDZENENIND, IbIZn %
1012 RIED 841 EDH—< A FNVEIZHOWTERME A ODRRSIER=L 25, &A%
WleT b ONBITEEET S I ENHBA L., BIEEVDIE, Zho517TEDYH 8 %
HBLELTH EARITH DL DA 6236982181, 43025053501, 613976914981 D 3 >DHTH
BT ETHB.

naZH—~<vAITNVEEL, TORRNESEE n=pp2 Pm» P1<P2<'<Pm T
KT, A4 T7—DE%E |

Di
X0, & p DEHTRVEEDEES o0 1221 T

(2_) = g@i—1/2 (mod p;)

aP V2 =41 (mod p;)



70

DY 0. %o T, p=pk(n) (n< L, EWMETRIADER) LB b, KD25%
HAR O SITIE, ni3dl A 2T LAPERIREREE > TREIITTIERT
3.

%% B1 p < py,

&4 B2 Vg € {p(1),p(2),...,p(k(n))}, Vi € {1,2,...,m}) (@ V? =1 (mod p),
¥721%, Vge {p(1),p(2),...,p(k(n)}, Vi€ {1,2,...,m}(gP V2 =1 (mod p;).

&M Bl BXWU B2 2/~ —<A T VEERMTBI=DHIZ, ROI—~<ATVE%E
< LER Us(m) ICEBT 5 [1].

S 5 EEOEER m It LT, 6m+l, 12m+1, BL 18m + 1 RF_TEHT
BB,
Us(m) = (6m + 1)(12m + 1)(18m + 1)

I —<ATNETHDB.

4/e>6 THY, »o, FEED m 221220 T (3m) > Us(m) B3V (L2, 6m+ 1 3
FEETHHRLIM UL M+ 1 RETHIRBEMBFETHOT, EH2 LY, +oKE
VWmiZ2WT, 6m+1, 12m+1, BLW18m+ 1 DI RTHEETH 52 61E, Us(m)
X —~ATNVETHY, 2, n="Us(m) BFEH Bl 2T LrEMIND.

6m+1, 12m+1, BLW18M+1 BT XTHEETHY, Lprs) S Us(m) < Lpgray B &
W p(74) < 6m+1 2= L, 22, n="Us(m) BEH B2 M-I EBE m ZHER
ERIZEVRODEIIRE L., ZDOXK I m 2REMTBITIE, mo = 14128869 L B &,
my = 14839422 LB\ 2 L X, Us(mo — 1) < Lyra) = Lagr < Us(mo) B X R Us(my) <
Lp(74) = L373 < U3(TTL1 + 1) ﬁiﬁi ) ﬁ%, é BL:, p(74) = 373 < 84773215 = 6m0 +1 yiN
FROMDODT, mpEmSm; ZMETEE m T, 6m+1, 12m+1, 18m+1 BFT
RETHY, 2o, Us(m) B&M: B2 2T bOEZHREIT L.

FORER, TOXIREE m X, BISEFETLIZLBHHALL. 205 L0KR/ND
HLOLEBEROLO%, TNHIHIET S Us(m) DfEL & HIZTIZZIT 5.

Mpmin = 14128946, Us(mmin) = 3655394943801032878283449,

Mimax = 14839376, Us(Mmex) = 4234985501281007449681729.

—7%, mo Em S m; OEEHOES m Tém+1, 12m+1, 18m+1 BTXTRERETHY
RS Us(m) B3 B2 2= SRV H DI, 2<FELRVWI EBHBALE. 2big,
6m + 1, 12m + 1, RJ:.U( 18m+1 ﬁsj—’\‘\—C%&—G&) ) , 73>O, Lp(73) é U3(m) < Lp(74)
EWMITEE m & 1S kS 74 22T kE OM (m, k) TXTIZHONT,

(p(k))"™1 =1 (mod Us(m))

DS LD Z & AR LT,
ULDOBRICESHTKROTFEEZERTS.



FHE16m+1, 2m+1, BI®18m+1 BIT_TEETHY, 232, n=Us(m) 3%
# B2 &7 T IEEBH m BNERIZFEETS.

COFEBEY LTI, R A ZEIZTEER n NERICFETIZEVELIZENN
5. T725, Lukes HORFHET N ITY BBV TEREF (4) OHEZEK L T25
&, BUERECIAHOHFE n NERIZHFET D Z L2 8MNn5. EbiT, ROT
EHmz 3. |

FE 2 KM A ZWETEERRE, 3T~ 7V ETHD.

4 HHYIC

WOEITHEA LT Lukes HOBEHET LT Y XATEBNTEM: (4) OHEEZERKS
5L AL, HEREOEMIIZEALEELRNWEEZEZDND. LLLREDL, p 8
B<HEBENEILT DL 2FLIELT, &6 3) OFBDHERGIETICTHZ LB TE
WL, 7T ) XAOBER L VERRICRVBRO LS IITORNE D Z LBHiFIN5.
—7%, P 1B TE, BMICEE 4) 28T IIRETHS. ST, F
B2 BV TIE, & (4) 1%, BEHETNVTY XLMZBWTH—~<A FVEDO—E
WL TEUIBRHEEZHIETAEORETICHEETDIEELDZENTE S,

SHOBEL LTI, TR OERMEALE BT 5. BROBREIXETIED
CEEMERE T 3HE, 5XONEEE n TS p=pkn), ThRbLL, n< Ly
PRI R/AONOEERE kK 2 RT3 2 EREEER 7D, n il oW TOLRYE B2 #EEIC
HIET D EBREC2 5 Z LA L. Z08E, &4 B2 2E# 2,
EHEIICESVWTBLUETARICBETRLVWHIMNENRELLND.

ERWRED DI, BENREHEDCHRIENEETHY, THE 1 DX I RBOREH
EREOHBNEE LY. ThE2FE_OBRBEL LTHETE. BHEHEOHROEFH n
HEAZER N UTICHIRL5HE, REHERMEOLBEBESZIZRY, EEROHERH
DREERD LD I Y L EELREENERHETNTY XLDRFHTORND Z RS
na.

HEE

2012452 B 20 B2 HRI4EE2 A 22 BICHENT TR R FHEEITF T ClRiE I TR
BREBL U EBBZ2ES) RELSTOEELIZLAERIIBNT, ERICERLTHE
W B D ERRICIEL RSB LE T

2% Xk

[1] J. Chernick. On Fermat’s simple theorem. Bull. Amer. Math. Soc, Vol. 45, No. 269
274, p. 5, 1939.

71



72

[2] R. F. Lukes, C. D. Patterson, and H. C. Williams. Some results on pseudosquares.
Mathematics of computation, Vol. 65, No. 213, pp. 361-372, 1996.

[3] A. Schinzel. On pseudosquares. New Trends in Prob. and Stat, Vol. 4, pp. 213-220,
1997.

[4] J. Sorenson. Sieving for pseudosquares and pseudocubes in parallel using doubly-
focused enumeration and wheel datastructures. Algorithmic number theory, pp. 331-
339, 2010.

[5] K. Wooding and H. C. Williams. Doubly-focused enumeration of pseudosquares and
pseudocubes. Algorithmic Number Theory, pp. 208-221, 2006.



