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1. holomorphic diffusions % & &
foliated manifolds, laminations.
harmonic measures and diffusions on foliated manifolds.
applications 1 -nonsingular cases-.
singular cases.

S

applications 2.

1 holomorphic diffusions E& & &

ERBEBERICES LIHBOER L LTI T W5 FRIBLEGETR (holomorphic diffusion)
DERZER. MSGNTOSHERZHBIT 5, AT Y a VORBICTDOV TR THeE)
HB2ETFREDHH 28] ICHELVDT, #E52EICKS L LU,

T EHHABGBRE 2 EET %,

Definition 1 M Z#EZM, X, 2 M FOWHEMBEL TS, YU C M (U: open), Vf €
OU) I LT X MU ICHEL TWABRM, Ref(X,) B RFIRIVF ¥ —NIckBH, X
# M _EOIERHEHGETR (holomorphic diffusion) £ S,

[B]. 5. EREERENDICHEZFAATROK S RIFAREX B,

L % Hermite 2K, g = g5 ZZ D L0 Hermite 318, IS 3EABRE w =
$9.39% N dZg £ %, dimcL =1 LT 3. g I ST AEET S5 7 > (complex
Laplacian) %
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TERT 5, ChEEREARICE DHBERR (X, P,) £T5&. (X, P) & L EDIE
AEECERIC R 5,
Remark. —‘ﬁQLCCi _t@ (Xt,Pz) Liﬁﬂwcﬁgﬁb\o ;kiﬁﬁk)bizoo

g & Kahler(i.e. w: closed) & 0Op = %AL.

CZTC.ALRLDV—VERKELTDST TSV TV THB, L H Kahler ZRAD
B, 1A, ZERMERZL T 2 EAHBERSZ L L0757V #Egh LS,
BEGRN\DICH L. EBHOSEBIEBONZROMENEETH S,

Proposition 2 f : L — P(C) AERIE®. (X, P,) » L LOERHBUERGSIE,
f(Xy) & PYC) LOWKHEERZ LTS VEHTHS.

B E-FH [20] &RD & 3 7% Dirichlet FEZ% W TR ERHLEORREZ AR L 7z,
Eo(u,v) = —;—/du ANd°v A8,
L

where 6 : a closed current of bidegree (I — 1,/ — 1) (of dimension (1,1)). T DEE-MHIC
LB EHIHLBGRRER E2HOWTRO K S KRERPISN TV 5,

e construction, pluripotential theory, plurisubharmonic functions (f&&-fH [20],[21])
o Liouville property for bounded plurisubharmonic functions (H.Kaneko [30])

e Domain of holomorphy and conservativeness (S.Taniguchi[35],[36]) — #5458 L T Stein
ZRRADHERRIRHEITIEE S5 H7?

e Monge-Ampére equations (B.Gaveau[23], H.Kaneko[29]) — BRI DHER & DREFRIL?
(Calabi’s problem, Ricci flow,etc.[26])

BIROE DIZHEFE Monge-Ampére HFRENICHTEEDTH S, THIIERFEOEL VW HE
NTHHN, BLAOEEXMELBEFRL, BEXHARIN TV S, [26] ICIZBEDEEE
PNANARHEINTED, BRRNT Ta—FICEERDNH 5,

2 foliated manifolds, laminations

AtV T3V TREBBERFHOEREICOVTZOER L EAHEII DV TIRRNS,
RERZFTV foliated manifold 2 (M, L) £EL LT 3, RERERDOBRICD
WTR 5 ICBNTRS, M H ambient space 2. L M (leaf) DEHZET, FEALF
felznkd, M ayyhed3,



Definition 3 (non-singular foliation)

(M, L) B C" BEHEZFEFDZRRK (CT-foliated manifold) e M EEER [+ m-dim %
RRETRO K S BEEREFD, - U, ¢} st ¢s : Ui = D;x Z; ( homeo) D; C R, Z; C
R™ D0 SLUNU; #0 &5, oy :=¢j0¢;" : (Ui NU;) = ¢;(Us NU;) &%
Wz de vy, 2) = (a(y, 2),8(z)) LBF. a(y,2) & y IEDVT C#, D y IDWVT
D kRXWITIE 2 IKTDOTHEE (0<k<7), B(2) 3EKTH S,

¢ (D; x {2}) (2 € Z;) % plaque LFER.

