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1 EC®IC

ERBOXRARTERIN/ X T AR EHEZR—MICE DK S 72HIC Green I3,
EIR# G OFIBE L TEB S NI-BEDOBEADMEFER G-functor EFET [Gr71] TEEL
fz. G-functor i& Dress Ik D, HEEHZWHE-TENSD_DOBFOML LT—RIEL
& 1 Mackey functor &PEEN Tz ([Dr72)). ST 2B bHAROBEZE D, HEEMH
& F 123 G-functor i3 ring G-functor £PEEN 7z, Mackey functor iZ 3 5 ring G-functor
XSS % & DId Green functor EMEIEN TV S ([Bo97)). N—2F A FR 2(G) LRk
L+ DOERBEE R.(G) & Green functor DEANER 2, R, 25X 5. b, EANKZ
BREHG: 2 - R, TRHIEN TV 5.

B Z 517z Mackey functor M & G-88E X H»b#727%% Mackey functor My ZREAS
% Fi#£iE Dress BBOHEMZRT1-DICER LTz [Dr72]. FDFIEIIBIE Dress
REPHENTWS. £ED Green functor A IZ G-monoid S A5 X % Dress O 575
54 % Mackey functor Ag l& HSRIC Green functor D&% & D.

#l/3—> %1 FB (crossed Burnside ring) i& [OY01] TN E iz, BROERATGH
B% G-monoid £ A LIz D% G £ &L . Burnside Green functor £2 ® Dress X -
DNERIN—VY A FRBEZ 5N S, FRRICE L EDOEBER Green functor Ry, ? Dress
B SB5NB Rige OBER Y I kG D Drinfel’d doubleD(G) DERBRMNE X 5
N3. 6: 2 > R, lIC Dress EZIT T Lic kD, I 3—2 1 FIEE Drinfel’d double
OXRBRMEINS.

A8 Tl& Mackey functor, Green functor ICBHT 2EAMBIHZEL LD LT, Th
SDIGHD—FIL LT, [0d07], [0d10] DBEE% 5 Z 72\, Mackey functor {2 DWW T
[TW95], [We00], Green functor {Z DU Tld [Bo97], Burnside ring iZ DU Tid [Bo00] A
bhrbRIiELHoTNS.

GI3EMRE, ORBNITELDOAMIIRLT 5. G-BERIERLTS. G-HEHL G-map
D% G-set, £ERLEBROE%E Set LEFEL. G-HBEXIIHL [(X] TX 2B GHED
R T 5. BRE—DEFELDOEESZ ¢ LEL. HAI/tZ L D monoid i G-EBETH
% ¥ % G-monoid £MEL. —D0D G-HEH X, Y Ddisjoin union & X +Y &EHL. HREE
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BX DBEROMEHE | X| 8L, HSGIMUG-E£E8 XD H-EESELADESS XH
LEL BOHH<GLERgeGIIHL, 9H =gHg ! &L,

2 N—2Y4A g

GON=UA R 2(G) I¥, G-HE L G-BHOEDERN GE33A) ICBIT 3 Grothendieck
HTHY, TORMBER G-EEDTHANVMECL D BEEINIBTELIONZEDTH
5. B —RREOFAEH o) THD. s¢ TGCDITNTOHHBOELE LTS, 0(G)
7=~V LTRE

{IG/H]| H € [sq]},

272U [s] 1 s¢ D G-HBFDOTLRER, 2D

Theorem 2.1 (Burnside). X and Y be finite G-sets. The following conditions are equiv-
alent:

1. The G-sets X and'Y are isomorphic.

2. For any subgroup H of G, the sets of fized points X and YE have the same cardi-
nality.

WOBEH < GIZDWT, HBO G-EA X IHU 5 ([X]) = | XH| LED, BICH
RIDCLICKDEBRENDERE oF : 2(G) - Z BEFET 5. Tz, of 3BHERE
T&®H D, Burnside DEH 2.1, ghost map

o% = H 0% 2(G) - H Z

Helsg) Helsg]

PEETH B LERT.

