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Abstract

In the current paper, authors give a resume about results on hyperclone lattice on A, obtained by
embedding a clone lattice into it and by embedding it into the lattice of clones on P(A) \ {#}. These
results are used for characterization of minimal hyperclones on two element set and unary minimal
hyperclones on an arbitrary finite set A.

1 Introduction

There are several synonims appearing for the class of algebraic systems whose clones have been studied
and presented in this paper. They are hyperalgebras, multialgebras and polyalgebras.

The first paper on this topic was written by Marty in 1934. From that time, there have been published
hundreds of papers devoted to special hyperalgebras. Some attention has also been given to hyperclones
and partial hyperclones by a few authors.

Hyperoperations and hyperalgebras have both mathematical and nonmathematical applications. For
example, they give possibility to describe nondeterministic processes. Rosenberg has studied hyperclones
on a finite universe A via natural (not full) order embedding from the hyperclone lattice on A to the clone
lattice on P(A) \ {0}.([14],[15]). He posed the question of further study of the lattice of hyperclones, in
particular in the simplest two-element case A = {0, 1}. It has been shown by Machida that the lattice
on the two-element set has continuum cardinality ([8]). Drescher, in [5], presented an overview of partial
hyperoperations and relations. Many questions which arise from the process of extending operations are
studied there, too.

2 Definitions and preliminaries

Paper explores some definitions, claims and ideas mentioned in [5], [6],[8] and [11]. The authors site
several of them in the current paper. Proofs of some claims are not presented and could be found in [9]
and [10].

Let N be the set of positive integers, n,m € N, A a nonempty finite set, P(A) the power set of A.

For a positive integer n, an n-ary operation on A is a mapping f: A" — A.

For a positive integer n, an n-ary hyperoperation on A is a mapping f : A" — P(A) \ {0}.

We will denote the set of all operations by O4 and the set of all hyperoperations on A by Hg4.

For a positive integer n, an i-th projection on A of arity n, 1 < ¢ < n, is an n—ary operation
7t A" — A, (z1,...,Zn) — ;.

For positive integers n and m, we define the composition S, : OE{‘) X (OS"))" — Ogm), (f, 915+, 9n) —
flg1,...,9n), where f(g1,...,gn): A™ — A, (Z1,-..,Zm) — flo1(z1,-- s Zm)s- s Gn(T1, .- -, Tm)).
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Let f € O and g € O, then <f € O, rf € O, Af € 0P, fog e O D ang
Vfe qun+1) are defined by
H (@i, z2,... xn) = f(z2, ..., Tn, 1), N> 2
(Tf)(.’l:1,$l?2,.’1:3,...,ivn) = f(x2=m17373, . 'wmn)’ n>2
(Af)(.’L‘1,. .. ,:L‘n_.l) = f(xl,:z:l, e ,.’L‘n_l), n>2,

fl=@H=Af)=f n=1,

(f © g)(mla s Tmy Tty ey xm«l—n—l) = f(g(xla . -7mm)7 Tm41y -+ xm+n—1)
(Vf)(:cl, 7 RN ;xn+1) = f(.’EQ, e ,:L'n+1),
where 73, ...,Zm4n-1 € A. The full algebra of operations is O4 = (O, o, 5, 7, A, 72). Each subuniverse

of O4 is a clone.
A set of operations is a clone iff it contains all projections and is closed with respect to composition.
For a positive integer n, an i-th hyperprojection on A of arity n, 1 < i < n, is an n—ary partial
hyperprojection e} : A® — P(A) \ {0}, defined by el(z1,...,zs) = {zi}, (Z1,...,Zn) € p.
For positive integers n and m, we define the composition of hyperoperations S7, : Hin) X (ngm))" —

