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AY-exchanges and Conway-Gordon type theorems

Ryo Nikkuni
Department of Mathematics, Tokyo Woman’s Christian University

1 Intrinsic linkedness, intrinsic knottedness and AY-exchange

Let G be a finite graph and f an embedding of G into the 3-dimensional Euclidean
space R®. Then f is called a spatial embedding of G and f(G) is called a spatial graph.
We denote the set of all spatial embeddings of G by SE(G). A subgraph of G which is
homeomorphic to a circle is called a cycle of G. A cycle of G which contains exactly &
edges is called a k-cycle of G, and a cycle of G which contains all vertices of G is called a
Hamiltonian cycle of G. For a positive integer n, ['™(G) denotes the set of all cycles of
G if n = 1 and the set of all unions of mutually disjoint n cycles of G if n > 2. We denote
the union of I'™(G) over all positive integer n by T'(G). If n = 1, we denote I'Y(G) by
I'(G) simply, and denote the subset of I'(G) consisting of all k-cycles of G by I'y(G). For
an element v in I'™(G) and an element f in SE(G), f(7) is none other than a knot in
f(G) if n =1 and an n-component link in f(G) if n > 2. In particular, for a Hamiltonian
cycle v of G, we call f(y) a Hamiltonian knot in f(G). A graph H is called a minor of a
graph G if there exists a subgraph G’ of G such that H is obtained from G’ by contracting
some of the edges. A minor H of G is called a proper minor if H does not equal G.

Let K, be the complete graph on n vertices (= 1-skelton of (n — 1)-simplex if n > 2),
see Fig. 1.1 for n = 6, 7. For spatial embeddings of K¢ and K7, let us recall the Conway-
Gordon theorems which are very famous in spatial graph theory.

Theorem 1.1 (Conway-Gordon [2])
(1) For any element f in SE(Ks), it follows that
Y. Kk(f(y)=1 (mod?2),

yel(?)(Ks)

where lk denotes the linking number.
(2) For any element f in SE(K~), it follows that

S a(f)=1 (mod2),

v€lr7(K7)



where a; denotes the ith coefficient of the Conway polynomial.
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Figure 1.1. The complete graph on n vertices K: (1) n =6, (2) n=7

A graph is said to be intrinsically linked if for any element f in SE(G), there exists
an element « in I'"®(G) such that f(v) is a nonsplittable 2-component link, and to be
intrinsically knotted if for any element f in SE(G), there exists an element « in I'(G) such
that f(7) is a nontrivial knot. Theorem 1.1 implies that Kg is intrinsically linked and K-
is intrinsically knotted. Moreover, it is known that Kg (resp. K7) is minor-minimal with
respect to the intrinsic linkedness (resp. knottedness), that is, each of the proper minors
of K¢ (resp. K7) is not intrinsically linked [16] (resp. knotted [11]).

We can obtain another intrinsically linked (resp. knotted) graph from Kp (resp. Kv)
in the following way. A AY -ezchange is an operation to obtain a new graph Gy from a
graph G by removing all edges of a 3-cycle A of Ga with the edges uv, vw and wu, and
adding a new vertex z and connecting it to each of the vertices u,v and w as illustrated
in Fig. 1.2 (we often denote uz Uvz Uwz by Y). A Y A-ezchange is the reverse of this
operation. We call the set of all graphs obtained from a graph G by a finite sequence of
AY and Y A-exchanges the G-family and denote it by F(G). In particular, we denote
the set of all graphs obtained from G by a finite sequence of AY-exchanges by Fa(G).
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Figure 1.2. AY-exchange and Y A-exchange
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Example 1.2 (1) The Kg-family consists of seven graphs as illustrated in Fig. 1.3 and
Fn(Ks) = F(Ks) \ {P;}. Since Py is isomorphic to the Petersen graph which is
depicted in Fig. 1.5 (1), the Ks-family is also called the Petersen family.

(2) The Ki-family consists of twenty graphs as illustrated in Fig. 1.4 and Fa(K7) =
F(K7) \ {Ng, Nig, N11, Njg, Ni, Niy}. Since Cyy is isomorphic to the Heawood graph
which is depicted in Fig. 1.5 (2), the K-family is also called the Heawood famaly.
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Figure 1.3. Kg-family = Petersen family
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The intrinsic linkedness and the intrinsic knottedness behave well under AY -exchanges
as follows.