L& % (leaf) THB M. Thid ATEMED plaque DRNC > TV B INKEE L EETH 5,

dimcL =1. Z:=|J,Z; i&. a transversal manifold ¥ 7z transversals & FEiFh 3.
LDOEET D Ca(y,2): y KOWTERL &3 EE (M L) R EREBRER S

DE KK ( foliated manifold with complex foliation, or complex foliation) EMEE. T 5T
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Z IMEZREARIK, i (y, 2) DIEAIBBERBZ L ¥, (M, L): ZEREBEELHOLHK (a |

foliated manifold with holomorphic foliation, or holomorphic foliation) &ML,

ERIEHTEHNCIRDH B complex foliation HENDZ 75 ADFI & UTid. Levi T
i (Levi-flat surfaces, levi-flats) &6 %. N BEHESHEE M c N 2EBHEL T3, XA
HoNTN3,

M: a Levi-flat surfaces < M devides N to Stein domains. < M is a complex foliation of
(real) codimension 1.

Leviflats ZFD & 5% N OFIIENAWAHENTHEA, N =P*(C) (n > 3) Dk
3. BB 5N Leviflats IFEL RN EHHISN TS (Siu[34] Ic&5.) BRITHIOR
(&, Lins Neto 12 & % [31]. 22T, BHEMBEICR>TVBEDIE n =2 DPATH D, BitE
TERMBRTH B, $7bB. P(C) ICAENS complex foliation ZFHND C L1314 8
HRENHETDH %,

BIfRT BBER L U THUNES (Minimal sets) A% %. (M, L) (possibly singular) ¢ min-
imal set &{d. REAEZZFELVZETHEL closed saturated set T minimal T EDEE 5,
CNBZERICBSTEEIND, M HI237 FE5IE, minimal set ZEICTEET 3.
M =P*C) D& 5 &L IFRERFREBEEIFELEY, Thbb, Ok an
RTEBAT 2L HREROH 2 EBRELEZ ZRENHD, COLE M I3 Y
NI R THB, £LT. P*(C) (n>3) NORRIFHIEEME R FOLRIKICIZIFERR
BUNESIIFHEL RN EAHISNTUW 3 (Lins Neto[31])s &CTH n = 2 DB KRR
TH%,

3 harmonic measures and diffusions on foliated man-
ifolds

C T T IR ERBBIEDOHAIC. Lucy Garnett[22] 03 A L 7= harmonic measure &
ST BILBERE DN TN, T T TES harmonic measure & 1%, EEERICEIN 2 I
B RBIS 2B, FRERRfIE L 385 %, EEMEOMAEOR TR TIcHIEh
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T-HEETHADTEFDEEHAVS T &ICY %, harmonic measure I leafwise Laplacian %4
BAEAZE & T A HRBEBOAERETH S, M N30 hx 5, harmonic measure &
HICHEET %0 Garnett T ORBEBZAVTEBOMGNINEZR LS L Lz, D%, E
[EREDIHZRIC BV THEEICAVSNE K51k D, B, E.Ghysid, ThE2RVWTEAD
HHEZEH DTS ([24]). leafwise Laplacian &k, REICIB> THEICEA SN —< VG
BICHST % Laplacian & UTERT 28D TH 5, THITHIG L THEERDEET 55,
CNRBELTRY < VERBICHIST 5757 VEEDOYRE L —3T 5 (Candel[6]).
DTS ViEEND T &% leafwise Brownian motion & FERZ LICT 5, [GHE., Th
B9 % M ETOT )N d— FEEMEANTEERER LR S,

SR E. BRI T &% leafwise holomorphic diffusion IZXf L T1T9,

(M, L) ZIER R SR EBREZ R OBRIAEL 5, MIZa T MaBRkkL L, &
# L 13 Hermite AL 9%, L LOFHBIELDOENT. FOEICH > TZWMAITITXRT
DFEBICDNT M LT T2, MIZa R b Thah o, FEDY v FihERIE—
BRICTICERTH %,

O, %2 1 THALRERS /S5O T7 LT3, Ou(r) :=0pu(z) (ze L) &BL.

