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A GRADIENT FLOW APPROACH TO THE KELLER-SEGEL
SYSTEMS

ADRIEN BLANCHET!

ABSTRACT. These notes are dedicated to recent global existence and regularity
results on the parabolic-elliptic Keller-Segel model in dimension 2, and its general-
isation with nonlinear diffusion in higher dimensions, obtained throught a gradient
flow approach in the Wassertein metric. These models have a critical mass M such
that the solutions exist globally in time if the mass is less than M, and above which
there are solutions which blowup in finite time. The main tools, in particular the
free energy, and the idea of the methods are set out.

1. INTRODUCTION

The Keller-Segel system can be seen as a first step toward the understanding of
how, during the evolution of species, the passage from uni-cellular organisms to more
complex structure was achieved. It is also a paradigm model for pattern formation of
cells for meiose (e.g. [14]), embryo-genesis or angio-genesis, Balo disease (e.g. [25]),
bio-convection (e.g. [18]) ete. In physics, this system models the motion of the mean
field of many self-gravitating Brownian particles, see [17, 16].

Chemo-tazis is the phenomenon whereby organisms direct their movements accord-
ing to certain chemicals in their environment. If the movement is toward a higher
concentration of the chemical we speak about positive chemo-taxis and the attractant
is called the chemo-attractant.

Some cells can produce this chemo-attractant themselves, creating thus a long-
range non-local interaction between them. We are interested in a very simplified
model of aggregation at the scale of cells by chemo-taxis: some myxamoebaes expe-
rience a random walk to spread in the space and find food. But in starvation con-
ditions, they emit a chemical signal: the cyclic adenosine monophosphate (cAMP).
They move towards a higher concentration of cAMP. Their behaviour is thus the
result of a competition between a random walk-based diffusion process and a chemo-
taxis-based attraction.

In nature the dictyostelium discoideum spread on the soil and then come together
by chemo-taxis to form a motile pseudoplasmodium. This slug creeps to a few cen-
timetres below the soil surface where it forms a fruiting body with spores and a stalk.
The spores are then blown away by the wind to colonise a new place. See Figure 1.
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FIGURE 1. Dictyostelium discoideum cycle (source: Wikipedia).

The general form of the model is a competition between diffusion and aggregation:

(1) @ = A(p™) —div(pVK*p) in (0,400) x R?,
ot N e N
diffusion  aggregation

where K is a given attractive interaction potential.

The model of this aggregation phenomenon is due E. F. Keller and L. A. Segel
in [24] and C. S. Patlak in [29]. The parabolic-parabolic Keller-Segel (thereafter KS)
system is a drift-diffusion equation given by

9 ) —
ot

10,6 =Ap—ad+p,
po=0  ¢o>0

where m € [1,2), 7 and « are given non-negative parameters and d > 1. Here p
represents the cell density and ¢ the concentration of chemo-attractant. This system
corresponds to (1) with K being the kernel of the operator 70; — A + a. For more
references see [30, 22, 17].

It is immediate to notice that solution to such kind of problem have formally a
mass which is preserved along time:

/ p(z,t) dz = / po(z) dr = M
R JRrd

so that birth and death of the organisms are ignored.

It was noticed experimentally that if there are enough bacteria they aggregate
whereas if not they go on spreading, e.g. [12]. We thus expect the mass to play a
crucial role. Let us then consider the following mass-preserving scaling: py(z) :=
Mp(t,Az) with A > 0. The diffusion term becomes A2 A(p™)(t, A z) while the
interaction term gives A*?div (pV (K * p)) (t, Ax). As a consequence if dm + 2 > 2d
then, whatever is the value of the mass A, we can always choose A large enough,
without changing the mass, so that the diffusion part dominates the aggregation part.

= A(p™) — div [pV¢] ,

(2) (t,7) € (0,00) x R?,
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And reciprocally, if dm + 2 < 2d then for any mass M we can always choose A large
enough such that the solution blowup in finite time. Results in this direction were
proved rigorously by Sugiyama:

Theorem 1 (First criticality, [32, 33]). let mg be such that dmg+2=2d i.e.

md=:2(1—é) € (1,2).

e if m > my then the solutions to (2) exist globally in time,
e if m < my then solutions to (2) with sufficiently large initial data blowup in
finite time.

In these notes, we will consider only the case m = my (corresponding to 1 in
dimension 2) and the indice d will be omitted. We are interested in the proof of
the existence of global-in-time solutions using the gradient flow interpretation in the
Wassertein metric. We will construct solutions using the minimising (or Jordan-
Kinderlehrer-Otto) scheme. We will give formal arguments and try to make, as often
as possible, the analogy with the usual gradient flow theory in the Euclidean setting.
Sections 2 and 3 are dedicated to the parabolic-elliptic 2-dimensional KS system.
Section 2 presents the minimising scheme and describe the discrete Euler-Lagrange
equation satisfied by the minimisers. In this first application, passing to the limit
in the Euler-Lagrange equation is straightforward. We however obtain very weak
solutions. In Section 3, still consecrated to the parabolic-elliptic 2-dimensional KS
system, we need to improve on this regularity to use the entropy/entropy production
method in order to study the large-time asymptotics. Such a gain of regularity can
be proved using the Matthes-McCann-Savaré technique [27] which we will describe in
this section. Scction 4 is dedicated to the non-linear parabolic-parabolic KS system
in R%, d > 3. In this case also we need to prove more regularity at the discrete level
but cannot rely on a non-increasing displacement convex functional as required by
the Matthes-McCann-Savaré method. We thus have to generalise this technique.