Proposition 1.3 (Motwani-Raghunathan-Saran [11])

(1) If Gp is intrinsically linked, then Gy is also intrinsically linked.
(2) If Ga is intrinsically knotted, then Gy is also intrinsically knotted.

Thus any graph G in Fa(Ks) (resp. Fa(K7)) is intrinsically linked (resp. knotted).
Moreover, it is also known that G is minor-minomal with respect to the intrinsic linkedness
[16] (resp. knottedness [10]).

Now let us give a proof of Proposition 1.3. We denote the set of all elements in ['(Gp)
containing A by [a(Ga). Let 4/ be an element in ['(Ga) which does not contain A.
Then there exists an element ®(') in ['(Gy) such that v/ \ A = ®&(y') \ Y. It is easy to
see that the correspondence from 7 to ®(7') defines a surjective map

@ : F(GA) \ FA(GA) — F(Gy)

Note that if 7' is an element in ™ (Ga) \ T'a(Ga) then ®(v') is an element in I'™(Gy).
For an element v in f(Gy), we see that the inverse image of v by ® contains at most two
elements in I'(Ga) \Ta(Ga). In general, the following holds.



Heawood family

Figure 1.4. K,-family



(1) (2)

Figure 1.5. (1) Petersen graph, (2) Heawood graph

Proposition 1.4 Let v be an element in I['(Gy). Then, the inverse image of v by ®
consists of exactly one element if and only if v contains u,v,w and z, or v does not
contain .

Let f be an element in SE(Gy) and D a 2-disk in R® such that D N f(Gy) = f(Y)
and D N f(Gy) = {f(u), f(v), f(w)}. Let o(f) be an element in SE(GA) such that

p(f)() = f(z) for & € Ga\ & = Gy \ Y and o(f)(Ga) = (f(Gy) \ f(Y)) UOD. Thus
we obtain a map

¢ : SE(Gy) — SE(GA).
Then we have the following.

Proposition 1.5 Let f be an element in SE(Gy) and v an element in T(Gy). Then,
f(7) is ambient isotopic to o(f)(') for each element v in the inverse image of v by ®.

Proof of Proposition 1.3. We show (2), namely if G is intrinsically knotted then Gy
is also intrinsically knotted. For any element f in SE(Gy), there exists a element ' in
I'(Ga) such that ¢(f)(v') is a nontrivial knot because G, is intrinsically knotted. Note
that " is not equal to A because ¢(f)(A) is a trivial knot. Thus ®(v') belongs to I'(Gy).
Then, by Proposition 1.5, f (@(’y’)) is ambient isotopic to the nontrivial knot ¢(f)(v').
We can also show (1) in a similar way. O

Remark 1.6 It is known that the converse of Proposition 1.3 (1) is also true [15], but
the converse of Proposition 1.3 (2) is not true, see Remark 3.5.

As we see above, AY exchanges carry the intrinsic linkedness and the intrinsic knotted-
ness for a graph to the one for another graph. Our purpose in this report is to introduce
a method to carry not only the intrinsic linkedness and the intrinsic knottedness but also
the Conway-Gordon type dependent relation for a graph to the one for another graph by
AY-exchanges.



2 AY-exchange and Conway-Gordon theorem

Let A be an additive group and « an A-valued unoriented link invariant. We say that o
is compressible if «(L) = 0 for any unoriented link L which have a component K bounding
a disk D in R® with DN L = 8D = K. Namely a(L) = 0 if L contains a trivial knot as a
split component. In particular, a(L) = 0 when L is a trivial knot. Suppose that for each
element 7' in I'(G»), an A-valued unoriented link invariant . is assigned. Then for each
element v in ['(Gy), we define an A-valued unoriented link invariant &, by

&(L)= > oay(L)
YeR-1(v)
Then we have the following lemma.

