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Existence and Nonexistence of solutions to the
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1 Introduction and preceding studies

In this paper, we consider the following problem

(1.1)

Agnu+uP =0 in B,
u=0 on 0By,

where N > 3, S¥ = {z € R¥*! | |z| = 1}, Agn is the Laplace-Beltrami operator on SV.
Here By, is a geodesic ball in SV with its geodesic radius 6y € (0,7), and its center is
located at the North Pole P, = (z1, Z2, ..., zn+1) = (0,0, ..., 1).

The above problem (1.1) is said to be the Emden equation. Usually, the above equation
is considered on the Euclidean space RY. Namely similar problems to the following
problem are studied by many mathematicians:

{Au +uP =0 in Q, (1.2)

u=20 on 09,

where 2 is a bounded domain in R" with the smooth boundary. Under p > 1 (if N = 2)
orl <p<p,:=(N+2)/(N-2) (if N> 3), it is not difficult to prove the existence
of a solution to (1.2), e.g., by using the direct method for variational problems, we can
find a solution u € H}(Q) to (1.2). Moreover, by the elliptic regularity theorem and the
Schauder regularity theorem (e.g. see [4]), we can prove that u € C%(2). On the other
hand, we assume p > p, (N > 3). Under the assumption, if Q is a star-shaped domain
in RN (N > 3), by the Pohozaev identity (e.g. see Chapter III-1. in [9]). Furthermore
the structure of solutions to (1.2) is investigated in detail (e.g., the number of classical
solutions or the existence of singular solutions) when = B := {z € RN | |z|] < 1}.
Concerning this result, e.g., see [5].

On the other hand, for the Emden equation on the sphere SV, the existence of solutions
is not generally known. In this paper, we focus our attention on the existence of positive
solutions to the Emden equation on caps of SV.

First we explain preceding studies of our problem (1.1). Bandle, Brillard and Flucher
[1] proved the existence of a positive and radial solution from the viewpoint of the Sobolev
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imbedding. Here a solution to (1.1) depending only on the geodesic distance from P, is
said to be a radial solution. They proved that if N > 4, then there exists a positive
classical solution to (1.1) for any 6 € (0, 7). On the other hand, if N = 3, then there
exists some constant 6, € (0, 7) such that

(a) a positive classical solution to (1.1) exists if 6, € (¢, m);

(b) there exist no positive classical solution to (1.1) if 8, € (0, §,).
Remark 1.1 By [7] and [3], any positive classical solution to (1.1) is radially symmetric.

Next, to obtain 6. exactly, Bandle and Peletier [2] investigated (1.1) with N = 3 more
precisely. They proved that 6. = 7/2, and moreover the case 6 = 7/2 is contained in (b).

We [8] also investigated the structure of solutions. For (1.1), we will treat not only a
classical solution but also a solution having singularity at the North Pole P, (the solution
is of class C? on By, except for {P,}), and the following result.

Theorem A Assume p = p,. If N > 4, then, for any 8y € (0,7), there exists a unique
classical solution and a continuum of singular solutions to (1.1). On the other hand, under
N =3,

(a) if 8o € (0,7/2], then there does mot ezist either a classical solution or a singular
solution to (1.1);

(b) if 6 € (m/2,7), then there exist a unique classical solution and a continuum of
singular solutions to (1.1).

Remark 1.2 Aithough we only proved Theorem A under N = 3 in [8], we can prove
Theorem A under N > 4 by using the same idea with some modifications. Furthermore,
in (8], (1.1) was treated under more general boundary conditions, that is, we assumed,
instead of the Dirichlet boundary condition, the Robin boundary condition

ou -
u—i—na—yzo 0By,

where v is the outer unit normal vector to on 0By, and k > 0.

The above results are proved in the case of p = p,. On the other hand, our aim in this
paper is to explain results on (1.1) with p > p,.



56

2 Main results

In this paper, we investigate (1.1) with a supercritical case p > p., and we only treat pos-
itive radial solutions here. For this purpose, we introduce the polar coordinates. Namely,

let

' . . . .
z1 = sin#sin ¢, sin ,... sin py_1
To = sin @ sin ¢ sin s... COS YN_-1
73 = sin #sin ¢; sin ;... COS PN -2

(2.1)

Ty = sinf cos

TN+ = cosf

with, 6, ; € [0,7] (i = 1,2,...,N —2) and ¢ € [0,27]. By (2.1), the Laplace-Beltrami
operator Agn is expressed by

1 8 W\ =19 . Ou
A - :N-1 9= Bl s N—i-1  ~™
s sin™~1 96 (sm 69) * ; ¥i 0 (sm 4 dvp;
with .
v; = sin? @sin¥ "1 H sin® ;.
i=1

Hence a positive and radial solution u to (1.1) satisfies

— (upsin™ 1), +u? =0 in (0, 6o),
w(8) >0 in (0, 6), (2:2)
u(00) =0.

sinV-19

Here we define two kinds of solutions to (2.2); a solution u to (1.1) is said to be a regular
solution to (2.2) if C2((0,6p)) and u(f) converging to some positive constant as 6 — 0; a
solution u to (1.1) is said to be a singular solution to (2.2) if C?((0,6,)) and u(6) tends
to +00 as # — 0. Our main theorems are as follows.