2. THE SUB-CRITICAL MASS PARABOLIC-ELLIPTIC 2-DIMENSIONAL KS SYSTEM

2.1. The model. We consider the following classical simplified version of the KS
system given by [23]:

%%’:Ap_v.(pv(p) z€R2, t>0,
(3) —Ad=p z€R? >0,
p(,t=0)=pg >0 x € R?,

Such a model can be seen as a limit case when the chemo-attractant diffuses much
faster than the cells which emit it.

As the solution to the Poisson equation —A¢ = p is given up to a harmonic
function, we choose the one given by ¢ = G % p where G is the Poisson kernel defined
by

) 1
G(|z|) = —é—;log];ﬂ :
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The KS system (3) can thus be written as a non-local parabolic equation:

0 ‘
%g = Ap—div(pVG % p) in (0,+o00) x R?.

Such a model has attracted a lot of attention these past years. The behaviour
of the solutions is now better understood at least in the sub-critical regime. There
actually exists a critical mass 87 such that all the solutions are global-in-time if the
mass is below this critical mass, and all the solutions blowup in finite time if they
start from an initial data of mass above 87. The convergence toward a self-similar
profile was initiated in [9, 2] and it was proved recently that such a convergence holds
with rate for any mass below the critical mass [15]. The blowup profile was recently
rigourously described in [31]. Above the critical mass the situation is less clear, for
a more detailed display see [21].

2.2. The free energy. The main tool to study this system is the following natural
free energy:

1
plog p dx — 3 / po dx .
R2 R2

A simple formal calculation shows that for all u € C*(R?) with zero mean,

Frks|p] = /

lir

e—0 €

. Frxs|p + eu] — Fers|p] _ / éﬁ;}‘fﬂ(m) u(z) dz
R2 £

where
0Fpks|p]
op
It is then easy to see that the KS system (3) can be rewritten as

50(,5}:6) = div (p(tair)v {W(I)D |

(z) :=log p(z) — G * p(z) .

(4)

ot dp
It follows that at least along well-behaved solutions to the KS system (3),
d ' sFexslo(®)], ][
— = - t xT = (T d AN
§Freslot0) = = [ pte.o)|v [P | o
Or equivalently
d

EszKS[p(t)] = — /W p(t,z) |V (log p(t, z) — c(t,:r;))l2 dz.

In particular, along such solutions, ¢ — Fps[p(t)] is monotone non-increasing. The
main issue here is to study its boundedness.

The connection with the logarithmic Hardy- Littlewood-Sobolev inequality (LogHLS
thereafter) was first made by [20]: Let f be a non-negative function in £(R?) such
that flog f and flog(1 + |z|?) belong to L'(R?). If [, f dz = M, then

(5) /R2 flog f dz + _]% //R?xnvg? f(@) fy)log|lz —y| dz dy > — C(M),
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with C(M) = M(1 + logm — log M). Moreover the minimisers of the LogHLS
inequality (5) are the translations of
or(z) =
0n(T) = ———s
™ (A+ |z]?)?

Using the monotony of Fpks[p] and the LogHLS inequality (5) it is easy to see
that, for smooth solutions to the KS system (3):

M
Fexslp] = g;(/n p(z) log p(z) da‘+7\/7// oF z)log |z — y|p(y) dde)
2 &£ ‘X

+ (1 - g—j;) ‘/1;2 p(z) log p(z) dz
© 2 —goun+(1-3) [ o) ogste) de

It follows that

Sﬂprs[p()] - M C/'(A[)
~ < .
@ | pte.onoest.a) de < T

Therefore, for M < 87, the entropy stays bounded uniformly in time. This formally
precludes the collapse of mass into a point mass for such initial data and will be the
crucial argument in the proof.

It is worth noticing that for a given p, if we set py(z) = A™?p(A7'z) then

(8) Fekslpa] = Frkslp] — 2M (1 - —8@:) log A.

So that as a function of A, Fpks[pa] is bounded from below if M < 8m, and not
bounded from below if M > 87 in the set

9 K:= {p:/RzpzM, [Rzp(x)logp(x) dz < oo and /Rzlxir‘)p(a:) dz < oo} .

2.3. A gradient flow approach. The above arguments can be made rigorous by a
regularisation/passing to the limit procedure. We are interested in the the gradient
flow interpretation of the KS system in the Wasserstein metric, formally described
as:
dp
ot
A rigorous meaning to "Vy” can be done using the approach developped by [28].
There is actually a riemannian structure on the probability space equipped with
the Monge-Kantorovich (or 2-Wasserstein) distance. We do not aim to explain this
structure in full details as we do not really need it but the interested reader could
consult. [34, 1].

We will indeed construct a solution using the minimising scheme, often known as
the minimising or Jordan-Kinderlehrer-Otto (JKO) scheme: given a time step 7, we

(10) -—”Vw”fpxs[p(t)] .
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define the solution by

(11) Pyt € argmin ¢y [

where K is defined in (9).
Let us develop here the analogy with the gradient flow structure in the Euclidean

setting. In this situation the Euler-Lagrange equation associated to

k|2

(12) XK ¢ argmin lil + f[X]:l ,

T

would be
X’Iﬁ—l _ Xk
T T
T
which is nothing but the implicit Euler scheme associated to

X = -VFIX()].

We aim to contruct here a sequence {p*}; using the scheme (11) and will obtain at
the limit an gradient flow wich will can formally write as (10).