ngm), (f,91,---,9n) = f(g1,...,9n), where f(g1,...,9n) : A™ — P(A\{0}, (z1, ..., Zm) = U{f(¥1,...,
Yn) © Y € gi(z1,...,2m),1,<i < n}.
Let f € HY” and g € H{™, then cf € H®, rf ¢ H®M, Af € H'™Y, fog e H™™ Y and
Vfe Hgﬂﬂ) are defined by
(sf)(z1,22y...,2n) = f(Z2y. .., T, 1), B > 2
(7)1, 2,23, ..., Zn) = f(T2,%1,T3,...,Tn), n > 2
(Af) (@1, Bn1) = f(T1,21,. .., Tno1), B2 2,
f)=@fH=AfH=f n=1,
(fog)(Z1, .- Tm, Tmt1, - s Tman—1) = U{FY Tmt1y o> Tman—1): ¥ € 9(T1,...,Tm)}
(Vf)(zlyx% e amN-f-l) = f(x27 v ,xn-i-l),
where T1,...,Tmyn_1 € A. The full algebra of hyperoperations is Ha = (Ha, o, s, 7, A, €2). Bach
subuniverse of H 4 is a yperclone.
A set of hyperoperations is a hyperclone iff it contains all hyperprojections and is closed with respect
to composition.
For a set C we denote the set of all n-ary elements from C by C™ . If C is a set of hyperoperations,
we denote the set |J {ps : f € C™} by D(C).
n>1

Let us denote the set of all clones on A by Lo 4 and the set of all hyperclones on A by Ly,. Both
sets form algebraic lattices. The atoms (dual atoms) are called minimal (maximal) elements. The least
elements in both lattices, trivial clones, will be denoted by J4. For a set F' of hyperoperations, the least
hyperclone containing F' will be denoted by (F'), and the least clone containing the set F' of operations
on A will be denoted by (F) 4.

If m,n are positive integers, f € Hg") and o : {1,...,n} — {1,...,m}, we define 8,(f) € qum) by
Sa(f)(@1,- - Zm) = f(Za(1), - - > Za(n))s (&1,.-.,Zm) € A™. For a set F of hyperoperations §-closure of
F is the set 6(F) = {6a(f) : f € F™,a: {1,...,n} — {1,...,m}, m,n € N}. For a positive integer
n > 1, the mapping (\)# : H‘gn) — Og&)\{@}, f — f#, where f# is defined by f#(Xi,...,X,) =
U{f(z1,...,2n)| i€ X;i,1 <i < n}, is an isomorphism from (H‘g"), *,6,T,€2) onto (Oﬁf()A)\{@}, *,S, T, p?)
and there is a hyperoperation h € Hy4 such that A(Ah) # AX(h). ([14], [15]) We say that an operation f#
is extended from the hyperoperation f. If F is an arbitrary set of hyperoperations, then F#* = {f#|f € F}.

3 Hyperclone embeddings

3.1 From the hyperclone lattice on A to the clone lattice on P(A)\ {0}

The mapping A : Ly, — Lpcay (o}, C — <C#)p(A)\{q)}, is an order embedding, though not a full one,
i.e. there are F,G € Ly, such that [A(F), \(G)] \ imA # 0. ([5]).
Let A be {0,1,2,...}, |A| >3, m > 2 and g, € Hgm) the hyperoperation defined by

— {2}7 (131,1‘2,...,1127”) S J’m,
Qm(:c1,...,wm)~{ {0}, otherwise ,
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where Jp, is the set of all m-tuples with one coordinate equal 2 and all others equal 1.

Let us define the hyperoperation f,,41 € H,(;"H) by

A ,.’131#.’172

T1,T2,...,T =
fm+1( 1,42, 3 m+1) {gm(z2;'--,xm+1) ,T1 = .