Definition 4 m: O-harmonic (probability) measure on (M, L)

<<
def

/ Ou(z)dm(z) =0
M
for Yu: leafwise C?fuction, and m(M) = 1.
RBWHISN TS,
e M:compact = Im (Hahn-Banach th).

o REN Kahler ZRALZSIE, RDKS57%% m ORFAINERESIHNONTVS: M D
U—DxZ, z+ (y,2) % flow-box &9 %.
3h(y, 2): positive harmonic function in y locally on each leaf s.t. for ¢ € Co(U)

/U b(z)dm(z) = /D By, )00 2o (1)dv(2)

where dvr,: Riemannian volume measure on L,(z ZE T leaf).

OZERIERA#FEL 5 M _LOHHEGER (X, P.) M55, THIREICHIRT S LIE
HIHLRBGAFRIC /2 5, O-harmonic measure m &, (X;, P;) DAERBICZ D, XROTI)Ld—
REHENK D LD, D, ZXIST BIENEFLE T B,

Theorem 5 1) f € L'(m) =5,

t
%/ Dsf(x)dst—> Af*(z) m — a.e. z,
0 — 00



CCTT. fIRBECH-> TEHE,D

| 1 @yim(a) - | 1@yim)

PG [ 100)ds 5 5 (@) =1

m-—a.e.x.
3) m: ergodic = f*(z) = [, f(z)dm(z).

4 applications 1 -nonsingular cases-

C T Tl&. leafwise Brownian motion % F\ 7z 4{r AV EEEGRICBE T AR DL D
MR35,
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e Liouville property( Kaimanovich[27], Fenley, Feres and Parwani[15], Feres and Zeghib[16]),

e Transversal invariance of harmonic measures(Deroin and Kleptsyn[11], S.Matsumoto[32]),

¢ Unique ergodicity(Deroin and Kleptsyn[11], Fornaes and Sibony{18]),

Ends of leaves (Ghys[24]),
e Minimal sets and Levi-flat surfaces(Deroin and Dupont[12]).

T TTE 9 Liouville property &, 2 @D DERDH B, U & DIFRED Liouville %
damd 2LDTHB, Thbb, V- VEOMEEDL Sic. & FTEEROERE
MBBMNEIES 20 & 5 %2839 %, Kaimanovich {3 covering manifolds D & ¥ & [EIkE
WKLY habE—Z2AVTEm Lz, 5. SELTHNT, M L TRESTENEEZ 3
TeLHB, TD&S A continuous leafwise harmonic function EFERT 12T 3,
CNSHEHDNFEENEDES> b e#iwd 55 DEH B (Fenley, Feres and Parwani),
CNSICBET 58D L LT, EDORYIME (leaf LD Brownian motion DEIFME) 2 Hikd
%BHDEHH % (Brunellal5], Nishino, Yamaguchi[37]),

5 singular cases

CCTRRNRRDEDEEBEREZ 5, HREBHE - TRIEERErEX L, B
RADBENDH[ENE, o T, HERBIGRNIIRREADEDEBEEREX 5013
HRTH%, BAWEZLZDRRDES BRI THB, N BEESHEKLL. M C N H
RZWIcT £ 9%, (M, L) H complex foliation Ty M = N. N\ M BWEREDESTH
%o le 2, N=P"(C) T. BEEBENERRY MVBIcE->TEAbNB L XxE, T
DESBTRATH B, BT, SENMEERT1DLE, ThbBY—<TVEDL EH
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FIREBEINTWVS, ZOPHEEITLEET D SOREDNFH/INSZN, 1 XD
HBAETLER UK 5 L DARBRIGENDH 5, T DIFEE AT L7z non-singular 72 &
ELRICE D LBEWEZRBE L TH LN TE, BRRNEZEVEYTREVNEEZI LN
%, ERDX I RRAMOEHEERERBMER (M, L,S) TEY, 1zI1ZL., S=M\ M 3
BROEETH S,