In the Euclidean setting, the next classical step is to built an interpolation be-
tween the constructed points. Here we interpolate between the terms of the sequence
{p*}ken to produce a function from [0,00) to L'(R?): For Pd(h positive integer k,
let V¥ be the optimal transportation plan with VpF#pEt! = gk see the Appcndlx.
Then for k7 <t < (k + 1)7 we define

/)T(t):(t_k’rid-}—(k-i—?’r_ )#pkﬂ

T

+VFXH =0,

Note that p,(k7) = pf, pr((k+1)7) = pk*' and Wa(pF, p.(t)) = (t —kT)Wa(pk, ph+").

Theorem 2 (Convergence of the scheme as 7 — 0, [5]). If M < 8w then the family
(pr)r>0 admits a sub-sequence converging weakly in L*(R?) to a weak solution to the
KS system (3): for all (11,12) € [0, +00), for all smooth ¢

dt é( )p (,x)dw—/ AC(z) p(s, z) dz ds
// p(s,x) p(s,y) e )-(V((ax)‘)— Vew)) dy dz .
H‘\lsz

|z — y|?

2.4. Ideas of the proof. The proof follows the main lines of the proof of the con-
vergence of the scheme for euclidean gradient flow. It was done in full details in [5]
and we present here a formal proof with the main ideas.

(1) Ezistence of minimisers: Let us emphasise that the functional Fpgg is not convex,
so even the existence of a minimiser is not clear. When the functional is convex, or
even displacement convex, general results from [34, 1] can be applied. However, we
can construct a sequence of minimisers when A < 87 by using Estimate (7).

(i) The discrete Euler-Lagrange equation: The perturbation of the minimiser has to
be done in the optimal transport way: Let { be a smooth vector field with compact
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support, we introduce 1. := |z|?/2 +£¢. We define p; the push-forward perturbation
of p*1 by Vi
sz # pn +1 )

Standard computations, see Appen(hx A.3 and A 4, give
T — v(pn n
[ ve@E = i) as
R2 T
1 [ [V¢(z) = VW)l - (2~ ¥) ni "
= o 7 d nH1( )
/W [AC(JU) M/Rz P pr () dy| P77 (7) dr

which is the weak form of the Euler-Lagrange equation:

(13) i_<1__—__‘Z<P_p¢+1 LVt Ly
-

Using the Taylor’s expansion
() — [V ()] = [& - V()] - V() + O [|z — V" (2)|"]
we obtain, for all ¢, > t; > 0,

(14) . w ¢(z) [or(t2, ) — pr(t1, )] dz = /t ’ /w Al(z) py(s,x) dz ds + 0(7-1/2)

L , (2 —y) - (VC) = VC@)
- /h //szw pr(5,z) pr(s,y) Py dy dx

(ii) A priori estimates: To pass to the limit, the scheme provides some a priori
bounds: Taking p? as a test function in (11) we have:

l 7
(15) Fexsloy™'] + '2';W2 (o7, A7) < Fes|p?] -
As a consequence we obtain an energy estimate
(16) sup Fpxs|or] < Fexs(o?]
N
ne

and a total square estimate

n+1 0 : n
(17) o Z 2(p7, p77") < Fexslpr] — inf Feksor] -
neN
(iv) Passing to the limit: The energy estimate (16) together with (6) gives a bound
on [ plogp at least as long as M < 8r. The bound on p, log p, prevents the solution
from blowing up: indeed, using

/ p< : / pllog p| < ©
p>K _logK p>K B Il g([()

we obtain that (p,), converges to a certain p in w-L}(R?). It time, we can rely
on the 1/2-Hélder continuity (17) and Ascoli’s theorem to obtain a convergence in
C([o, T]; P(R?)).
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We can thus pass to the limit in 7 — 0 in (14) and prove that p is a weak solution.
Note that the last term of (14) converges because the convergence of (p,), in w-
L'(R?) ensures the convergence of (p,®p,), in w-L!(R?). The notion of constructed
solutions is however weak.

3. THE CRITICAL MASS PARABOLIC-ELLIPTIC 2-DIMENSIONAL KS SYSTEM

3.1. Preliminary remarks. We still consider the parabolic-elliptic 2-dimensional
KS system (3). We focus is this section to the the case M = 8r. In this case,
the remainder entropy which was controlled in (6) is thus entirely “eaten” by the
logarithmic Hardy-Littlewood-Sobolev inequality (5). We however prove

Theorem 3 (Infinite Time Aggregation, [8]). If the 2-moment is bounded, there is
a global in time non-negative free-energy solution of the KS system (3) with initial
data Po-.

Moreover if {t,}pen — 00 as p = oo, then t, > p(t,, x) converges to a Dirac peak
of mass 8 T concentrated at the centre of mass of the initial data weakly-* in the sense
of measure as p — 00.

We will not describe the proof of this result here but we are interested in the
analysis of the existence of solutions in the critical case M = 87 when the 2-moment
is not assumed to be bounded. In this situation, nothing prevents the solutions from
converging to the other minimisers of the LogHLS inequality (5) which are of the

form:
1 8

(A +|z]2)*
We can indeed prove the following theorem:

ox(z) =

Theorem 4 (Existence of global solutions, [6]). Let pg be any density in R? with mass
8m, such that Fpks[po] < oc. If there is a minimiser gx of the LogHLS inequality (5)
such that Wh(pgy, 0x) < o0, then there exists a global free energy solution of the Keller-
Segel equation (3) with initial data py. Moreover,

lim Feslp(t)] = Fexs[2r]  and  Jim [lo(t) — 23] = 0 .

