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Abstract

This paper is a summary of [1]. We formulate some problem on quantum hypothesis testing
for special Gaussian states, which naturally appear in photonic systems. Moreover, we introduce
an optimal test for each quantum hypothesis testing problem. Optimal tests are constructed by

. using group symmetry of Gaussian states and some results in classical hypothesis testing.

1 Gaussian state

We introduce Gaussian states on H = L?(R), which represents a single-mode bosonic system and
is spanned by sets {|k)}kez,, of the k-th Hermitian functions |k). A most typical example of a
single-mode bosonic system is the one-mode photonic system, in which the vector |k) is called the
k-photon number state because it is regarded as the state corresponding to k photons. Then, the set
My = {|k)(k|}rezs,, the number measurement, forms a positive-operator-valued measure (POVM).
When the vector [£) € L2( ) (€ € C) is defined by

£:=e Bil"i\/_lk:

the state |£)(€| is called a coherent state because it corresponds to coherent light in an optical system.
Then, the (special quasiclassical) Gaussian state is defined as a Gaussian mixture of coherent states

in the following way:
1 _lg-el?
PN = /C €)(€le™“F e,

where ¢ € C and N € Rxo. This is a special case of the general Gaussian state ([28]), but throughout
this paper, we will use the term Gaussian state to refer to the quantum state having the above
form. The mean parameter ( and the number parameter N correspond, respectively, to the mean
and variance of the Gaussian distribution. When the number measurement My is performed for the
system with the Gaussian state p¢,n, the measured value k is obtained with the probability

2
Pen(h) = W) = 5y (eg) & ¥ (s, )
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where Li(z is the k-th Laguerre polynomial.
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It is known that there exist unitary operators W, (¢ € C) on L?(R) and U, on L*(R)®" which
satisfy the following.

Werpe NWE = pever s . @)
®(n—1
UnbE3Un = pjmen ® posy V. 3)
We call the above unitary operators the displacement operator and concentrating operator, respec-
tively.

2 Quantum hypothesis testing

In this section, we describe the formulation for quantum hypothesis testing.

2.1 Basic formulation for quantum hypothesis testing

In quantum hypothesis testing, in order to describe the null hypothesis Hp and the alternative
hypothesis Hj, we introduce two disjoint sets Sy and S; of quantum states so that the unknown state
p belongs to the union set S := Sy US;. Then, our problem is described in the following way:

Hyoy:peby vs. Hi:p€eS.

We now apply a two-valued POVM {Tp, 71} to the quantum system with the unknown state to
determine whether p belongs to Sy or S;. . In this method, we support the hypothesis H; when the
outcome is i € {0,1}. There are two types of decision error. The first is that we accept H; although
Hy is true, which is called a type I error. The second is to accept Hp although H; is true, which is
called a type II error.

Since an arbitrary two-valued POVM {Tp, T} is represented by an operator 0 < T < [ as Ty =
I - T,Ty = T where I is the identity operator, an operator 0 < T < I is called a test (operator) in
hypothesis testing. Then, the probabilities of a type I or type II error are expressed as

ar(p) ==TrpT (p€ &), Pfr(p) :=1—TeoT (p€S). (4)

A test with lower error probabilities is better, but the probabilities of type I and type II errors
cannot be minimized simultaneously. Since there often exists a trade-off between the probabilities of
type I and type II errors, we choose a permissible error constant o € (0, 1) for the probability of a type
I error; this is called the (significance) level. Hence, we consider tests T with level o, le, TrTp <L a
for all states p € Sp, and denote the set of tests T with level o as follows;

Ta={T0<T<1, TtTp<a,Vp€So}. (5)

A test T with level « is called a uniformly most powerful (UMP) test when the probability of type II
error is the minimum among tests with level «, i.e., B7(p) < B (p) for all states p € S; and for all
tests 7' € 7,. UMP tests are often desirable in quantum hypothesis testing, but a UMP test may not
exist when the null hypothesis H; is composite. Thus we need to modify this formulation.