3 Mackey functor
LU, [Gr71] T Green HEH L7z G-functor TH 3,
Definition 3.1. A Mackey functor for G over O is a function
M : {subgroups of G} — O-mod

with O-homomorphisms
th : M(K)— M(H),
rk . M(H) — M(K),
c . M(H) — M(EH),

g

whenever K < H are subgroups of G and g € G, such that
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1. t8,rH cff . M(H) - M(H) are the identity morphisms for all subgroups H and
heH,

2. rErll =B tHtK = ¥ for all subgroups L < K < H,
3. c;HchH = c;, for all subgroups H < G and g,h € G,
4. rofcl = cKrfl, i} cK = cHtf for all subgroups K < H and g € G,

5 rith = Z tE o gl KK,k for all subgroups K,L < H.
z€[L\H/K]

G DETEE H DN—2P A FR QH) 2RO 3BHOEMHRIC XD G D Mackey
functor DHIZE X 3.
t . Q(K)— 2(H) : |[K/D]— [H/D],
rf . QH)— QK) : [H/D— > [K/KnD]
9€[K\H/D]
K . QK)— Q¢K) : |K/D]—s [K/°D],
where DC KCHCGandge€qG.
LUFiE, [Dr72] T Dress W5 X7z ERTHS.
Definition 3.2. A Mackey functor is a bivariant functor M := (M,, M*) : G-set —
O-Mod, (M(X) := M,(X) = M*(X), fo := M.(f) : Mu(X) = M.(Y), f*:= M*(f) :
M*(X) = M*(Y) for a G-map X - Y) such that

1. If X and Y are finite G-sets, then
( (2x)" )
M(X) x M(Y) G289 px T y) @) M(X) x M(Y)
gives an isomorphism M(X [[Y) = M(X) x M(Y).

2. If

X —==Y
b lc

is a cartesian (pullback) square of G-sets, then

M) 9 My
M, (b)l O lM,. (¢)

M(Z) ~— M(W).

M*(d)



Example ,
G-EEXIIHL, UWEBPXNDGEHAD X, ASXHE A S X D% GE

a4
f

A
N
X a

AI

ZRMITEDLLTEBENIEE X LD G-EEDE L XU G-set/X TET. G-set/ X
DEZDOONF A, B X, A, B X OFLHE

(Ai B X)) (4, B X) = (A 114, % X),

(A3 X)x (4, B X) = (A xx A3 X),

722U, aldor & ap D pullback, HFHEET 5MH G-set/X D Grothendieck ring # 2(X)
LEL GEB f X — YVITHLU G-set/X & G-set/Y DRIDEFES

2*(f) : G-set/Y — G-set/X
(B—Y) — (X xy BBX)

2.(f) : G-set/X — G-set/Y
(A-5X) — (A-SHXx-DY)
£95L, TNHIE G D Mackey functor 2 : X — 2(X) ZHEI 5. 213 Burnside

Mackey functor &FEIEN 3.
Green IC X 5 E#K 3.1 & Dress I & % E$ 3.2 D Mackey functor DEZBDFMETH 3 T

b N ~
(Green — Dress) M % Mackey functor, X % G-set £9%. M %

G
M(X) = (@ M(Gm)> :

zeX

G
=iEL, (@ M(Gm)) & GHFEEY B G-EERLSERDOMBELTS. G-Bf
zeX )

X =Y &u= (ug)eex € M(X) 1K UEE M,(f)(u) € MY) %

VyeY, M.(fiuy= > teu,
z€GY\f~1(y)

TEDSD. BT v = (v,)yey € M(Y)ITH UESE M*(f)(v) € M(X) %
Vo e X, M'(f)()s=ra v

TEHB. TDOLE M & Dress hVE# L7z Mackey functor £ 7% 3. N
(Dress — Green) M A Mackey functor, H )G OEFHBEEDO L E, M #%

M(H) = M(G/H)

125
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TEHTS. HCK%ZGODHEDE, pX:G/H - G/K ZzBREHELTS. TOLE,
tX = M.(o), r% =M (k)
9%, BErcGLEEOBMH<GIIHNL, v :G/H - G/*H %2 ~yH(gH) = gz~ '°H
TEXS G-BEfLd%. TDLE,
o = M.(vf)

L4 3L M Green HER L1 Mackey functor %%, i, 2B J, KCHCGIC
DNT
rHoth = M*(p¥) o M, (pE)