Remember that the minimisers gy of the logarithmic Hardy-Littlewood-Sobolev
inequality (5) are of infinite 2-moment so that the condition Wa(po, 8x) < oo implies
that pg is of infinite 2-moment. If we keep in mind that the 2-moment can be seen
as the Monge-Kantorovich distance between the solution and the Dirac mass, we see
that Theorem 4 completes the picture which emerged from Theorem 3.

As soon as we start at a finite distance from one of the minimisers py we can
construct a solution which converges towards it. Note that this result is true for
the solutions that we construct as we do not have uniqueness of the solution to the
KS system, even if we strongly believe that this is the case. Also observe that the
equilibrium solutions g, are infinitely far apart: Indeed, let o(z) = /A/p|z]?/2,
one has Vp#p, = py. Since the equilibrium densities gy all have infinite second
moments, ,

, - 1/ A
wg(gm QA) = 5 /]R2 ;1' — T Qu(.’l)) dz = +00 .
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We will now give the ain ingredients of this proof.

3.2. Another Lyapunov functional. Consider first the fast diffusion Fokker-Planck
equation:

C?;tl = Avu(t,r +2\/ div(z u(t, z)) t>0, zeR?,

u(0,z) = up(z) >0 z € R

(18)

This equation can also be written in a form analogous to (4): for A > 0, define the
relative entropy of the fast diffusion equation with respect to the stationary solution

0x by

dzx .

Vi@ - V@]
Hal] = [e oA (T)

Equation (18) can be rewritten as

u OHA[u(t
5 —(t,x) = div (u(t,x)V%L—(—)l(x)) ,
with
(57‘{,\[’&] _ 1 1
bu  Vor Vu

The connection with the KS system (3) can be seen through the minimisers of
H, which are the same as those of the LogHLS inequality (5). The functional H,
is actually a weighted distance between the solution and its unique minimiser gy. It
is thus tempting to compute the dissipation of H, along the flow of solutions to the
KS system (3): Let p be a sufficiently smooth solution of the KS system (3). Then
we compute

(19) (?fH’\[p( Ol=-3 /Rg 'Z(’Z)(Jz' dz + A p(t)*? dx + 44/ Af\ﬂ (1 —~ g) .

In the critical case M = 8 the dissipation of the H, free energy along the flow of

the KS system (3) is
1 !VPIQ . ,3/2
Dlp] = 3 e P2 dz — /RZ dz .
We use the following Gagliardo-Nirenberg-Sobolev inequality in the form of [19]: For
all functions f in R? with a square integrable distributional gradient V f,

w‘/Rz1f|6dxg./RQ|\7f!2dx/Rz|f(4dx,

and there is equality if and only if f is a multiple of a translate of éf\/ * for some
A>0.

As a consequence, taking f = p*/4 so that Jge f4(x) dz = 87, we obtain Dlp] > 0,
and moreover, D[p] = 0 if and only p is a translate of o» for some A > 0.
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Remark 5. This free energy Halp] gives another proof of non existence of global-
in-time solutions in the super-critical case M > 8. Indeed, by (19) and as D|p] is
non-neqative,

M M
0< t) <4 j——]t.
)< b < 5 (1- 57)

So that in the case M > 8, there cannot be global-in-time solutions even with infinite
2-moment as long as there is A such that Hy[po] ts bounded.

We expect the propagation of the bounds on Fpxs|p] and D[p] to give compactness.
Unfortunately, D[p] is a difference of two functionals of p that can each be arbitrarily
large even when D[p| is very close to zero. Indeed, for M = 87 and each A > 0,
D|o,] = 0 while

N . _1/4 L
}\13(1) |oalls/2 = oo, }\13%)”‘79/\/ |l =00 and /]\{gI(l) Oy = 8mdy -

Likewise, an upper bound on Fpks[p] provides no upper bound on the entropy
Jgo plogp. Indeed, Fpks[p] takes its minimum value for p = gy for each A > 0,
while

/1\123)/@,\10%@« =00 .

Fortunately, an upper bound on both H,[p] and Feks[p] does provide an upper bound
on [ plogp:
Theorem 6 (Concentration control for Fpks, [6]). Let p be any density with mass

M = 8m such that Hy[p] < oo for some A > 0. Then there exist vi > 0 and an
explicit C > 0 depending only on A and Ha[p| such that

" / plogp dx < Fpkslpl + C'.
R2

Here we also prove that since H, controls concentration, a uniform bound on both
H, and D does indeed provide compactness:

Theorem 7 (Concentration control for D, [6]). Let p be any density in L3/*(R?) with
mass 87 such that Fpxs|p| is finite, and Hy[p| is finite for some A > 0. Then there
exist constants v1 > 0 and an explicit C > 0 depending only on X\, Hy[p] and Fpxs|p)]
such that

Ve /@2 IV (p'*) > dz < 7D[p] + C .
Idea of the proof of Th,e(‘)'ren‘;s 6 and 7: The trivial inequality
(20) A VA +[aPp(z) dz <2 VAM + 2M¥ O\ m)Y4 HA ] -
gives a verti(;ahl\ cut to prove Theorem 6. Indeed, we split the function p in two parts:

given # > 0, define ps(z) = min{p(z) , B}. By (20), for S large enough, p — pg is
such that:

C C, 8r—c¢ _
/W(/)—/?g)ST;%’(b\/H,\[[)]_<_T),1+ 12 0<87T~'50.
JR L L
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We then apply the logarithmic Hardy-Littlewood-Sobolev inequality method as in (7)
to the function p — pg whose mass is less than 8.