To investigate the structure of solutions to (2.2), we apply results on [6], [10] and [11].
First we transform (2.2) into the Emden-Fowler equation on R". Namely we define

6o d
T =g(8) = /; m% (2.3)

By the new variable 7 and a solution u to (2.2), we define

_ulo)

w:



Then the new function w satisfies the following problem

7_12 (Tsz)T + K(r)wh(r) =0 for 7 € (0, +00),
w(0) = @, (2.4)
w,(0) =0,

where w; = max{w, 0} and
K(r) = 1P lsin?N-2¢, (2.5)
o = —Ug (00) SiIl2 90.

Thus it suffices to investigate the behavior of solutions to (2.4) instead of (2.2).
Next we explain methods to investigate (2.4). First let

e st oeretoren
w(0) = B,

where w,. := max{w, 0} and § is a positive constant, and a solution to (2.6) is sometimes

(2.6)

denoted by w(r; 8). Here the function L satisfies

L(r) € C*((0, +0)),

L(r)>0 and L(r)#0 on (0,+o0),
L(r) € L*(0,1),

1PL(7) € L*(1, +00).

(L)

Hereafter the solution to (2.6) with an initial data 3 is denoted by w(r; ). From (2.3)
and (2.5), we can easily confirm that K(r) satisfies (L). Therefore any result on (2.6) is
valid for (2.4).

Second we define three types of solutions to (2.6) as follows:

Definition 2.1 (i) A solution w to (2.4) is said to be a rapidly decaying solution if
w > 0 on [0,400) and Tw(r) converges to some positive constant as T — +oo.

(ii) A solution w to (2.4) is said to be a slowly decaying solution if w > 0 on [0, +oc0)
and Tw(T) = +00 as T — +oo0.

(iii) A solution w to (2.4) is said to be a crossing solution if w has a zero in (0, +00).

Here we remark that a rapidly decaying solution and a slowly decaying solution to (2.6)
are corresponding to a regular solution and a singular solution to (2.2).

Next we refer to some lemmas concerning the structure of solutions to (2.6). We
introduce the following identity
73

s 1L(T)wﬁ+1. (2.7)

1
P(r;w) = 57'220,,{7'10., +w}+
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The behavior of (2.7) for sufficiently large 7 depends on a kind of w defined above. Namely
the next lemma is known.

Lemma 2.1 (Lemma 2.6 in [11]) (a) If w(r;B) is a crossing solution to (2.6), then
P(r;w) > 0 for 7 € [2(B), +00), where z(B) is a zero of w(T; B).

(b) Ifw(r; B) is a slowly decaying solution to (2.6), then there exists a sequence {f;} such
that ; — +0o as j — +o0o and P(7j;w) <0 for any j.

(c) If w(r;B) is a rapidly decaying solution to (2.6), then there ezists a sequence {7;}
such that 7; — +o00 and P(7j;w) — 0 as j = +o00.
By using properties of P(r;w), Yanagida and Yotsutani [10], [L1] proved a structure

theorem for (2.6). To explain the theorem, we require some preliminaries. First we
introduce the function

G(r) ==

1 T
3 — — 2
rry 77 L(7) 2/0 s*L(s)ds.

The function G(7) is related to P(r; w) by the following lemma.

Lemma 2.2 (Lemma 3.2 in [5]) Any solution w to (2.6) satisfies the identity
d
£ Plriw) = Gor ()
and its integral form
P(riw) = G(r)u*(r) — (p+ 1) / G(s)uBws(s)ds.
0

Next we define the following function

1
H =
(7) p+1

1 +00
T PL(1) — 5/ s'PL(s)ds.

The function H(7) is corresponding to G(r) by

(»+1)

/2
- 1 (r74L), = TP H, (1)

p+

G.(1) =

with

By using G(r) and H(7), we define
1¢ = inf{r € [0, +00) | G(7) < 0},
7 := sup{T € [0, +00) | H(r) < 0}.