TH5H, KX
G/J
lpf
DTNy 2R
[I,G/IPnKE——G/J
ql PB lpf
G/K —G/H,

Pk
127U, he[J\H/K)], q:=UnpS kP = UnpJng oK I Mackey functor 2L T
Z5NBH

M, G/J N KY— M(G/J)
q'T o T(pﬂ’)‘
M(G/K) — M(G/H)
HhHER32ICKHBHINZRK
@, M(G/J" N Kf— M(G/J)
N
M(G/K) —z— M(G/H)
%W T Mackey 7 fRICBIT 5 F
rif oty = M*(pY)o M.(p})
= M.,(p)o M*(q)
= Y ()0 (™)) 0 (Phhnk)”
helJ\H/K]
= Z (thonk 0 &) o e
he[J\H/K]

DRENBZTLEERT 5.



4 Green functors

Green M [Gr71] T ring G-functor LMEAZE DDEBMNLUTF TH 3.

Definition 4.1. G D O D Mackey functorA XEROIE H < GITHU AH) B O-
REOEEZ LB, UTORS%-3 & ¥, Green functor £\ 5.

o If H C K are subgroups of G, and if z € G, the maps & and cZ are O-algebra
homomorphisms.

o (Frobenius relations) If H C K are subgroups of G, and if a € A(H) and b € A(K),
then

b(tha) = tg((rfb)a), (tKa)b = t& (a(rﬁ}’b)).

Green functor (& Mackey functors (& N 5 DORED HIRZEH#L) DB D monoid #5 [MLIS,

p.75) ELTERENS. LLTIE Bouc A [Bo97] TEE L 7z G-set & iV 7z Green functor
DERTDH 5.

Definition 4.2. G ® O £ ®D Green functor A I&, G ® O LD Mackey functor TH
D, EED G-sets X, Y ICBIJ % bilinear maps

AX)x AY) 5 A(X xY): (a,b) —axb
BT ORBZHTTEDTHS.

e ZDD Gmaps f: X = X', g:Y - Y KN UUATORASA#THS.

AX) x A(Y) —— A(X x Y) AX) x A(Y) —=—= A(X xY)
A*(f)xA*(g)i o lA*(fxy) A*(f)xA*(g)T o TA*(fXg)
A(X") x A(Y")

— A(X' xY"), A(X") x A(Y")

. AX X YY),
e =DM G-sets X, Y, ZIIHNULUTORKENa[#TH 3.

A(X) x A(Y) x A(Z) 2220 A(X) % A(Y x 2)

(X)del o lx

AX xY) x A(Z) AX xY x Z)

X

o e Z1RBELTS. EED G-set X LERED a € AX)ITHL, 4 € A(e) BFFE
LU TFORMEZHZTT.

A(px)(a x eq) = a= A.(gx)(ea x a),

TePl, XxeZX X, ex XX X 3HEREELT S,

127
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5 Crossed Burnside rings
S % G-monoid, X % G-set &9 5.

o B G-xset/S x X DXHIE, Sx X LD crossed G-map (# G-BAR) A — Hixe o o x

(7z7Z2L, ||-|| & weight function &PEEN 3 G-map A s ok G-map A = X).
Il x a ZEBELT A S x X &#L.

| X

e AL SxXD5BL SxX\DH FI3GE/Rf:A— BThf=alk
£ (@)l = lla|l 27z ELDTH 5.

HED-ODHRAS x X £ BsS x X K LRIEHEEUTOL S ICED B,
o (A58 x X) + (B8 x X) = (A][ B=38 x X),

o (A58 x X) (B-HS x X) = (Axx B4S x X), 1=12L, p @774 "\—#,
weight function & ||(a, )| = |la|| - ||b]| TEHT 3.

f/3—> YA R (crossed Burnside ring, I N CBR &< ) X 2(G, S, X) (3B G-xset/Sx
X @ Grothendieck BR& L TEET 3. X N1 REEDLE X02(G, S, X) & CBR XQ2(G, S)
([OY01)) LA THB.

Dress # %% i\ 7z CBR ® Green functor LA FDERE L THIEN T3
Theorem 5.1 ([Bo03a], [0Y04]). S %2 G-monoid, A 2 Green functor £ 5. TD&

& Mackey functor A D S IZ X% Dress BRIC K > TE X 515 Mackey functor Ag &
Green functor ODREER & D.