Lemma 2.1 (Nikkuni-Taniyama [13]) If a., is compressible for any element v in Ta(Ga),
then it follows that

> &)= ) ay(@H()
vel(Gy) v el(Gp)
for any element f in SE(Gy).
Proof. For an element v’ in ['a(Ga), we see that o(f)(v') is the trivial knot if 4’ belongs

to ['(Ga) and a link containing a trivial knot as a split component if 7' belongs to
[(Ga) \T(Gn). Since o, is compressible for any element v in ['(Gx), we see that

ST oape) = Y. ar(eH():
v eT(Ga) Y eL(GaAN\TA(Ga)
Note that
FGA)\Ta(Ga)= | @7'(0).
vel(Gy)

Then, by Proposition 1.5, we see that

S ayleH) = D) > cw(w(f)(v’)))

Y eT(GaN\Ta(Ga) veF(Gy) \v'ed-1(7)
= > ( > aﬂf(v)))
Y€l(Gy) \7v'e2~1(7)
= > &)
vel(Gy)
Thus we have the result. 0

By Lemma 2.1, we immediately have the following theorem.



Theorem 2.2 Suppose that oy is compressible for each element ' in Ta(Gp). Suppose
that there exists a subset Ay of A such that

> ay(9Y)) € Ao
Y el(Ga)
for any element g in SE(GA). Then we have
Z Gy (f(7)) € Ao
vel(Gy)

for any element f in SE(Gy).

Proof. Suppose that there exists a subset Ay of A such that
Y ayp(g(v)) € 4o (2.1)
Y el (Ga)

for any element g in SE(GA). Then by Lemma 2.1 and (2.1), we have

S o= 3 an@H)) € 4o

v€el(Gy) vel(Ga)
for any element f in SE(Gy). O

As an application of Theorem 2.2, a “Conway-Gordon type” theorem for any element in
Fn(Ks) (resp. Fa(Kr7)) can be produced by the Conway-Gordon theorem for Kg (resp.
K7).

Example 2.3 Let )7 be the graph which is obtained from Kj by a single AY -exchange.

For each element 7' in I'(Kj), we define a Zj-valued unoriented link invariant ., of

an unoriented link L by a, (L) = a1(L) (mod 2). Note that a, (L) = 0 if L is not

a 2-component link and a./(L) = k(L) (mod 2) if L is a 2-component link. Then by
Theorem 1.1 (1), we have

> aygly) =1 (2.2)
¥'€l'(Ks)

in Z, for any element g in SE(Kjg). Note that o, is compressible for any element v’ in

I'(Ks). Thus by Theorem 2.2 and (2.2), we have
> a(fy) =1 (2.3)
7€0(Q7)

in Zy for any element f in SE(Q7). Note that each union of mutually disjoint two cycles
of Q7 contains all of the vertices. Thus by Proposition 1.4, for any element ~ in I'®(Q-),
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the inverse image of y by ® consists of exactly one element. Therefore we have
&(L)= Y oy(L)=a(L) (mod2) (2.4)
Yed-1(y)
for any element v in ['®(Q;). Thus by (2.3) and (2.4), we have

1= Y &(f())= Y. af)= Y, Kk({f(7) (mod?2).

YeT(Q7) vel(Q7) Yer@(Q7)

3 Conway-Gordon type theorems over integers

Conway-Gordon theorems give dependent relations on the invariants of constituent knots
and links in a spatial graph over Z,. In this section, we consider Conway-Gordon type
theorems over integers. It is known that the Conway-Gordon theorems for K¢ and K7
have integral lifts as follows.

Theorem 3.1 (Nikkuni [12])

(1) For any element f in SE(Kjs), it follows that
2 Y alfM-2 ), w(fM= >, ki{fm?’-L
v€l6(Ke) v€T5(Ke) yel () (Kg)

(2) For any element f in SE(K7), it follows that

7Y w(f)) -6 Y, a(fm) -2 Y, alf()

v€l'7(K7) ~€le(K7) yels(K7)
=2 Y Ik(f(n)?-21
’YEngg(Kﬁ

where I‘fl) (G) denotes the set of all pairs of two disjoint cycles consisting of a k-cycle
and a l-cycle of G.

Note that Theorem 1.1 (1) and (2) can be obtained from Theorem 3.1 (1) and (2)
respectively by taking the modulo two reduction. Then, by combining Theorem 2.2 with

Theorem 3.1 in a similar way as Example 2.3, it can be shown the following.
Theorem 3.2 (Nikkuni-Taniyama [13])

(1) Let G be an element in Fa(Ks). Then, there exist a map w from I'(G) to Z such
that for any element f in SE(G), it follows that

2 3 wMaf()) = >, k(M) -1

YET(G) YET@(G)
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(2) Let G be an element in Fa(K7). Then, there exists a map w from T'(G) to Z such
that for any element f in SE(G), it follows that

D wMas(f()) =2 > w@)k(f(7)?-2L.
Y€T(G) yel2)(G)
Remark 3.3 Recall that F(Kg) \ Fa(Ks) = {Pr}. It is known that P; is also a minor-
minimal intrinsically linked graph [16], and O’Donnol showed that Theorem 3.2 (1) also
holds for P; [14]. Therefore Theorem 3.2 (1) holds for any graph in the Kg-family.