The same idea works for the Gagliardo-Nirenberg-Sobolev inequality to prove The-
orem 7: Let f := p'/4, we split f in two parts by defining fs := min{f, 3*/*} and
hg = f — fz. We use (20) and apply the Gagliardo-Nirenberg-Sobolev inequality to
control hg.

3.3. Ideas of the proof of Theorem (4). The proof of Theorem 4 follows the line
of the convergence of the JKO minimising scheme (11) exposed in the previous section
to obtain the Euler-Lagrange equation (13). As in the previous section, we can rely
on the same compactness to prove the existence of weak solutions. But as we want to
study the large-time behaviour of the solution we need more regularity. We actually
need to prove the existence of “free energy” solution satisfying the entropy/entropy
production inequality:

Faslol+ [ [ o(t.)19 (ogo(t, ) = ct, 2P dz < Foxsloo]

For this purpose more regularity has to be obtained on the solutions at the discrete
level.

Even if it was not clear at the time we wrote [6], we use a powerful method
systematically described by Matthes-McCann-Savaré in [27]: Following their words,
let us first consider the two ordinary differential equations describing gradient flow:

£(t) = ~VO[e(t)] and (1) = ~VU[y(t)]

Then of course ®[z(t)] and ¥[y(¢)] are monotone decreasing. Differentiate each func-
r's

tion along the other’s flow gives:
d
ely(0)] = ~(Valy(t), V()
(1) d

LU0 = (V)] Velx(t)

Thus, ® is decreasing along the gradient flow of ¥ for any initial data if and only if
VU is decreasing along the gradient flow of ® for any initial data.

Let us now describe the consequences of this remark in the context of gradient
flows in the Monge-Kantorovich metric. Consider the following variational problem:

1.
(22) Find up, which minimises u +— ﬁWﬁu, Uhn—1) + Flu] .

Imagine now that we can find a displacement convex functional H such that the
dissipation of F along the flow S*:

. Flu] — FISH
D" Flu] := limsup = 71574 :
t—0 t
is non-negative.
Definition (22) of the minimising scheme, means that for any u

1 1
'2_7_'W§(u7',n> “"r,n-l) + ]:['“"r,n] S TZ';_‘W;(UW “'r,n—l) + f{u] .
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Choosing v = St (u,,,), we obtain
.F[u.,-‘n] — f{S[HUT n] > ) [WQ (b Ur ny Urpn— 1) - Wg(ur,m u-r,n—.].)] .

Dividing by ¢ and letting ¢ — 0, we obtain

H 1d™ o o
D" Flu,,) < CRRT — W5 (S u,v) .
But as H is displacement convex and S is the associated semi-group we have
1dt
(23) T — Wi (SHu,v) < H[v] — H[ST ] .

See the Appendix for more details. Taking u = Urp and v = u, 4 yields:

H {UT,n— 1 ] - H ['U"r,n]

T

(24) DMHF [rn) <

So that the differential estimate of F is converted into a discrete estimate for the
approximation scheme.

Here, as already discussed the functional Fpks is not displacement convex but the
flow constructed from this functional is also non-increasing along the flow of H,.
Remark that the displacement convexity of H, is formally obvious from the fact that

Hylu] = /JR'2 (_2 u(x) + @-‘——i)——u(r)) dz+C .

where —+/u(z) and |z|*u(z) are displacement convex. So that at cach step, we can
use the convexity estimate (24), which gives
(25) D[} < Halpt™'] = Halpt]

This inequality together with Theorem 7 gives a bound on ||V(o?)[lo. This is the cru-
cial estimate which allows to apply the standard entropy/entropy dissipation method
to study the asymptotics. There are main technical difficulties and the methods to
turn around them are interesting by themselves but we do not present them in details
here. For more details see [6].

4. THE NON-LINEAR PARABOLIC-PARABOLIC KS SYSTEM IN R¢, d > 3

4.1. Main results. We consider now the following parabolic-parabolic generalisation
of the Keller-Segel system:
% = div [Vp™ - pVd]

. O - p p 7 s

(26) o (t,z) € (0,00) x R,

T =Ad—ag+p,
where m € [1,2) and d > 2. This system is known in theoretical physics as the
generalised Smulochowski-Poisson system, see [17, 16].

For the case d = 2, global-in-time existence for a mass less that 87 was proved
in [13]. But there are also global-in-time self-similar solutions for larger masses,
sce [4]. The question of the eventuality of blowing up solutions to this system remains
opened.
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For the parabolic-elliptic case, T = 0, the inequality which plays the role of the
LogHLS inequality is a variant to the Hardy-Littlewood-Sobolev (HLS) inequality: for
all b € L}H(RY) N L™ (R?), there exists an optimal constant C, such that

I'(d/2) h(z) h(y)
dz d
(d—-2 27Td/2//mdxw |$"7J|d 2 Y

The critical mass can be expressed in terms of this inequality. Let us define

9 a2
M= | ——| .
l(m— 1)C*J

The available results of [7] can be summarised as follows:

(27) < C. IR R

o Sub-critical case: 0 < M < M,, solutions exist globally in time and there ex-
ists a radially symmetric compactly supported self-similar solution, although
we are not able to show that it attracts all global solutions.

e Critical case: M = M, solutions exist globally in time. There are infinitely
many compactly supported stationary solutions. We thus show a striking
difference with respect to the classical KS system in two dimensions, namely,
the existence of global in time solutions not blowing-up in infinite time. Re-
cently [36] proved that radially symmetric solutions do not blowup in infinite
time but this question remains opened for general solutions.

e Super-critical case: M > M., we prove that there exist solutions, corre-
sponding to initial data with negative free energy, blowing up in finite time.
However, we cannot exclude the possibility that solutions with positive free
energy may be global in time. There are also solutions starting from positive
free energy which blowup in finite time for any mass, see [3] but it is not clear
if their free energy is still positive at the blowup time.