T DEHICEX D Burnside Green functor 2 & G-monoid S &5 Green functor 2g(=:
XQ(G, S,x) 2185, FIC G-map f: X - Y XZDDEH

fi + XQG,8,X) — XQ(G,8,Y) [A——)SX] — [A-58X 12 gy,

£ XQG,SY) — XQG,S,X) : [BLSY] — [X xy B X, 5x)

(772U, weight function ||-|| : X xy B = S & ||(z,b)|| = ||b|| for (z,b) € X xy B) &
H95.

6 Green functor DD BARETH:

IN— A RERD Green functor 5 5 EBER®D Green functor N\DHRZEH L FL X iE
FIC BT B R 2B B ([0d07)).
Burnside Green functors.

G DD BDK L TEBEI Nz, BIN—Y A FRTV—VEFE XQ(*,G) ZHEfFT
% (see 4.1 of [OY04]). HDBEH < GIZDWT sy & H DT XRTOHHEEDK, Co(D)
ZD<HDGBIBHMLBELT S, MK

H(< G) — XQ(H,G°) = ((H/D),| D € [H\ S(H)]s € [H\ Ca(D)))z
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indf : XQ(L,G°) — XQ(H,G°) : (L/D),— (H/D),,

resf : XQ(H,G°) — XQL,G°) : (H/D)s+— > (L/LN9D)s,,
9€[L\H/D]

congg : XQH,G°) — XQ°H,G°) : (H/D);— (H/9D)s,,

7L, DSL<HZG, geG, EGDZ LD Green HFOMEREX 5. XQ(x, G°)
D Green BIFOMEICHT 2EREEEX 5720, G/H x G° LOER G-EEDHE G-
set/(G/H x G°) (see 2.4 of [Bo97]) & H DRBICKDEE S H-EH G° LDOER H-
LA DM H-set/Ge DFMEMICET 2 EE %%,

7% G-REDLETEREIN G D Z LD Burnside Green functor £3 %. Proposition
2.4.2 of [Bo97] IC & D, 26:(G/H) = 2((G/H) x G°) &8 G-set/(G/H x G¢) DBEEH]
(GEZAD 1CBAd 5 Grothedieck B ¥ RAUC 5 T EADMB. G/H x G° LD G-#£H

[K,s]: G/K = G/H x G°: gK v (gH,%s),

7L, K e [H\S(H), s€[H\Ca(K)], PQC/Hx G DL FORELESC L
bhB. G/H x G°) DREDEFER (G/K, K, s]) £E<L. Theorem 5.1 of [Bo03a] &
Qg A’ Green functor DR E DT LZRT. 2(G/H x G°) DEEDERE (G/K, K, s))
& (G/L,|L,t]) i<X L, Theorem 5.1 of [Bo03a] &7 5 DI

(G/K,[K,s])- (G/L,[L,f)) = Y (G/KN°L,[KN"L,s-4). (6.1)
c€[K\H/L]
THZXH5N%. Lemma 2.4.1 of [Bo97) D& 31T G-set/(G/H x G°) b5 H-set/G D
BF FTG/H x G° LOHBH G-HEE [K,s]: G/K — G/H x G¢ et L

F:(G/K,[K,s]) — (K,s): [K,s] " ({H} x G°) = G°

TEEBHEFF 285, gK v 9s TEES HEBRH/K - G % [K,s) L EL. H-set
Ge ko H-#£8
[K,s]: H/ K — G°: gK — 9s,
772U, K € [H\S(H)|, s € [H\Cs(K)], BQUE(G) DZ LOHEEL KRBT Lhbh
%. QUGG DEEDZDE (H/K,[K,s]) TEY. FEOEIHH < GICDOWTF
B G-set/(G/H x G°) Inb H-set/GS\DEEE G X5 LA b3, Wid H-set/G° H
5 G-set/(G/H x G°) "\DHEHEFTE52 5N 5.
Fic &% (6.1) DIfiZ H-set/G° DHT

(H/K,[K,s])- (H/L,[L,f]) = Y (H/KN°L,[KN°L,s-t])
ze|K\H/L]
&7 %. H-set/G° D Grothendieck group (& XQ(H,G¢) LRANCK 3. XQ(H,Ge) D&
KDt (H/K), & (H/L), DREIX

(H/K)s-(H/L)y= Y (H/KN°L)s
z€[K\H/L]

129
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TEBTES. GOHATT 1 ZHAWVWT XQ(H,G°) DENITIE (H/H),, TEEh3. T
hig, EBROBHIBEH < GIlZDOWVWT XQH,Ge) ICBM T2 R OBROMELXE5X 5.
Witherspoon’s Green functor.