By taking the modulo two reduction on Theorem 3.2, we immediately have the following.

Corollary 3.4 (1) (Sachs [16], Taniyama-Yasuhara [17]) Let G be an element in F(Ks).
Then, for any element f in SE(G), it follows that

> k(f(y) =1 (mod2).
7€l (G)
(2) Let G be an element in Fa(K7). Then, there exists a subset I' of ['(G) such that for
any element f in SE(G), it follows that

S a(f(n) =1 (mod2).

yell
Remark 3.5 Recall that F(K7) \ Fa(K7) = {Ng, Nio, N11, Nig, Ni1, Nio}. It is known
that any graph in F(K7) \ Fa(K7) is not intrinsically knotted [3], [7], [6].

In Theorem 3.2, the proof of the existence of a map w is constructive. So we can
“theoretically” give w(y) for each element y in ['(G) concretely (but it is accompanied
by a complicated work to carry it out). For a map w : I'(G) — Z in Theorem 3.2 (1),
Hashimoto-Nikkuni gave w(+y) for each element v in I'(G) [8].

Example 3.6 In Theorem 3.2 (2), let us consider the case that G = Ci4, namely G is
the Heawood graph. We define a map w : ['(Cy4) — Z by

(7 if v € I'4(Cha)
15 if vy € I'p(Cha)
-6 if v € I'1o(Cha)
w(y) = J ~32 if y € ['g(Cha)
—12 if y € T(Cy)
2 ify e T®(Chy) =I(Chy)

L0 otherwise
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for an element y in I'(Cy4) (since Cy4 is bipartite, we have ['y(C14) = 0 if k is odd). Then
it can be shown that

Yo wa(f())=2 Y, wk(f(7)?-21

Y€r(C14) el (Cra)

for any element f in SE(C}4). This implies that

> a2(f(7)) =1 (mod 2)

v€l12(C14)Ul14(C14)

for any element f in SE(Cy4). Let f and g be two elements in SE(C)4) as illustrated in
Fig. 3.1. Then it can be shown that f(Cy4) contains exactly one nontrivial knot f(v1)
which is drawn by bold lines, where 7, is an element in I'14(C14) (such a spatial embedding
of C14 was exhibited by Kohara-Suzuki first [10]). On the other hand, g(Ci4) contains
exactly one nontrivial knot g(+,) which is drawn by bold lines, where <, is an element in
I'12(Cha). As far as the author knows, g is a first example of a spatial embedding of Cy4
whose image does not contain a nontrivial Hamiltonian knot.

f g

Figure 3.1. Two elements f and g in SE(C14)

4 Conway-Gordon type theorem for K33

Let K331, be the graph as illustrated in Fig. 4.1, which is one of the complete four-
partite graph on 8 vertices. In [11], Motwani-Raghunathan-Saran claimed that it may
be proven that K33, is intrinsically knotted by using the same technique of Conway-
Gordon theorem for K7, namely, by showing that for any element in SE(K33,1,1), the
sum of ay over all of the Hamiltonian knots is always congruent to one modulo two. But
Kohara-Suzuki showed in {10] that the claim did not hold, that is, the sum of ay over
all of the Hamiltonian knots is dependent to each element in SE(Kj331,1). Actually, they
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demonstrated the specific two elements f and g in SE(Kj331,1) as illustrated in Fig. 4.2.
Then f(K33,1,1) contains exactly one nontrivial knot f (70) (= a trefoil knot) which is
drawn by bold lines, where 7, is a Hamiltonian cycle of K331, and g(K33,1,) contains
exactly two nontrivial knots g(v;) and g(72) (= two trefoil knots) which are drawn by
bold lines, where +; and v, are also Hamiltonian cycles of K33,1. Thus the situation of
the case of K33 ; is different from the case of K.

X

Dé

Figure 4.2. Two elements f and g in SE(K331,1)

4

By using another technique different from Conway-Gordon’s, Foisy proved the following.