We will not describe the proof of these results but will focus on the extension of
the global-in-time existence results to higher dimensions:

Theorem 8 (Global existence, [10]). Let 7 > 0, a > 0, po be a non-negative function
in LY(RE, (14 ]2|?) dz) "L™(R?) satisfying ||uoll = M and ¢o € H'(R?). If M < M,
then there exists a weak solution (p,¢) to the parabolic-parabolic KS system (26):
alm,ost-everywhere in (0,t) x R? and for all smooth function &

5( (t) = po) df+/ / V(p™) —p Vo) -VEdz ds =0,
TOhO —Adp+ad =p.

4.2. Preliminary remarks. The main difficulty stems from the fact that the system
cannot easily be reduced to a single non-local parabolic equation. Actually the
corresponding free energy has the two quantities p and ¢:

29 &lpdl = [ {"’( ulil —p(w)¢<z)+—§—|w<m)l2+§¢<x>‘-’} da

e L(m—1)

The minimising scheme has thus to be replaced by a gradient flow of this energy in
K = P(R%) x L?(R?) the probability measure with finite 2-moments endowed with
the Monge-Kantorovich metric for the first component and the usual L*-norm for the
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second component. Such a strategy has already been developed to prove existence
of the thin film approximation of the Muskat problem in [26].

The minimising scheme is as follows: given an initial condition (pg, @) € K and a
time step h > 0, we define a sequence (ppn, Ppn)nzo in K by

(‘)()) { (Ph,o: fﬁh,o) = (Po7 fﬁo) )
| (ph,n—%la ¢h,n-+—-1) € Argnlin(p,(j))exjfh,n[p: ¢] s n Z 0:
where

, 1 ; . 9
}-h,n[pa ¢)] = E)‘ [W;(p’ ph,n) + T ”(‘b - (_bh,nHﬂ + 5a{ﬂﬁ ¢] .

The kernel which appears in the parabolic-parabolic KS system is the Bessel kernel,
Ve, defined for o > 0 by:

00 1

R o z/? A ; d
Volz) = /O Wexp <——4—1;—_us ds, zeR%,

the case o = 0 corresponding to the alrcady defined Poisson kernel. For u € L(R%),
Sa(u) := Y, * u solves

(30) —AS,(u) + aS,(u) =u in R

in the sense of distributions. The Bessel kernel is also referred to as the screened
Poisson or Yukawa potential in the literature. The crucial inequality is thus a mod-

ified Hardy-Littlewood-Sobolev inequality valid for the Bessel kernel ), for a > 0:
For a > 0,

/ h(x) (Vo * h)(x) dx
Rd

. Che MNL™(RY, A#0S = Curs
TG ( &

(31) sup

where Cyrg is defined in (27). Note that the constant is the exact same as for the case
a = 0 so that the critical mass below which all the solutions exist globally-in-time is
the same as for the parabolic-elliptic version.

Several difficulties arise in the proof of the well-posedness and convergence of the
previous minimising scheme. First, as the energy &, is not displacement convex,
standard results from [34, 1] do not apply and even the existence of a minimiser
is not clear. Nevertheless, the modified Hardy-Littlewood-Sobolev inequality (27)
trivially implies:

« C S 2 m
(32) Ealo @] 2 =% (ME = M) ]y

which permits in particular to pass to the limit in the term in &,[p, ¢] involving the
product p¢, and proves the existence of a minimiser.

To obtain the Euler-Lagrange equation satisfied by a minimiser (5, ¢) of Fhnin K,
the parameters h and n being fixed, we consider, as before, an “optimal transport”
perturbation for g and a L%perturbation for ¢ defined for § € (0,1) by

p5:(1d+6<)#ﬁ ¢(5 ::(.5+61L'>
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where ¢ € C(R%RY) and w € CP(RY). Identifying the Euler-Lagrange equation
requires to pass to the limit as § — 0 in

Wg(f’éaf)h,n) - WE(/;; /)h,n) and “,06”,7": - HﬁHZQ
20 ) ’

which can be performed by standard arguments, see the Appendix, but also in

1 - o e) = d(x + 8(z))

L [ 98- mone) an= [ sty | AD= )
Rd R4

0
This is where the main difficulty lies: indeed, since ¢ € H!(R?), we only have

$o(id + 6¢) — ¢
)
while 5 is only in (L' N L™)(R?) with m < 2. So even the product p¢ - V¢ which is

the candidate for the limit is not well defined and the regularity of (p, ¢) has to be
improved. We develop in the next section a generalisation to the Matthes-McCann-

Savaré technique.

—w(r + 5((3:))} do .

— (- V¢ in L*(RY),

4.3. A generalisation of Matthes-McCann-Savaré’s approach. Actually, the
cornerstone of Matthes-McCann-Savaré’s method is the availability of another func-
tional G and the simplest situation is the case where the flow has a displacement
convex Lyapunov functional which is different from the energy, which was the case
in the previous section. Unfortunately, there does not seem to be a natural choice of
such a functional G here. A first try is to choose G as the displacement convex part
of &,, that is,

Glu,v] = /IR (%(f_)—'% + % Vo(@)? + 5 |v(:l;)|2) dz.
The associated gradient flow is the solution (u,v) to
du—Au™ =0 1in (0,00) xR¢, — w(0)=p,
and
Ov—Av+av=0 in (0,00)x R, v(0)=¢.