Witherspoon (& G @ Z £ D Green functor Rc(Dg(*)) Z#8T L7z ([Wi96] Section 5).
EEDOEHIE H < GIcH L, BB CG D Drinfel'd (quantum) double [Dr86] D(G) DY
B

Dg(H)= Y Cégh,
g€G,heH
121EU ¢, ERNZER (CG)* = Home(CG,C) DEE, WEHET 3. Dg(G) = D(G) H
DIIDT ¥, R(D(G)) M D(G) DERR, H3V i3k PRI CG DKy 7 bimodules D
Grothendieck BREFIEITH % T LICHERET 5 ([Ro95], [Bo03a], [OY04]). HAH H < G
XL, Re(Dg(H)) % Dg(H) D Grothendieck L 9%, D& EXIG

H — Re(De(H)),
IEUH LG, LB/

Dresf : Rc(Dg(H)) — Re(De(L)) : U w—U lpguy
Dind¥ : Rc(Dg(L)) — Rc(Dg(H)) : V +— Dg(H) ®peyV,
Deonjy, : Rc(Dg(H)) — Rc(Dg(*H)) @ U +9U = gDg(H) ®pgm) U,

7=7=L, U ~LDG(L) & Dg(H) DIER%Z D(;(L) ICHIBL TR 5N3 DG(L)-bUﬁ (L < H<LG,
g €QG), ZLEDG D Green functor DWEZEZX 5. G° LD HAY FMVROEE
Do (H)-mEEDOBOEEHZ S%FAT 5 (see [Wi96] Section 2).
A morphism of Green functors.

Rc TG O # L TERBEI NI C LOXRBRD Green functor £5%. Re(G/H) =
Re(H) £ $5< & Remark 2.3 of [Bo03a] & U G-set X ED G-AZ C-\7 FIVE Re(X)(see
[Wi96] Section 2) ZA T DHEZEL:

e If X is a finite G-set, then Rc(X) is the Grothendieck ring of the category of G-
equivariant C-vector bundles on the G-set X, for relations given by decomposition
into direct sum of vector bundles, the ring structure being induced by the tensor
product of vector bundles: one can set

G
Re(X) = (@Rc(cz))

zeX

where the exponent denotes fixed points under the natural action of G on ®,ex Rc(G:)
by permutation of the components, and G, is the stabilizer of z in G.

o If f: X = X'is a G-map, then Rc,(f) : Rc(X) = Re(X') is defined by
RC*(f)(u)ll = Z tg:(u:v)a

z€[Gy\f 1 (w)]

where tg: is the induction map from Rc(G;) to Rc(G,), u € Re(X), and y € X'.



o If f: X' = X is a G-map, then Rc*(f) : Re(X) — Re(X') is defined by
Rc*(f)(©)e = G2 (v7();
where g’  is the restriction map from Rc(G.) to Re(Gy(r)), v € Re(X), and
zeX.

e The product of the elements a € Rc(X) and b € Rc(Y) is defined by

G G
(a' X b)z‘,y = TG?I‘U) (a’m) . rG,(yx’y) (by)

X MERGEEDLE,
Yi0) = (p: Y = X) — {Clp™ (@) }aex,

122U, Clo ! (z)[1d G- HB ¢~ (z) B 52 ZBHNE, TEBRI NS B Green functor
D&%
f:Q— R¢

&L
ROEHIBETHS.

Theorem 6.1 (Bouc [Bo03a] 5.1). Let A be a Green functor for G over a commutative
ring O, ' a crossed G-monoid, and €4 an element of A(e) such that for any G-set X and
for any a € A(X)

Apx)(axeq) =a= A.(gx)(ea x a)

denoting by p, (resp. ) the bijective projection from X x e (resp. from e x X ) to X (see
1.2.1 of [Bo03a]). Then the functor Ar is a Green functor for G over O, with unit € 4.,

where €4, is the element A, I €a) of A(T') = Ar(e). Moreover the correspondence
r 1o

A — Ar is an endo-functor of the category of Green functors for G over O.
X9, UTFOHEEEFET 5.