The family of quantum ‘states in a hypothesis testing problem often has parameters that are unre-
lated to the hypotheses. We call these unrelated parameters the nuisance parameters. For example,
let us consider the following hypothesis testing problem of the number parameter IV for a family of
Gaussian states {p¢,n }cec,NeRoo:

H():NSN()US.HllN>N0,
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where Ny is a positive constant. In this case, the nuisance parameter is the mean parameter ¢ € C,
which is unrelated to the number parameter N.

This situation can be formulated in the following way. It is assumed that our parameterized family
is given as {pg ¢ }oco,ccz, in which the parameter { € = is the nuisance parameter and the parameter
6 € O is related to our hypotheses. In order to formulate our problem, we assume that the parameter
space O is given as the union of two disjoint subsets ©p and ©;. When Si = {poc}oco, ez fori =0,1,
our problem is described in the following way:

Hy:0 € 8 vs. Hy: 0 € 8; with {,09,6}666,565-

The min-max criterion for the nuisance parameter £ € Z is based on the idea that it is better
for a test to have a smaller maximum value of the probability of type II error among all nuisance
parameters £ € Z. Then, the optimal test with level « is given as the test Ty with level satisfying
the following equation:

sup Br, (pe,¢) = inf supBr(pee) (V0 € ©1).
ges T€Ta ge=

We call the above optimal test a UMP min-maz test with level o. Note that a UMP min-max test
coincides a UMP test when there are no nuisance parameters. Therefore the min-max criterion is a
generalization of the optimality for a UMP test. Our main task, which we will do in the following
sections, is to derive a UMP min-max test for various hypothesis testing problems for Gaussian states.

2.2 Invariance of the UMP min-max test

For a simple derivation of the optimal test, we sometimes focus on a unitary representation V' of

a group G on a Hilbert space H. The unitary representation V is called covariant concerning the

nuisance parameter space =, when there is an action of group G to the nuisance parameter space =
such that

Vepo eV, = poge, VO EO, VEEE, VgeG. (6)

Now, we impose the invariance for tests under the above covariance. A test T is called a G invariant
test concerning a representation V if V,TVy = T holds for any g € G. A UMP invariant test is
defined by an invariant test with the minimum type II error in the class of tests with level . That
is, an invariant test T with level o is called a UMP invariant test with level o when Sr(p) < Br(p)
holds for all states p € S; and for all invariant tests 7”7 € 7.

It is often easy to optimize the invariant test by virtue of the invariance, and accordingly, to derive
the UMP invariant test. The quantum Hunt-Stein theorem guarantees that a UMP min-max test of
level o is a UMP invariant test. The quantum Hunt-Stein theorem for a compact group was given by
Holevo [27, 28] and for a noncompact case was shown by Bogomolov [7] and Ozawa [38], although it
was not stated in the context of quantum hypothesis testing. In the following, we restate the quantum
Hunt-Stein theorem as a theorem concerning the following testing problem with the min-max criterion:

Hy:0 € 0gwvs. Hy: 6 € 8, with {pg,g}gee,feg (7)

for a family of quantum states {pg ¢ }oec,ecz on H with a nuisance parameter &.

We state the quantum Hunt-Stein theorem for the noncompact case, which requires amenability
for a group G. The definition and several properties of an amenable group are presented in [13, 8].
In particular, for a locally compact Hausdorff group G, it is known that there exists an asymptotic
invariant probability measure on G if and only if G is amenable. Here, an asymptotic invariant
probability measure {v,} on G is defined by a sequence of probability measures on G satisfying

Jim IVn(g/{‘ B) —vn(B)| =0
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for any g € G and any Borel set B C G. For example, all compact Lie groups are amenable groups.
A finite-dimensional Euclid space R™ and the whole Z of integers are also amenable groups.

In addition, we need completeness of a family of quantum states. A family of quantum states is
called complete if for any bounded linear operator X the following equivalence holds:

Tr(pX) =0 (VpeS) <> X =0.