Computing d&,[u(s),v(s)]/ ds leads to the sum of a negative term and a remainder
but the remainder terms cannot be controlled. Despite this failed attempt, it turns
out that, somehow unexpectedly, the following functional

Glu,v] = /Rd (u(’c) log (u(x)) +-;— |Vu(z)|? +% |v(x)|2) dz

provide the right information. Indeed, its associated gradient flow is the solutions U
and V to the initial value problems

du —Au=0 in (0,00) x RY,  w(0)=

i

]

and
O —Av+av=0 in (0,00) xR?  v(0)=¢,
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and, as we shall see below, d&,[u(s),v(s)]/ ds is in that case the sum of a negative
term and a remainder which we are able to control. For sake on simplicity in the
presentation let us take o = 0. We compute

d . 4 .
ol vl = =1V (/2(0) 2 ~ (Ao + ) () +Hu@)E, 1> 0.

~"

:=Dlu,]
So that the discrete estimate (24) gives:

(33) Dlphrs b sl < E2mts Pt = Gl ],

Remains to prove that we can control || pp,,,||3 by Dphn, dnn). This can be done using
the Holder and Sobolev inequalities:

r p . ~ m 2/m
(34) ||w|[§ < [w|lm lwllmym-1) < C |Jw]lm HV([U}] /2)I|2 .

Combining the above estimate with Young’s inequality gives

. 2 m/2 2 B
llonnlly < - ,v(ph% ) t + C || ppnlT/ D)
and thus
: L ) m/(m—
(35) onmlls < 5 Plohin, d1n] + C phnl| D)
By (32) we obtain, for any M < M,
, 1 | ]
lonalla < §'D[ph,n, bhn) + C Elphn, d’h,n,]l/(m n

And finally (33) implies

1 g h,n— 7¢ 1] g h,ny‘z5 n - —1
E'D[[)h,m(]}hm] < [p E— ;1 {p - ] +C go[ph,TLa(/bh,Tl]1-/(nL Y :
Which gives a bound in H'(R?) for (ps,)™/?. By the Gagliardo-Nirenberg-Sobolev
inequality {pnn}n is thus bounded in LP(R?), for any p € [1,00). Such a regularity
is now enough to pass to the limit in the Euler-Lagrange equation and obtain the

stated result.
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APPENDIX A. AN OPTIMAL TRANSPORT TOOLBOX

We just give some basic results from optimal transport theory that we use in the
proof, for a detailed exposition of this rich and rapidly developing subject, we refer
the interested reader to the very accessible texthook [34] or [1, 35].
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A.1. Kantorovich and Monge’s problems. Let X and Y be two spaces equipped
respectively with the Borel probability measures with finite 2-moment p € P(X) and
v € Py(Y). For € Po(X) and T, Borel: X — Y, Typ denotes the push forward (or
image measure) of u through T which is defined by Tup(B) = u(T~'(B)) for every
Borel subset B of Y or equivalently by the change of variables formula

(36) /y(p dTyp = /Xap(’r(a")) du(z), Yo € Co(X).

A transport map between p and v is a Borel map such that Tup = v. Now, let
¢ € C(X xY) be some transport cost function, the Monge optimal transport problem
for the cost ¢ consists in ﬁnding a transport T between p and v that minimises
the total transport cost [, c(z,T(z)) du(x). A minimiser is then called an optimal
transport. Monge problem is in general difficult to solve (it may even be the case
that there is no transport map, for instance it is impossible to transport one Dirac
mass to a sum of distinct Dirac masses), this is why Kantorovich relaxed Monge’s
formulation as '

(37) Wimv) = inf //X ) dr(zy

yell(u,v)

where II(p, v) is the set of transport plans between p and v i.e. Borel probability
measures on X x Y having 1 and v as marginals. Since II(x,v) is weakly * compact
and ¢ is continuous, it is easy to see that the infimum of the linear program defining
W,e(u,v) is attained at some vy, such optimal +’s are called optimal transport plans
(for the cost ¢) between p and v. If there is an optimal y which is induced by a
transport map i.e. is of the form v = (id, T') g for some transport map T then T is
obviously an optimal solution to Monge’s problem.

A.2. The quadratic case and Monge-Ampére equation. We now restrict our-
selves to the quadratic case:

Theorem 9 (Brenier's theorem, [11]). Let p € P(R?) be absolutely continuous with
respect to the Lebesque measure and compactly supported and v € P(RY) be compactly
supported, then the quadratic optimal transport problem

Wi(u,v) = _inf // 2~y dv(z,y)
YEMN(1,v) R xRd

possesses a unique solution v which is in fact a Monge solution v = (id,T)xp.
Moreover T = Vu p-a.e. for some convex function u and Vu is the unigue (up to
p-a.e. equivalence) gradient of a convex function transporting u to v; T = Vu is
called the Brenier map between p and v.

When we have additional regularity, i.e. when u and v have regular densities (still
denoted f and g) and Vu is a diffeomorphism which transports f(x) dz onto g(y) dy
we have

[ cweway= [ (Vu@)rE)d veal -

By performing the change of variable y = Vu(z) on the left hand side we obtain

/uad C(Vu(z))g(Vu(z))| det D*u(z)] dr = ([Vu(2)]f(x) dz V¢:C) —Cp .

RY
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By equalling the two integrands we obtain the Monge-Ampere equation:

o s Vu=l(
(38) f(x) = g(Vu(z)) det(D*u(x)) or equivalently g(y) = det(fl()z;(VQ(Ly‘)l)(y)) .