Lemma 6.2. Let Q be the Burnside ring Green functor and G the crossed G-monoid.
Then there is an isomorphism of Green functors

XQ(*, Gc) = QGC.

BIRES X 525 C-_LOBE#NIE % C[X] T&TY. Theorem 6.1 M Green functor O
B endo-functor Z Q NS Re "D QI ST 3 LA TFOEEEZEL ¢

Lemma 6.3. Let 6 : Q — Rc¢ be the natural morphism from the Burnside Green functor
to the Grothendieck ring Green functor. Then the morphism Oge : Qg — Rege given by
the Bouc’s construction is a morphism of Green functors.

131
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E5IC Lemma 6.3 S LLTHRES.

Lemma 6.4. There is a morphism
ge : XQ(*,G°) = Rc(Dg(*))
of Green functors.

(H/L), %% XQ(H,G°) DEEDEFE L F 5. Lemma 6.4 %, 0g-((H/L),) N G° LD H-
N MVRTHBZ LZRT. D H-NY MUVE%Z [H/L), £E<. Lemma 6.2 XL T D
HREZRY.

Lemma 6.5. The H-vector bundle [H/L), is the CCx(*g)-module C[[*L,*g]~*(*g)] in the
*g-component, for z € [H/Cy(g)], and 0 in all other components.

[Wi96] D Section 2 TEEEN/=EMB Incl;, : Re(J) = Re(Dg(J)), 72721, Jidk G DER
B, heCg(J), ZEYETS. SALNTCI-MBEVITXHL, Inclya(V) i h-component
NV, TR0 L LTEEREDET 5.

Lemma 6.6. Let Og- be the ring homomorphism 0(ggyxg-from the crossed Burnside ring
XQ(G, G°) to the Grothendieck ring Rc(Dg(G)) given by the previous lemma. Then the
D(G)-module corresponding to the G-vector bundle Oc<((G/L),) is the induced module

D(G) ®pe(w) Inely,o(CIL/L)).

Sub-Green functors.

G DEHBEHICNL, XQ(H,G®) DEH (H/L):, TERKE NP R XQ(H,G%), %
IS EE B XQ(x,G¢) D sub-Green functorXQ(*, G¢), DEFEET S. X2 GDOEHFE HIC
U, Re(De(H)) DEF Incly,,(V)'s, 72721, Inclyi, (& De(H)-MMBEDOBE DTG
B\D CH-IIE OB DDA BETF ([Wid6] Section 1), V i& CH-IBE, THERENiE
7R Re(Dg(H),y) ZXIEEE S Re(Dg(x)) D sub-Green functorRe(Dg(x)1) BMFET 5.

XQ(H,G°); »* Burnside ring Q(H) L[@BITH S &, Re(Dg(H),) HWEHED H DFE
BRRc(H) LRABETH B VDB, BER Oce Ixamce), & QUH) DS Re(H)N\D
BREREREYERTHS.

Characters.
g€ G & Ce(g) DEHIFEHE p ICDWT, CD(G)-MBE U = {Un}hege DIEHE x,,, RO

1
U)= — Tr(g, U, h
Xg,p( ) degp he%.:(g) (9,Un)p(h)

TE5X 5NB. BIA—2 41 REIDIGHEIE ((0Y01], Section 5) TEEEE NFz. WHEEH < G
of G & Co(H) DB 0IZDWT, XQ(G,G%) 5 C\DIEEAR wy p 1& Burnside
BEE o LHODHIER Oy, LOBRTHS : G LOEZONTR G-set X, Wt
H <G, BB CC(H), DEKIHERE p I L, who(X) = @n,po pu(X).
EED h € G LR G-set (X, @) D h-component (&
X[h] = {z € X|a(z) = h}

TERINS.



Lemma 6.7. Let g be an element of G, p an irreducible character of CCq(g), and Oge
the homomorphism from XQ(G, G) to Rc(D(G)). Then xg 06 = wg) ,, where (g) is the
cyclic subgroup generated by g.