Thus, extended operation from fn1 is operation fZ,, € (P(A) \ {8})(™+) defined by

(X0 X Xmt1) = U{fmar (@1, 22, -, T |2i € Xi)
g#z(X2)"'v-Xm+1) ’Xl =X21 |X1|=1
A ,otherwise

Lemma 3.1 For every clone F of hyperoperations on A and for every @ # Q-C | {fi} holds A(F) #
i>2

Q%) p(ay\(0}-

Proof. Let Q be an arbitrary nonvoid subset of |J {f;}. There is m > 2 such that f,,4; € Q.

i>2

Suppose to the contrary, that there is a clone of hyperoperations F' such that its A image A(F) is
the clone generated by Q#, i.e. A(F) = (Q¥)p(aj)(0}- Then, there is a hyperoperation h € F with
property fi 1= doh#. From f,ﬁ 41 € Hf, it follows fmy1 € F (see [5]). Since F is a clone, the
hyperoperation g, € H‘E‘m), defined by gm(z1,...,Zm) = fm+1(Z1,Z1,...,Zm), also belongs to F (gym =
Jmt1(ems € €5, - - -y €)). However, we shall prove that g# & (Q#)p(a)\(0}-

(Q*) C Polp(ay (p}(A), because for every i > 2 fi#(A, A,...,A) = A, and g% ¢ Polp(ay (9)(A),
because g# (A, A,...,A) = {0,2} # A.

So, g, € F* and gm & (Q*)p(a)\(0}-
(Note that @ is not a clone of hyperoperations on A.) O

Lemma 3.2 For every i > 3 holds f¥ ¢ ( U {ff})P(A)\{g}.
>3

Proof. Let us define for every m > 2 relation py, € PJ* by pm = A U By, where A,, is the set of all
m-tuples with exactly one coordinate equal {2} and all others equal {1} and B,, = {{0}, {2}, {0,2}, A}™\
({2},{2},...,{2}). We are going to show that fiﬂ € Polp(ay\ (0} pm and fiﬁl € Polp(ay\(8}Pm,t # m..

For m-tuples ({2}, {1}, ..., {1}), ({2}, {1}, ..., {1}, {1} {2}, ..., {1}), -, ({2}, {1}, .., {2D) €
Ay, (the first one and the second one are equal), holds (f,’,f+1({2}, {2}, {1}, ..., {1}),f,ﬁ+1({1}, {1},
{2}v ) {1})’ SRR f#t-}-l({l}’ {1}» {1}’ SRR {2})) = ({2}’ {2}7 ceey {2}) & Pm. Soifr#rf+1 ¢ POZP(A)\{Q}pm'

Suppose that there is 1 # m such that ffH & Polp(a)\{0}Pm- Then, there are tuples X; := (Xy3, ...,
Xm1), -« Xign 1= (Xl(i+1), SRR Xm(i-+1)) € pm, such that (YI)Y27'~»Ym) = (fil(Xu, ~--,X1(i+1))7
o FE (X1, -y Xm(ie1)) € Pem- Since smfE | = {{0}, {2}, {0,2}, A}, it follows that (Y3, ..., Vi) =
({2}, {2}, ... ,{2}) and it is possible only for X;, Xs, ..., X;41 € Am, X1 = Xo and i = m. This is a
contradiction. O

Theorem 3.1 There are continuumly many pairwise distinct clones of operations on P(A) \ {8} in the
interval [A\(Jha), A(H4)] that are not in the set of all images im\ of the operation .

Proof. Let R= J {fi}-
i>3

(a) Since A is an order embedding, A is injective and for F,G € Ly, F < G is equivalent to A\(F) < A(G).
So, for (@) < H, it follows <Q#>p(A)\{0} SAUQ)) < MHA),QC R.

On the other hand, A(Jha) < (Q#) p(a)\ (0}, because A(Jha) = Jp(ay(0}- This being the result of
the following:

€)* (X1, Xn)= U @1, r2a) = U {&)} = X; = pPPONO (x|
z;€X; z€X;
ey Xn).

(see [14],[15])



(b) It follows from Lemma3.1 that for every Q@ C R holds (Q#) P(AN{0} & ImA.