A 3. Differentiating the internal and the interaction energies. Introduce
V¢ :=1d + £( and define p. the push-forward perturbation of p*! by Vaf:

Pe = V'UC’S#PZ'H .

By (38) and the change of variable x = Vi/7*(y), the differential of the [ F(u) dz
where F'(z) = zlogz or F(x) = 2™ formally gives

d d p(V () )
— F y = — F R —— d;
de [e=0 /Rd (pe) dy de e=0 /Rd (dct([)zwa(V’t/i’;'l(?/))) Y
d
de

p(y) .
=0 ./IB:d d (M) det(D(y)) dy
- /R plAY —d] F'(p) dy + / F(p) [Ay — d] dy

JRd

(30) - [F(p) - pF' (o)) (A% — d) dy .

Where, as det(] + H) = 1 + tr

4 det(D*.(y)) = a4 det(T +e(D*)—1) = Ay —d.
de [e==0 de |e=0

H) + o(]|H||), we have used

—~~

By integrating by parts (39) we obtain
d
deje=0

By convexity of F, x — F(z) — 2F’() is non-increasing from F(0) = 0. So that the

boundary term is non-positive and
d
dE]E:U Rd

As V[F(p) = pF'(p)] = —pV [F'(p)] = pV [f(p)], we have

C L rerans= [ vieIve-id 4y,

—(i‘.,tls:()
e By symmetry of ¢ and definition of the push-forward, the interaction term formally
gives
d

[ P ay=— [ VIFG)- o) Ive—id dy.
JRd JRd

Flp)dy < — [ V[F(p) = pF'(p)] [Vt —id] dy .
Rd

. d ,
/ By, z) dpe(y) dp(2) = T / ¢(Viie(y), Vb (2)) dp @ p
R2d Ele=0 R2d

= 2/ 21V¢(y72)(V'¢")(y) —y)dp®p
R <4a



70

A GRADIENT FLOW APPROACH TO THE KELLER-SEGEL SYSTEMS

A.4. Differentiability of the Wasserstein distances. We need first to recall the
following classical characteristics method, see [34, Theorem 5.34] [1, Theorem 8.3.1]:

Proposition 10 (Characteristics method for linear transport equation). Let p be in
P(Y) and (T3)epo,r.) be a family of diffeomorphism locally Lipschitz with To = id and

let v be the assoczated velocity field ie. Ty(z) = v(t, Ty(z)). Then py = Tiup is a
solution to the following linear transport equation in C(0,T,; P(Y)):

(?9[: +V-(vp)=0, Vtel0,T.]
Po=p -

The idea of the proof is formally as follows: Let ¢ be any test function. By the
definition of the push-forward and using Ti(z) = v(¢, T;(x)) we obtain

% /R $v) dpr(y) = 7% /Y $(Te(z)) do(y)
_ /R V(Ti(x)) i) do(y)
= Vo(Ti(z)) v(Ty(z)) dp(y)

R
= /R Ve v(y) dp(y) -

Which gives the desire result. Actually it can be proven that p, is the only solution
to the linear transport equation.
Proposition 11 (Differentiability of the Monge-Kantorovich distance). Let p €
P2(R?) and v € P,(R?) be given. Let (Tt)iepr.) be a family of CX(Y) function with
To = id and let v be the associated velocity field ie. Ty(x) = v(t, Ty(x)). Consider
v € P(Y) and vy = T;#v. Then we have

1d .

3 = (=96 o) dvty)
where V¢* s the Legendre transform of V¢ the optimal map between p and v.

Once again we do not aim to give a rigorous proof of this proposition and will refer

the interested reader to [34, Theorem 8.13] and [1, Corollary 10.2.7]. We however
give a formal idea of the proof:

The map T;0V pushes forward u onto v;. We do not know if it the optimal map
but by definition of the Monge-Kantorovich distance we have

1 ) |
W) < [ e = Tl due)
As a consequence, for any ¢ > 0, using A2 — B? = (A + B)(A — B) we have

W3 (1, v) = Wi(u,v) < |z — T, [V(2)])? du(z / lz — V(x)|? du(z)
t Rd

< / (20~ TVe] - V) (Vo ~ TiVe]) dit.
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As, by (10)
TVe(z)] = V(e) = Ti[Ve(2)] - To[Ve()] = tT;[Ve ()] + o(t)
— W [Ty(Vip())] + of#)

taking the limit when ¢ — 0, we obtain
. Wi (p,v) - Wi, v
lim 21 11) 2 (1, V) < / (22 — 2V¢(z), —v [Ve()]) du(z) .
t—0 t Rd

As Vg pushes-forward p onto v and using Theorem 9, we obtain

S WE ) = / {Ve(x) ~ 2,9 [Vel@)) dulz)

- /MWW(I) = V' [Vo(z)], v [Ve(z)]) du(x)

_ / = Ve (y),0(0)) d(y)

A.5. Displacement convexity. In concrete terms, a functional G is said to be
displacement convexr when the following is true: for any two densities pg and p; of
the same mass M, let ¢ be such that Ve#py = p1. For 0 < t < 1, define

2

0= (10—t o) and = ek

The displacement interpolation between py and p; is the path of densities ¢ — py,
0 <t <1. Let v be any real number. To say that G is y-displacement convexr means
that for all such mass densities pp and p;, and all 0 < t < 1,

(1 =8)G(po) +tG(p1) — G(p:) = (1 = )Wj(po, p1) -

G is simply displacement convez if this is true for v = 0, and G is uniformly displace-
ment convez if this is true for some v > 0.
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