7T BNV UALFBERUYTIIVNETIVDORFE

AR p-Bf PIic LT, Z0O# Burnside B BS(P) & QP ® Drinfel’d double D(P) D
Bi#R Ro(D(P)) DRERDZ rankBS(P) — rankRg(D(P)) % P DHMLEE Cp(g) (g € P)
® Dade group O torsion part DD TRT LN TEZ LWV S BROBELR RS
([0d10]).

Some known Dade groups: BRR p-Bf P @ Dade group D(P) i&, p-BED endo p-&
BN ADTZHIC Dade 12 & D EEE Nz ([Da78a), [Da78b]). k ZIEEp > 0 D&,
PZAMRpELTS. BREKLP-IEE M IS, kP-hiEE End, (M) DNEEINBEL 125 b &,
end BEEIIBELFFIEND. ZDD end BHLP-INBE M, NIE, M QN* HBEHLP BT
%% & & compatible TH % LMY, M ~ N &EL. endo BE LP-IIRE M X, M@ M*
WEMEFE UTHEBELKkP- Btk B DL E, capped EMEENS. Bf% ~ I, capped
endo EHMBERAD 7 5 ADOEHEBIHR L %25 2 EH Dade IC K DRENTZ. C OEMEE
2HDEEB%Z D(P) = Di(P) £ EL. D(P) i3k LOF UV EEME T 2RICKSC
EBHISENT NS, D(P)& P® Dade BEL N TN 3.

—HRD p-BEIH U TZED Dade group 1& & THHEHETH B M, normal prank 1 & RS
N3 28X L TIE, Dade*® Carlson and Thévenaz ic X 3L FOREIPH SN TV S:

Theorem 7.1. (Dade [Da78a], Carlson-Thévenaz [CT00])
1. D(Cyn) = (Z/2Z)"1, and D(Cpr) = (Z/2Z)", if p > 3.
2. D(Dgn) = 7273,
3. D(SDan) & 72" @ 7./ 27.
4. D(Qan) X2 S ©ZJAZ © Z)2Z, forn > 4.

5. D(Qs) RZOLIAZDL/2Z, if the ground field contains all cubic roots of unity, and
D(Qs) = Z & Z/4AZ otherwise.

HEBRICRBIERT 52 £IC XD, Dade HHERANCHEMTES T LRRUELT
DRI ETELRNEERTHS.

Theorem 7.2. (Bouc-Thévenaz [BT00] Theorem 10.4) There is an exact sequence of
functors

0— QD - QB - QRy —0
where e(P) : QB(P) — QRq(P) is the morphism mapping a P-set to the corresponding
permutation module over Q.
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p-EE PICH U BS(P) % P D#N—2% A R, Ro(D(P)) ZHIRQP O Drinfel’d ¥
VD(P) DEBEELT S, COLE, ThHDROMEEODZE rankBe(P) — rankRg(D(P))
EUTOEEEZAVTHETSCLATES:

Theorem 7.3. (Bouc-Thévenaz [BT00] Theorem A) The torsion-free rank of the Dade
group D(P) is equal to the number of conjugacy classes of non-cyclic subgroups of P.

p/3\ v FEIFE (p-biset functor) DEBDT=DIINA Ly F DERZERT 5.

Definition 7.4. Let G and H be finite groups. An (H, G)-biset, or a biset shortly, is
a set with a left (H x G)-action, i.e., a set U with a left H-action and a right G-action
which commute.

If K is another group, and V is a (K, H)-biset, then the product V x U by the right
action of H given by (v,u)h = (vh,h~'u) for v € V, u € U, and h € H. The class of (v,u)
in V x g U is denoted by (v,5 u). The set V xg U is a (K, G)-biset for the action given by

k(v,n u)g = (kv,r ug)
forke K,geG,ueU,andveV.
Definition 7.5. Denote by €, the following category:
e The objects of €, are the finite p-groups.

o If P and Q are finite p-groups, then Home,(P,Q) = B(Q x P%) is the Burnside
group of finite (Q, P)-bisets. An element of this group is called a virtual (Q, P)-
biset.

e The composition of morphisms is Z-bilinear, and if P, @, R are finite p-groups, if U
is a finite (Q, P)-biset, and V is a finite (R, Q)-biset, then the composition of (the
isomorphism classes of) V and U is the (isomorphism class) of V x o U. The identity
morphism Idp of the p-group P is the class of the set P, with left and right action
by multiplication.

