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1 (ZCic

ARRTIE 2 DDEEMN S, distance set DAL FS5 7 L Db hICESAR S
T%. 1D “EEICB) 2 EREAESORE L ERIEOENYS 7 OBIR”
THHES 1DIFGEE (B LLTDYST7 TH5.

RRETIE, I OB & UCESE®K Y S 7 HEMER S 71cik 3
T L EHEND. EBIERIYS 71 P- 8EX 7YV I—Ya Y AF—LE L
KN, TV I—Y 3V AF—LOMEICBIBFONET S ATH S,
TSRk DTV L= 3V AF—L05, BRE_ LD (%) k-distance set
R ENS ([1], pp284) . —fRIC, (FA L EH/ITHBIT ) optimal idE
FROFFERFF> T0B X351, 2L D&KW distance set 7V T—T g
YAF—LHSBRENT VBT EHHERTE S, distance set &7V ¥ T—
A Y AF—LOBEFREICDOVWTEZ T T LI, distance set DRFFRICE
B —DDHAMETHAS. TDT LIKDWVT, FEAETHARATS.

—7J3T, k-distance set DECEZ HRICEZELT S TD k- PERICHISEXE
BTENTES. Thid, BEICEXBIEBR2EROMRICE L $EHYE
Be%ks. XY EBKWIC, diameter graph % orthogonal graph ICDW\T,
3EITHEERT S

2 distance set
o R%: d Jyta—4 Vv RZ2Rg

o S9-1: Re FDESHALDBAIER
e X C ST, X =-X &3 L%, X % antipodal THB LS.
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e For P = (p1,p2,...,pd), @ = (q1,92,---,94) € R,

d
PQ=.|> (m—-a)
i=1
Definition 2.1.

e For X ¢ R? (|X| < o), A(X):={PQ: P,Q € X,P #Q}, a(X) =
|A(X)].

o a(X)=k DL E, X % k-distance set &£\ 3.
o HUEHBTEDHS — DD k-distance set #[FH/x k-distance set &\
5 (LERABEICDOWTEZRS) .

Example 2.2.

X1 X2 X3 X4
AXy) ={1} A(X2)={1,v2} A(X3)={1,7} A(X4)={1,v2,V3}
1-distance set 2-distance set 2-distance set 3-distance set
(T — 1+2¥5)
ZFOM, I n AED n KU [gJ-distance set, E/ZIEZTHEED 12 /|
E+ZHE&D 20 RIF#FNFh, 3-distance set, 5-distance set {Z%x> T\ 3.

—%IT, k-distance set X ¢ R ICH L, KIT d IHRT, EEEDORERE o(X)
WDk & TXu ] distance set ThHB EHTHE3S.

Definition 2.3.
o DS’(‘d, k) := max{|X|: X is a k-distance set in R%}.

e R? FD k-distance set X A% |X| = DS(d, k) Z#%7=9 & ¥ optimal &
LN

Problem 2.4. 5X 5607z k, d IZX L,
o DS(d, k) BHRER&.

o R? L k-distance set T DS(d, k) X, E-ldZNIEWTEASEED
LOZGEE K,



2.1 Tight two-distance sets
Theorem 2.5. Bkl S ¢ R D (resp. antipodal) k-distance set DTE

ot 5
) ()

UTFTHhs.

FHRZEIT S D% tight (antipodal) k-distance set & l/‘? tight k-

distance set 37V T —Y 3V AF—LOBERED.