(c) From Lemma3.2 follows that for all Q;,Q2 C R
if QF # QF then (QF)pay\(oy # (QF ) pay (0}

3.2 From the clone lattice on A to the hyperclone lattice on P(A)\ {0}
Let us define a map a : Ly — Ly, by o(C) = U {f € H/(in) 2 3f € C Vzy,...,zn) €

n>1
A" f(z1,..z0) = {f'(x1,...,7a)}}. It is easy to show that a(C) is a hyperclone.

Lemma 3.3 The map « is full order embedding.

Proof. Obviously, a is 1-1 map, and holds C; < C & o(C1) < oCs).

Let H be an arbitrary hyperclone with the property a(Ja) € H C a(O4). From the definition of a
immediately follows that there is clone C such that o(C) = H. O

Without loss of generality, we will sometimes identify the hyperclone o(C) and the clone C, in order
to simplify the presentation.

Lemma.3.4 Let A be a finite set with |A| > 2. Every hyperclone generated by constant hyperoperation
on A is minimal.

Corollary 3.1 Let A be a finite set with |A| > 2. There are least 214 — 1 minimal clones in the lattice
Ly,.

Theorem 3.2 On any finite set A, with |A| > 2, there are three minimal hyperclones such that their join
contains all hyperoperations.

Proof. It is proved in [4] that there are two minimal clones such that their join contains all operations
on any finite set A. Romov proved in [13] that O4 is maximal hyperclone. Hence, it is enough to choose
the third minimal hyperclone from the set of minimal hyperclones that are not minimal in the clone
lattice on A. From previous lemma follows that such a set is not empty. O

Theorem 3.3 The interval [a((OS))), a(04)] is a chain.

Proof. It is the chain obtained by Burle in 1967 [11]. He has shown that interval [(OS)), Oyl is
(JA] 4+ 1)-element chain
(qul)>=U1CLCU2C...CUk=OA.

Ui is the set of all operations depending on at most one variable and operations taking at most j values and

L is the set of operations depending of one variable and operations f(z1,..:, Tn) = a(t1(zi,)+. . . ¥e(zs,)),
where o : {0,1} — A and v; : A — {0,1}, j € {41, ...,it}, 1 <43 < ... <4z < n, are arbitrary maps and
+ is addition modulo 2. a

Corollary 3.2 There are finite mazimal chains in the hyperclone lattice.

Proof. It is known that there are finite maximal chains in the interval [J4, (0541))]. With the maximal
chain from previous theorem and the clone H4 (since O4 is maximal in the hyperclone lattice), we get
the finite maximal chain in the hyperclone lattice. ]
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4 Minimal hyperclones

A hyperclone is minimal if it is not trivial and its only subclone is trivial.

A hyperoperation of minimal arity in a minimal hyperclone, that is not a hyperprojection, is called
minimal hyperoperation.

A ternary majority hyperoperation on A, ma € Hf,s), is a ternary hyperoperation on A defined by
ma(z,z,y) = ma(z, y, ) = ma(y,z,z) = {c} for all z,y € A.

A ternary minority hyperoperation on A, mi € H (3), is a ternary hyperoperation on A defined by
mi(z, z,y) = mi(z,y,z) = mi(y,z,z) = {y} for all z,y € A.

For n > 2 and 1 < i < n, every n-ary hyperoperation s with s(z1,...,zn) = {z:}, {z1,...,2Zn}| <n
is called semi-hyperprojection.

It is easy to show that the theorem analogous to Rosenberg’s classification theorem ([16]) holds for
minimal hyperoperations.

Theorem 4.1 Every minimal hyperoperation is one of the following types:
(1) a unary hyperoperation,
(2) a binary idempotent hyperoperation,
(8) a ternary majority hyperoperation,
(4) a ternary minority hyperoperation,
(5) an n-ary semi-hyperprojection, n > 2.

Lemma 4.1 Let (g) p(ay\ o) be a minimal clone on P(A)\ {0}. If there is a hyperoperation f, such that
g= f#, then (f) is a minimal hyperclone on A.