Theorem 4.1 (Foisy [4]) For any element f in SE(K33,1,), there exists an element v in
Us—sTk(Ks311) such that ax(f(7)) =1 (mod 2).

Corollary 4.2 K331 is intrinsically knotted.

Proposition 1.3 (2) and Corollary 4.2 implies that any element G in Fa(K3s11) is also
intrinsically knotted. Note that the number of the elements in F(Ks3,,) is fifty eight,
and the number of the elements in Fa (K331,1) is twenty six. Since Kohara-Suzuki pointed
out that each of the proper minors of G is not intrinsically knotted [10], it follows that
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any element in Fa(Kj33.,1) is minor-minimal with respect to the intrinsic knottedness.
Note that a AY-exchange does not change the number of edges of a graph. Since K7 and
K3.3.1,1 have different numbers of edges, the families Fa(K7) and Fa(K33,1,1) are disjoint.

On the other hand, Hashimoto-Nikkuni showed the following Conway-Gordon type the-
orem for K331 over integers. Here, z and y denote the exactly two vertices of K331,
with valency 7 .

Theorem 4.3 (Hashimoto-Nikkuni [9])

(1) For any element f in SE(K33.1,1), it follows that

4 Z ax(f(v)) —4 Z az(f(7))

~v€T8(K3,3,1,1) v€l7(K3,3,1,1)
v2{z.y}
—4 Z az(f(7)) —4 }: az(f(7))
v€le(K3,3,1,1) v€ls(K3,3,1,1)
¥ {z,y}#0 v28{z.y}
= > KFf)+2 Y, k(f(0)P-18.
veT§ (Ka,3,1,1) yer$(Ks3,1,1)

(2) For any element f in SE(K33,1,1), it follows that

Yo k()42 ) k(f(n)* =22

'761-‘;(:;(](3,3.1,1) 'YEFf’Z(KS,I},l,l)

By combining Theorem 4.3 (1) and (2), we immediately have the following, which gives
an alternative proof of Corollary 4.2.

Corollary 4.4 For any element f in SE(K331.1), it follows that

Y ) - Y alft)

v€ls(K3,3,1,1) v€l7(K3,3,1,1)
‘125{1;3/}
- Y a(f() - Yo a(f()) =1 (4.1)
v€le(K3,3,1,1) ~v€l's(K3,3,1,1)
y{z,y}#0 v2{z.y}

In particular, K331, is intrinsically knotted.

From a point of identyfing the place of nontrivial knots in f(K33,,1), Corollary 4.4 is a
refinement of Theorem 4.1. We also remark here that we see the left side of (4.1) is not
always congruent to one modulo two by considering two elements f and g in SE(K331.1)
as illustrated in Fig. 4.2. Thus Corollary 4.4 shows that the argument over integers has

a nice advantage.



As an application of Theorem 2.2, a Conway-Gordon type theorem over integers for any
element in Fa(K331,1) also can be produced by Corollary 4.4.

Theorem 4.5 (Hashimoto-Nikkuni [9]) Let G be an element in Fna(Ksz11). Then, there
exist a map w from I'(G) to Z such that for any element f in SE(G), it follows that

3 wMaalf(7) = 1.

YeN(G)
Remark 4.6 In addition to the elements in Fa(K7) UFa(K331,1), many minor-minimal
intrinsically knotted graph are known [5], [6]. In particular, it has been announced in [6] by
Goldberg-Mattman-Naimi that all of the thirty two elements in F(K3311) \ Fa(K33.1.1)
are minor-minimal intrinsically knotted graphs. Note that their method is based on Foisy’s
idea in the proof of Theorem 4.1 with the help of a computer.

Remark 4.7 Conway-Gordon type theorems may have applications to molecular topol-
ogy. A spatial graph is said to be rectilinear if each of the edges is a straight line segment
in R®. A rectilinear spatial graph appears in polymer chemistry as a mathematical model
for chemical compounds (see [1], for example). For example, as applications of Theorem
3.1 and Theorem 4.3, we can show that the image of a rectilinear spatial embedding of
K7 always contains a nontrivial Hamiltonian knot which is ambient isotopic to a trefoil
knot [12], and the image of a rectilinear spatial embedding of K33, always contains a
nontrivial Hamiltonian knot [9].
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