Here 7¢ = +o0 if G(r) > 0 on (0, +00) and 75 = 0 if H(7) > 0 on (0, +00). From the
above preliminaries, following proposition holds.



Lemma 2.3 (Theorem 1 in [10]) Assume (L) and G # 0 on (0,+00). Then the fol-
lowing three statements hold.

(i) Ifre = +o0, then the structure of solutions to (2.6) is of type C: w(r; B) is a crossing
solution for any B8 > 0.

(ii) If 7 = 0, then the structure of solutions to (2.6) is of type S: w(r;B) is a slowly
decaying solution for any 5 > 0.

(iii) If 0 < 74 < 76 < +o00, then the structure of solutions to (2.6) is of type M:
there ezists a constant B, > 0 such that w(r; ) is a slowly decaying solution for
B € (0,8.), w(r; B.) is a rapidly decaying solution, and w(T; B) is a crossing solution

Jor B € (B, +00).

By Lemma 2.3, we obtain the next proposition.

Proposition 2.1 Under p = p,, let w(r;a) be a solution to (2.4). Assume 6, € (m/2,)
(N =3) orfy € (0,r) (N >4). Then there erists some a, > 0 such that

(1) if @ < o, then w is a slowly decaying solution;
(i) ¥ o= o, then w is a rapidly decaying solution;
(iii) o o > ., then w is a crossing solution.

On the other hand, assume N = 3 and 8y € (0,7]. Then, for any o > 0, w is a crossing
solution.

Proposition 2.1 is equivalent to Theorem A.
We can apply Lemma 2.3 (i) for (2.4) with p > p, when p is sufficiently large. In fact,
by direct calculation, we obtain

G.(r)=

5 i 1r(0,p)7”+1 sin?V-2¢ (2.8)

with 3

r(6,p) = %— — (2N — 2)7sinV"% 0 cos 6. (2.9)
From (2.3), we see that 7sin’"~2¢ is bounded for 7 € (0, +00). Hence if p is sufficiently
large, then r(f,p) > 0. Therefore, by Lemmas 2.2 and 2.3 (i), the following theorem

holds.

Theorem 2.1 Assume 6y € (7/2,7) (N =3) or 6y € (0,7) (N > 4). Then there exists
some pc(60) > p« such that, for any p > p., there does not exist either a reqular or a
singular solution to (2.2).
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Especially, in the case of N = 3, we can obtain

pc(00)=4<1+ 1 )—3.

sin 6y
On the other hand, it is not easy to investigate the existence of solutions to (2.2) if
p > p, is sufficiently near p,. To explain the reason, we introduce

C(p) = {B > 0] w(r;B) is a crossing solution to (2.6)},
R(p) := {B>0|w(r;p)is arapidly decaying solution to (2.6)},
S(p) = {B>0]w(r;B)is aslowly decaying solution to (2.6)}.
For the above sets, the next lemma holds.
Lemma 2.4 (Lemma 2.7 in [6]) The set C(p) is open.

Moreover we introduce the following condition

there exists m; € [0, +00) such that

G(r) > 0 for (0,m) and G,(7) < 0 for (m,+00).
Under (G), the following lemma holds.
Lemma 2.5 (Lemma 2.6 in [6]) Under (G), S(p) is an open set.

Remark 2.1 Assume C(p) and S(p) are open. Then there ezists a rapidly decaying so-
lution between C(p) and S(p).

If p = p., then G defined by (2.4) satisfies (G), and Lemma 2.5 holds. On the other hand,
if p > p,, then (G) is not satisfied. Hence it seems difficult to investigate the openness of
S(p) for p > p..

Moreover the next lemma implies that the structure of solutions to (2.4) with p > p.
is qualitatively different from the structure of solutions to (2.4) with p = p..

Lemma 2.6 (Theorem 3 in [11}) If liminf, ., G(7) > O, then there ezists Bc > 0
such that w(r; B) is a crossing solution to (2.6) for any B € (0, Bc).

In fact if p > p., then lim,_, 4o G(7) > 0. Hence, for a sufficiently small § > 0, w(7; j) is
a crossing solution, that is, the structure of solutions to (2.4) with p > p, is different from
the structure of solutions to (2.4) with p = p. (see Proposition 2.1). Furthermore, from
Lemma 2.6, we expect that there exist at least two rapidly decaying solution to (2.4) if
p > p. is sufficiently near p,. Hereafter we state this result.
To investigate the structure of solutions to (2.4) with p = p,+e (¢ is sufficiently small),
we considered a transformed problem from (2.4). Namely let
ti==, vi=—. (2.10)

T t
The transformation (2.10) is said to be the Kelvin transformation. By (2.10), we obtain
the next lemma.