Proof. Since ({f#})P(A)\{O} is a minimal clone in Lp(4)\ (g}, and the mapping @ : Ly, — Lp(a)\ {8}
o(C) = (C*)p(a)\{0}, studied in [5] is an order embedding we prove the claim.
4.1 Minimal hyperclones on a two-element set
Let A={0,1}.

Lemma 4.2 Let f be a hyperoperation on A. ({f}) is a minimal hyperclone on A iff ({f#})pca)\(e) s
a minimal clone on P(A) \ {0}.

Lemma 4.3 There are 18 minimal hyperclones on A.
Lemma 4.4 There is no pair of minimal hyperclones whose join is the clone of all hyperoperations.

Lemma 4.5 There are 12 three-element sets of minimal hyperoperations whose union generate the clone
of all hyperoperations on A.

Proof. Since we know all the pairs of minimal clones whose join is O4 ([4],[17]) and O4 is maximal
in the hyperclone lattice, it follows that ({—,min, f;}) = ({~,maz, f;}) = Ha, 1 <1 <6. O

Lemma 4.6 There are 36 four-element sets of minimal hyperoperations whose union is the clone of all
hyperoperations on A.
4.2 Unary minimal hyperclones
Lemma 4.7 Let f,g € H). Then,
(a) (fog)¥ = f*og*.
(b) (Af)* = Af#.
Proof.



(a) Let X be an arbitrary subset of A. Then (f o g)*(X) = U{(fog)(z):z € X} = UW{U{f(y) : y €
g9(@)}:x € X} =U{f(y) 1y € UWg(z) € X}} = U{f(¥) : y € ¥ (X)} = f*(¢* (X))

(b) It follows immediately from the definition of A,when f and f# are unary, that (Af)# = f# = Af#.
a

Corollary 4.1 The mapping f — f# is isomorphism from (Hgl); A) onto (A(HS)), A).
Corollary 4.2 Let f € H{. Then, ({f*})pian oy = {fD*.

Corollary 4.3 The restriction of the mapping X : Ly, — Lp(ay\(03, C — <C#>p(A)\{q)}_ to the interval
[Ja, (HY] is a full order embedding.

Corollary 4.4 Let f € Hfil). Then, ({f}) is a minimal hyperclone iff <{f#}>P(A)\{@} is a minimal clone.

Lemma 4.8 Let f € HY. Then, it holds
(a) f2=f & (f#)?=r*
(b) fP = el & (f#)P = nl, for some prime p.
Proof.

(a) (=) If f2 = f then (F#)2 = (f)# = F#. () It FA(F#(X)) = F#(X) holds for every X C A4,
then it also holds for [X| = 1. It means that for every z € A, f#(f#¥({z})) = f#*({z}), ie.
(@) = f ().

(b) (=) If fP = e} then (f#)P = (fP)* = (e1)* = 7}. (<) For every X C A (f#)?(X) = X implies
that for every = € A holds (f#)?({z}) = {z}, i.e. for every z € A holds f?(z) = z.

a
Theorem 4.2 Let f € H/(;I)‘ Then, {{f}) is minimal iff f2 = f or fP = idy, for some prime p.

Proof. Let f2 = f or fP = ida, for some prime p. From Lemmad.8 (f2 = f iff (f#)? = f#)
and (f? = ei, for some prime p iff (f#)? = =i, for some prime p). It is known ([16], [3],[18]) that
((F#)? = f#) or (f#)? = n}), for some prime p) iff ({f#})p(a)\p is minimal clone in Lo piap (oy - From
Lemmad.4, ({f#}) p(a)\ (0} is minimal clone in Lopay ey iff ({f}) is minimal hyperclone in Lg,. 0O

Example 1 There are 6 unary minimal hyperclones on A = {0,1}.

Example 2 There are 64 unary minimal hyperclones on the set A ={0,1,2}.
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