Problem 2.6. d = 2,6,22 DOftic §4-1 Lo tight 2- distance set WEET
M.

d>37%5d=(2n-1)? -3 (n:BRE) O THRINERSENT &LiF
77H > T3, (Bannai-Damerell [2, ])

Remark 2.7. $FiC, tight 2-distance set D7 EEMIRRIZEBRE . ZF U tight
BIRTYA > O FE L EE L TEEEADRED, tight 2-distance set D
FHER L —RT EOZERTO tight antipodal 3-distance set DTEIEMEN—K
LTWB T EMENTNS. TORENERTHIE 5 A EIE 20 HiAT,
tight 2-distance set D MBI DOXRT7DO—RLEEZTVWB L EHAND
7259, ‘

e S91 FIC tight 2-distance set BEET 3
<= S? LI tight antipodal 3-distance set ATEIES %

e S1: tight 2-distance set (IE 5 fJF)
<= 52 : tight antipodal 3-distance set (IF 20 Eifk)

X 1

3 U557 LEHES

3.1 ERJS7EZDOMITE
Definition 3.1. G = (V(G), E(G)) Z¥#T 57§ 5.
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o [HEEADHMPTES Y C V(G) IZxfL,
Y MG OHVES > vewfor vweY

e a(G) :=max{|Y]|:Y is an ind. set in G} : G D W
Definition 3.2. (Diameter graph DE#)
e D(X):=maxA(X) : X C R? @D diameter
e G:=DG(X) :X @ diameter graph
{V(G) = X,
For P,Qe X, P~ Q ifPQ=D(X).

Example 3.3. P, Z(i¥l n DIRA, C, Z(ifl n DY A 711/&3’5 EJfa
R, ZIEn ﬁﬁ/ﬂlﬁﬁéﬁi@%b‘c‘:ﬁ‘% TDL¥E,

DG(Ram+1) = Com41, DG(Rom) =m - Pa.

diameter graph OMHITES, MU BIIEETHS. X & k-distance set &
9%, TDOLE, X & diameter graph G = DG(X) DTHRER V(G) &xt
AT oNER, G OMIUEE HICHIETS Y ¢ X &, X O—DDHhH
D(X) ZEATWEWV. DX D, HX (k- 1)-distance set 172 5.

X D Y
I !
V(DG(X)) D H : an independent set

TDLEY IEEAL (k- 1)-distance set.
Lemma 3.4. {A,B,P,Q} € X CR? IX{L, AB=PQ =D(X) £33 &
X, 287 AB, PQ ¥R b 5.

SEHE_ED diameter graph I DWTRAIER D 31 D.
Proposition 3.5. X cR? icX L, G = DG(X) &9 5. TOLE
(i) G BEEDBEY A IV Cop (m > 2)%5&4’:0‘
(i) &L G BEY A TV Comy1 ZEDIX, V(G) \ V(Camy1) DEED5H
EBERE LT,
EXIC, G IEER—DDY A 7NV ERE.
Proposition 3.6. X C R? (|X|=n) IcXfL, G = DG(X) ZZD diameter
graph £3%. &L G#C, %5, a(G) > [2] &% 5.
Example 3.7. X %Y LD 9-point 4-distance set £ LZ D diameter graph
# G=DG(X) £95. COLZE,

e L G=Cy %5 X =Ry (" X & 4-distance set)

e 6L G #Cy %5 aoG) > [5] =5. DED, X & 5-point (at most)
3-distance set ZFE.



3.2 4 | 2-distance set DERETS T

,.IB BP‘l
Pl;_ A ."-_P2
%2 ¢

TD 2 DD 2-distance set IIZED LS KHEDIHBEASH?R2 FC
RT3 E000I VWA, R FTRAE XL HOMS. FTRIDLS R P%
2-distance set TH 2 XS ICHFNICEL TR ENTELN, FOWEE L
TP, P B5%%. D2 DTHRILHBNCAE->TVBRC EICEEE N,

(HIRDBIRT 2 DOEZERE AR TRAILTZ.)
o TNTNDIREZ—VTHIST B 2-distance set DEBENFET S.
o ThHM 2 mNEEIZ, BMY ST G LZOWIF7 G RE—ELK

&0,
o KETTIE, A X OECEBICHISLEYS TR ER 3. $lrcDb

X, FEDONRSG A—ZDRFICB I 2ERNEHEICAS>TL 5.