B OICNL F,0 TOC, H5 O-Mod \D O-additive EFDEL 3. F, o DIHRE
p-biset functor % 7z{3 Bouc functor (defined over p-groups, with values in O-Mod)(see
[Th06], [Bo06], [Bol0]) &1 5.

M % p-biset functor QD, QB, QRo DHD—DLF 3. P-HEEXIIHL

M(X) = (GB M(Pz))

z€X

= {(m(w)) e PM(P)

z€X

?(m(z)) = m(gz)vg € P }

7zlEL, P &z D PICBIBEERTR, LBL.
IVENOF NN A RVAS
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Corollary 7.6. Let P be a p-group and X a P-set. Then there is an ezact sequence of

Q-vector spaces
0 — QD(X) = QB(X) - QRg(X) — 0

FORDX LT P REBZETUTOEERXES.

Corollary 7.7. Let P be a p-group. Then there is an exzact sequence of Q-vector spaces
0 — QD(P°) = QB(P°) — QRg(P?) — 0
In particular, we have
rank B°(P) = rankRg(D(P)) + dimg QD(P°).
& 5124} Burnside ring DBEEICE LWBICET 3 ROEREE 3.

Corollary 7.8. Let P be a p-group. Then the following numbers are equal:
(1) rank B¢(P).
(2) rankRo(D(P)) + 3 j¢;p\ pq dimg QD(Cr(g)).
1CP(Q)] 1
@ Y maglel| Y —
aepaey V(@) wiarer 11

4 D INe(Q\Cr(Q))].

QE[P\S(P)]

(5) > ICr(9)\S(Cr(g))]

g€[P\P?]

FORZRNVB ELTFDX S Ic—D p-BE PIcH LT, rank B¢(P) —rankRo(D(P)) H
Cp(9) DIEKEIFGHEHOREEOBEEZ AV THETE S LHADH 3.

Corollary 7.9. Let P be a p-group. Then

rank B°(P) = rankRo(D(P)) + Z |Cp(9)\8non(Cr(9))l,
gE[P\P<]

where 8xon(Cp(g)) is the Cp(g)-poset of mon-cyclic subgroups of Cp(g) with Cp(g)-action
defined by conjugation.

RHCKE] p- B U TR —T 3T L hbh 3.
Corollary 7.10. Let P be a cyclic p-group. Then
rank B°(P) = rankRq(D(P)).

Some small 2-groups.

(g 2" (n € N) D[RR, ¥EEARE, —ROTEROPMEBEOBIEICET 55
AWEEZENT B (FzL ZIE LT of [Er90] ZBROT &). ThSOBOHROCEEN
B0 2 Dtk 2 b EL.

Dy = (z,ya” " =y =1,y oy =27)
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AR 2" (n > 2) D_HEHEEL TS, TDLELL 2 OFIMEBEE Don 253, y & oy
DHLLINEEE Klein four group ICEIBITH 5. D 272 — 1 HOIHDTTOH.OMEEEZ
IANTHKERFTH S.

SDgn = (z,y|z*" =9 =1, y oy = 2777

A2 (n > 4) DE_EAEBEL TS, 1 & 2 OHFMERBHE SDy THB. y DHMEERE
i& Klein four group TdH 3. fio 2»2 HORBRDTTOPIMEBE TN THKEBTH 3.

Qe = (yle™ =9, y' = Ly loy =27"7)

2B 2™ (n > 3) D—RIUTEBEE LTS, 1L 2 OHFIDINEHLE Qo THB. D272 +1
DO HBRDOTTOFIMEBHIINTKEIRTH 5.

FUUMEBEDORIE & Corollary 7.9 DS LI FOEENRES.
Corollary 7.11. Let P be a dihedral group Dan of order 2™ (n > 2). Then

rankB¢(P) — rankRg(D(P)) = 4n — 4.

Corollary 7.12. Let P be a semi-dihedral group SDan of order 2™ (n > 4). Then

rankB¢(P) — rankRg(D(P)) = 4n — 7.

Corollary 7.13. Let P be a generalized quaternion group Qon of order 2" (n > 3). Then

rankB¢(P) — rankRg(D(P)) = 4n — 10.

W
HFEADOHBERK, MAHEAKZRECHE LT, B2OEEDBEOBREE5X TS
RESBREDOARICOLIDBHRLUET.
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