Lemma 2.7 Assume w is a rapidly decaying solution to (2.4). Then v defined in (2.10)
satisfies
1 N
t—2(t2vt)t + K@)t =0 for t € (0,+00),

v(0) =7 >0, (2.11)

’Ut(O) = O,
where v, = max{v,0} and

K(t) .= t~*sin?N 29, (2.12)

Similarly, for a rapidly decaying solution v to (2.11), w(r) = v(t)/7 is a rapidly decaying
solution to (2.4).

Lemma 2.7 implies that the number of rapidly decaying solutions to (2.4) is the same as
the number of rapidly decaying solutions to (2.11).
Next, for (2.11), we define

t3

. 1 .
P(t, ’U) = §t2vt{tvt + ’U} + P K(t)vfj-l,
Ay o L 37 1[5z
B(t) = i) - L / T PR (s)ds
p+1 2 Js ’
and
C(p) = {B>0|w(r;B) is a crossing solution to (2.11)},
R(p) := {B>0|w(r;B) is a rapidly decaying solution to (2.11)},
S(p) = {B>0|w(r;B) is a slowly decaying solution to (2.11)}.
Then, from (2.5), (2.10) and (2.12), it follows that
P(r;w) = P(t;v),
G(r) = H(t),
H(r) = G(¢). (2.14)

From the above properties, we can obtain the following corollary.

Corollary 2.1 Under p = p., the structure of solutions to (2.11) is of type M:, that is,
the structure of solutions to (2.11) is the same as the structure of solutions to (2.4).

Therefore, in the case of p = p,, (2.11) has a unique rapidly decaying solution. Moreover,
for (2.11), it is not so difficult to prove the openness of S(p) under p > p,. Namely the
following two lemmas hold.
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Lemma 2.8 For p > p,, S(p) is an open set.

In fact, from (2.14), we see that Gy(t) < 0 for sufficiently large t. By this properties and
Lemma 2.2, we can prove that lim,_, o0 P(t;v) < 0 for p = p, + € (e is sufficiently small)

if lim— 400 P(t;v) < 0 for p = pu.
Now we investigate structures of C(p). Let v(¢;7) be a solution to (2.11), and we define

pi(n) :=sup{p’ > p. | v(t;n) is a crossing solution for any p € (p.,p')}.

Here if a solution v(t;n) is not a crossing solution for any p > p*, then pi(n) = p,.The
function p;(n) is bounded. In fact by the same argument as in Theorem 2.1, the following
proposition is proved.

Proposition 2.2 Assume 8y € (n/2,7) (N = 3) or 6 € (0,m) (N > 4). Then there
exists some pl,(8p) > p. such that, for any p > p, and n > 0, a solution v(t;n) to (2.11) is
a slowly decaying solution.

Proposition 2.2 implies that p;(n) is bounded.
For p;(n), we can prove some properties. First, we refer to the following lemma.

Lemma 2.9 (Theorem 2 in [11]) If limsup,_,, . G(7) < 0, then there ezists B, > 0
such that w(r; B) is a slowly decaying solution to (2.6) for any B € (0, 5,).

If p > p., then we can apply Lemma 2.9 for (2.11). Thus, for sufficiently small n > 0, it
holds that pi(n) = p.. On the other hand, p;(n) # p. for n > 0. In fact let no € C(p.).
Then, by the continuity of solutions to (2.11) concerning parameters, it holds that 1y €
C(ps + €) (e is sufficiently small), that is, p;(no) > p.. Therefore, from Remark 2.1, we see
that there exists at least one rapidly decaying solution to (2.11).

Next we state our main result, that is, there exists at least two rapidly decaying
solutions to (2.11) when p > p, is sufficiently near p,. The following lemma is essential
in the proof of our main result.

Lemma 2.10 As n — +00, pi(n) — Ds.

By Lemma 2.10, sufficiently large n > 0 is not contained in C(p. + €) (e is sufficiently
small). Hence, for sufficiently large n > 0, v(¢;7n) is a rapidly decaying solution or a
slowly decaying solution. In addition if v(¢;n9) is a slowly decaying solution for some
o > ny = max{n > 0 | n € C(p)}, then, from Lemma 2.8, there exists 71 € (N, o)
such that v(¢; 7, ) is a rapidly decaying solution. Thus we see that there exists at least two
rapidly decaying solutions to (2.11). Therefore, by Lemma 2.7, the following theorem is
obtained.

Theorem 2.2 Assume 6y € (n/2,7) (N =3) or 6y € (0,7) (N > 4). Then there exists
some €y(6p) > 0 such that, for any € € (0, €o), there exists at least two regular solutions to
(2.2) withp =p. +e.
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