BEICBVT, IRXTOMNCEBRETAIENTE A, -7 L ET
RIENE NS BHNEZAWZDOT, T TRLETDEA SN 3 EiEy 5
Bl THL. -
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3.3 J37LEXH

Definition 3.8. Bi#i /57 G ' orthogonal graph TH 3 L, ROME%
T HCV(G) (2< |H| < |[V(G)|—2) BREOLXE S,

N(wi)\H=N(wg)\ H (Ywy,ws € H)
CZT Nw) ={veV(G)we E(G)}.

Definition 3.9. A(X) = {a,b}(a < b) £7x% 2-distance set X IZXf L T,
(HptiERE) /57 G ZRDEDICERT S.

V(G) = X,
(p,q) € E < d(p,q) = a.
BRT S 710 ind 3 2-distance set & 2 DDOERT AN ESICHE|

TEBT WD, ZOTLZHAWT, 75 7h5 2-distance set DEEX
HICHERET AT EMNTZET LD S.

Example 3.10. XD~ 57 G & orthogonal graph TH 3, HDXSICET
ERHDRIV. XHEY B 2-distance set X OREZHTHKD.

G p3 YA WA
D2
D4 D2
D3
@ a D4
Ds i Ds
G XCR*

e Y | spherical IC%%. ZOHLZFRMRICLDL Y LX\Y
dim(Y) +dim(X\Y)=4 &b,Y cR?, X \Y c R?

Y CR? BIEERAFICKS.

X\Y RERAFD 4 JEDERICKS.

YA wA

zy—plane zw—plane

ay
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T, a= 7547’ b= 117-+7 (r = 1+\/_)

4 2-distance set @@'J‘ﬂ&ﬁiz\_af

4.1 4957 ¢& 2-distance set

Theorem 4.1 (Einhorn-Schoenberg [4]). n REHM TS 7G5, n—1
KD 2-distance set \ZIRICIFET S, £z n - 2 KLU TFICHEHHAEN
BHEENZE 1 DEET 5.

C D 2-distance set %, /s 2- distance set & KU M(G) TRY. %1,
FORTeE d(G) TEY.

Example 4.2. fEiZED 4 F5D 2 BEBT T T LT, ERBDITHIGT
BT TREZDBE, RERTETOMT T 7IChD. BROERREZ ST
& T, 9%@%73‘{55“5 IR/ NRITORNC DWTE Z TITL.

G | d@) | d@) | d(C) + d(T)
G 2 | 2 4
Go 1 2 3
Gs 2 2 4
G4 2 . 2 4
Gs 2 1 3

4.2 Tight graph
Theorem 4.3. G Z{if{ n DHIY ST LT3, DL ERDTERDHK
DILD.
d(G) +d(G) > n—1.

- Definition 4.4. FOARERXTEHESZRTZT S5 7% tight graph EFER.
Problem 4.5. Tight graph ZRE Dl K.
Example 4.6. ZRD 7S5 713 tight graph <% 5.

1. WERITST (F 5@ r Y57 Ky BREATS 7).

2. BRI FT K (=7 DEFIIEREHTF7).

3. 36%’.){4%5( 9 DYTS7T Gy, Ge, Gs.
(d(G;) =4, Gy = G1, G2 = G3)

4. B0 45 D57 G. (Lisonék [5])

Remark 4.7. 3 D5 T 719 B8] 2-distance set 139X T non-spherical
T3 3. non-spherical 7% 2-distance set ICDWTIE, REICHNS. £/ &4
& Example 3.10 THHTE/F 57 Th 5.
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FD 1 ICBEL T, ZR2BHYS 7T it e 548/ 2-distance set 13XD &
B,

Example 4.8. G = Kp ny,.n. (M1 2 n2 > --- 2 m,) IENL, X = M(G)
£95%.

() ni=ng=---=mny >ngy1 PEE, X & spherical T,
dG)=n—-t, XcMG).
CTC, G =Knpyny.my GBETHITF7).

(ii) n1 #ng O & E, X I non-spherical Td(G)=n—-2 tix5.