For example, the entirety of pure states on a finite-dimensional quantum system and the Gaussian
states {p¢ n }cec are complete for any N > 0. ‘

Theorem 1 (Quantum Hunt-Stein theorem [7], [38]) Let S be a complete family of quantum states
on a Hilbert space H of at most countable dimension. When a unitary representation of an amenable
group G satisfies the covariant condition (6) concerning the nuisance parameter space Z, the following
equations hold.

inf sup B+ ="inf su Vo € ©1),
T_E,r“,vsegﬂ:r(/?e,e) Teneegﬁfr(po,s) ( 1)

inf suppB+ = inf su ‘ Vo € ©;).
i‘en,u,vsegﬂT(pe’g) Ten‘ugegﬂT(Pe.s) ( 1)

Theorem 1 yields that a UMP (unbiased) invariant test Tp with level « for (7) is a UMP (unbiased)
min-max test with level a under the assumption in Theorem 1.

2.3 Reduction methods on quantum hypothesis testing problems

A realistic quantum hypothesis testing problem often has a complicated structure, and it is neces-
sary to simplify it. The following theorem is very useful to obtain optimal tests for several hypothesis
testing problems.

Theorem 2 Let H;, Ha, Hz be Hilbert spaces with at most countable dimension, and

St :={po.¢; Yoco 61621, S2 = {Pe, Yesemar Ss = {Po,e1,¢5 Joco 61651 £5cEs

be families of quantum states on H1, Ha, Ha, respectively. We assume that V is an irreducible repre-
sentation of an amenable group G on Hz and is covariant concerning the nuisance parameter space
Z1 x B3 of the family of quantum states {pg.¢, ¢, Yoco,c1ez, eac55- In addition, if G is noncompact,
we assume that the family of quantum states {pg¢, @ po ¢, ¢; }oco ¢1cay e1c3, 18 complete. Then, the
following equivalent relation holds.

A test T is a UMP (unbiased) min-maz test with level o for

Hg A= @Q vs. Hy: ge 0, with {pgygl }966,{1651 (8)
if and only if a test U*(T ® Iy, ® I3,)U is a UMP (unbiased) min-maz test with level o for
Hy:0 €0y vs. Hy: 0 €0y with {U* (pg,gl ® pe, ® p6,61,Ea)U}HEG,El651,52652,63653a 9)

where U is a unitary operator on H, @ Ho ® Hs.
In addition, when M3 is the empty set ¢, a test T is a UMP (unbiased, min-maz) test with level a
for (8) if and only if a test U™ (T ® I3, )U’ is a UMP (unbiased, min-maz) test with level o for

Ho:0 € © vs. Hy : 0 € ©1 with {U™(pge, ® pgz)Ul}gee,glegl,gzegz, (10)
where U’ is a unitary operator on H; @ Ha.

The above reduction theorem and the Hunt-Stein theorem play essential roles to derive optimal
tests in section 3 and 4.
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3 Hypothesis testing of the mean parameter

We now consider the hypothesis testing problem for the mean parameter of the Gaussian states.
We consider the hypothesis testing problem

Ho: [¢] € 0, Ro] vs. Hi : [c] € (o, o0) with {68} Yeec (H-1)

for 1 <n € N and Ry € Ryo when the number parameter N is fixed. That is, we suppose that the
number parameter N is known. Then, the nuisance parameter space is S! = {a € C||a| =1}, which
represents the phase of the mean parameter (. The UMP test for (H-1) does not exist. Thus, our

purpose is to derive a UMP min-max test. Here, we define a test T A] * for R € Ryq by
Al —
TR = vrlkr)(krl + Y [K)(K],
k=kgr+1

where kg € Z>o, and 0 < yg < 1 is determined by level a as

k kr—1
I—ZRPR,N(k)<a_<_ 1- Rz: Pr n(k), (11)
k=0 k=0
- (- Tk Prav(®)
TR Pr,n(kr) ’ 12
where Pg y is the probability distribution in (1).
Theorem 3 For the hypothesis (H-1), the test
Tk v = Un(Tiae v @ 120U, (13)
ts a UMP min-maz test with level a.
Next, we consider the hypothesis testing problem
Hy : [¢| € [0, Ro] vs. H, : [C| € (Ro,0) with {pf} }cec,NeRso (H-2)

for 2 < n € Nand Ry € Ryo. But it is difficult to derive an optimal test for the above hypothesis
testing problem for an arbitrary Ry € R>¢ since the number parameter N is unknown. Hence, we
consider the hypothesis testing problem (H-2) at Ry = 0:

Hy:|¢| € {O} vs. Hy :|¢] € (0, 00) with {p??{;}cec,Nemw‘

We define a test T,Lt]’" by
T = > '™ (k) k) (k|

k=(ko, - kn)€Z3}}
where the test function
0 (ko < c(s(k)))
'™ (k) = y(s(k) (ko = c(s(k)))
1 (ko > c(s(K)))
depends on the total count s(k) := E?:o k; of k = (ko,- - -, kn), and functions

C: ZZQ - Zzo, v ZZO - (0, ].] (14)



are determined as

£ AD)E) e

l=c(s)+1 l=c(s)
n s - —
y(o) = 20 Koty (o) (o
( n—1 )
for each total count s € Zx. »
Theorem 4 For the hypothesis (H-2) at Ry = 0, the test
T@" = Ui Ty, (17)

18 a UMP unbiased min-max test with level c.

It is not known if there exists an optimal test for the hypothesis testing problem (H-2) when
Ry # 0. This quantum hypothesis testing problem is analogous to the classical hypothesis testing
problem for the size of the mean parameter of the Gaussian distribution with unknown variance. The
problem is called the bioequivalence problem [9], and it is not known if there is an optimal test for
it. But the problem appears in several situations, including medicine and pharmacy, and a solution
is hoped for due to the demand of not only the theoretical aspect but also the practical aspect. The
problem (H-2) is expected to be important for quantum hypothesis testing because of the importance
of the bioequivalence problem.

4 Hypothesis testing of the number parameter

We now consider the hypothesis testing problem for the number parameter of Gaussian states.
We treat the hypothesis testing problem

Ho : N € [0, No] vs. Hy : N € (No,00) with {pfN}Nersq (H-5)

for 1 <n eNand N € R when the mean parameter ¢ is fixed. That is, we suppose that the mean
parameter ¢ is known.
The test function ¢ : Z%, — [0, 1] is defined by

0 (Xi(k) < Ko)
p(k) =9 v (X1(k) = Ko) (18)
1 (X1(k) > Ko),

where X (k) := Z;‘:l k; for k = (ky,- - -, kn) € Z%, and the constants Ko € Zxo and 7 € (0,1] are

uniquely determined by
Ko n K
1— Z K+n-1 1 NO <a
n—1 Ny +1 No+1

K=0

Ko—1 n K
K+n-1 1 Np
<1- ‘ 1
= KEZO( n-1 )<N0+1) (N0+1> ’ (19)

n K
o= (1- Tl (57 ()" (o21) )

K,
(Kotn=1y (_1 " Ng 7O
n-1 No+1 No+1

=
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Then we define a test as follows.

TR0 = 37 (k) Ik (k]

€2y,
Theorem 5 For the hypothesis testing problem (H-5), the test
| Ty, = W TR (W) (21)
is & UMP test with lebel a.
Next, we consider the hypothesis testing problem
Ho: N € (0,No] vs. Hy : N € (No,00) with {p€} }cec,nerso (H-6)
for 2<n e Nand N € Ryo. The nuisance parameter space is C.

Theorem 6 For the hypothesis testing problem (H-6), the test
6],n x 2 p—
T = Us (I @ TX ™), (22)

15 a UMP test with level a.

5 Conclusion

We have treated several composite quantum hypothesis testing problem with nuisance parameters
in the quantum Gaussian system. Moreover, we have established a general theorem for reducing
complicated problems to fundamental problems (Theorem 2). In both deriving optimal tests and
reducing complicated problems, group symmetry played important roles, in which the quantum Hunt-
Stein Theorem was applied. Since the Gaussian state in quantum system corresponds to the Gaussian
distribution in a classical system, our testing problems for Gaussian states plays the same role as do
the testing problems for Gaussian distributions in the classical hypothesis setting.
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