4.3 Design and distance set

Theorem 4.9 (Nozaki-S. [9]). d(G) +d(G) =n -1 <<= X = M(G) &
constant weight O Euclidean 2-design 7D 2-distance set

strongly regular graph — 777
) 7
spherical 2-design ==  constant weight Euclidean 2-design
and 2-distance set and 2-distance sets
¢ 3
dG)+d(G)=n-1 d(G)+d(G)=n—-1

and spherical

Conjecture 4.10. R3 M 5-distance set T 20 U LDE DI, E+_H
HROTERERICBESNS. KT DS(3,5) = 20.

C DFREIC DUV, spherical design ICBHT 358V EEO T T, BAMEIZR
ETE5.

Theorem 4.11 (Nozaki-Suda [10]). X A% antipodal 5-distance set HhD maz-
imum strength 5 (spherical 5-design TH VD, HD 6-design T/R\VY) D& ¥,

|X| < 20.

4.4 BRME, JEERME_ED 2-distance set

BR&IC, BREFEEREIC ) 7= 2-distance set D HERIBICRIT A5 R 22307
%. Roy ([11)) 1375 T7% 5 DD 5 AR L, Mind 3 2-distance set D -
/NEDIAH DR TTHE KD T

Theorem 4.12. 757 G (|V(G)| = n) ORI 2-distance set X = M(G),
A(X) = {c,1}{c < 1) IEDVTERDWT MDD 17D.

l.e=(n+1)/nMDDd=n—m;—1.
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2.c=(n+1)/n PDd=n-m,.

3. c=(r+1)/ms HDd=n—mg-2.
foe=(m+1)/mhDd=n—ms—1.

S, c<(n+l)/rm,c#(r+)/nbhDd=n-2.

CCT, AX) = {¢,1}, 7 1& G DBHETHID i BEI/NEVEEME, m; 1%
TOEEETHS.

TR 9 IKBNT, 5 DDRALT DS B, Type 1,2,5 Off/|s 2-distance
set DHAY spherical THB T LZERLIz. DFD, Type 3 DFST G D&
A non-spherical T d(G) <n — 2 Zi#7.

CNETIE, Table A DR TRAMEHSHSNTVID, TORD SIEERT
IRDEARMBEIZDONT d = 4,56 LSNIFEBlciEshs.,

Maximum cardinalities of two-distance sets for d < 8
d |1 23 4 5 6 7 8
spherical |2 5 6 10 16 27 28 36
general (3 5 6 10 16 27 29 45
Table A

- Type 3 0)777@7@4\/5(71:72%2_6L ET,d=4,56 ICDVTROMER
75‘@5417’1

Proposition 4.13.

o d=4:9 KD non-spherical 2-distance set \ZFEHERETE 3 BIEE
95,

e d=5:10 KD non-spherical 2-distance set [I[FATIERE—ZICET 5.
o d=6:17 ;D non-sphsrical 2-distance set IXFAHERE—BICEES.
CORERICKD, RDK S ITEKIHES.

4 5 6 7 8
10 16 27 28 36

d , 3
6

5 9 10 17 29 45
b

1
spherical 2
non-spherical | 3

Problem 4.14. Type >3 DTS 7EEDEED B DB S .
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5 Appendix

G | i | &
1 1 1 1 1
G —_, =, 0 —,—=,0 -—,0,0),| 0<0<L
1<2f2)(2¢§2)(¢5>
L—ﬁ 50,0, sin 6
2
G siné, 0, 1 s 6 —siné, 0, 1cosH 0<9<-7I
2 15 ) =7=9

0,siné, %cos() 0, —siné, 1cosé?

— <@ <
G3 2\/_ 2 0 , y 0_0_7T
(cosﬂ 0s1n0)

(5
T G o

wanO’ZO) 3 xOJyOa )

ol (5a) (s T Jozees
\/3 0,0 (OOt)

CTTGLIDWVT, 29 =2t~ =, 90 = \/tQ ,zo—\/ 4t2+3t——
-3 -

\/—( 2 W 3+\/3 (-—sm —7r) Elx-oTWVW5.

l\DIr—A

a— = sin“ —

8 10 8
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