SO0 (M, L, S) ZEEHGZER Pr(C) IKEEhB L L. & LI Pr(C) D1X
TR BRI (V=< VE) IKE> TV LT %,

Definition 6 FiV —< Vil L O EHED B D ICERIORE, L %X ahy & e,
MDD C ICEBIOR, L BN LS,

Remark. FO&/IZ) —< Y HEDSHEICET 5 HHBEROFB L REKL %,
LeLEINTHHNTHZ LT 50 ¢o:D - L, % EEHEBEEBRT ¢,(0)=a £%%
LDLIS.
X = ¢a(Z,) LBE, P, % P(X,€ A) = P(¢.(Z,) € A) (Ae B(M)) TEHTS. C
T, Z & D _ED Poincaré AABICNIST BT SV VEHT Zy =0 £%55EDTH 5,

Proposition 7 (2/,/3]) (X, P.) & M EO {RFME leafwise holomorphic diffusion T
5.

T % (M, L,S) IZ{tRid % harmonic current (cf. [18],[19]) £9 %, T & bidegree(1,1) D
90-closed & M L0 current TH 3%, wp # HEHEEBHZEL T D LD Poincaré 58
M5 L EICFEFEENS Hermite I BRDOBAER L T %, wp 1 FELTREONREER
EBIT BN, T M 2HRTRERLVIVARNCIZ> THBZ EHAFHISN TS (cf.[13])o

mp:=T ANwp

B, Thid M LOFERAEICZD, ERIELT mp(M) =1 &L DZHBT, mp
EEL, Ou=2i00unT/dmp LB &, O (X, P,) DEBIEHZICKZ T EHDY
%, EHIC. mp &, O-harmonic measure TH YV, (X;, P,) DAEREICKR S, TDHHE
BRI LUTEIERRORRLEI L LS I )Vd— FEHEMNRIIT B b s,

6 applications 2

ChETORBLIGHE U T leafwise meromorphic function OESFIC T 5 HE O
BAERNIZ0, leafwise holomorphic diffusion AT 5 & TEMNIEHEICHE LI kBT L
2R U720, leafwise meromorphic function (& Ghys, Berndtsson-Sibony([4]) ic k> T#
BINTVEN, EEBREERL TS5V DHLONRTH B, BLIZZFDLS &
EMAMAZROBZ TEIMEZBR LI LTEDTH S, FhIIBREEBEEICKLS
leafwise meromorphic function OFEICET S HIBHREEX 5 Lickb, EBHEL
LTEERDDZDTREVNEEZELI TS, BB, EROMFKEL LTI BRA leafwise
holomorphic function DTFE « IEFTER S BFZE (Liouville BIEH)(17) B - 7z,



Definition 8 RLJVATHIBAR f: M — PY(C) W' leafwise meromorphic function ¥1%. f
D EEDEADHIE f: L - PY(C) (VL € £) DERIBRICE>TVWBT L TH 5,

HIEIEAARRIC, (M, L,S5) % P(C) IKEERHEERBL L. REIHN Y —< VHIC
ZoTWVBET B, f DIRIF—e(f) &

()= 3 [ NfP@ame(a) (< o0)

TEHET B, 12120, mp BHIfHITES L= Poincaré 5H 8D 558 X N5 Hermite ZHED
HEHE XN S harmonic measure TH B,

Theorem 9 f 7% (M, L,S) EDIEEE leafwise meromorphic function £F %, mp DL
WA= FHESIE, mp(G) =1 &% % saturated set G DIFEL T,

1 2
HPIONAD) $2+ s, VEEG.

Remark. 1.Fornaes-Sibony iZ. N = P?(C), S BWHHPINDMBILILAIEETH D, £ HK
BHEZEERVAESIE, mp & ergodic I3 T EERLTVS ([18))o
2. LOEEI [1] THOILEGERICE D Nevanlinna BEROFES FH4 D holomorphic
diffusion IZJSAH L THEEN 5,

o, BEFEEHBIFAREFEZHNT PYC) NOEEREBOED IOV T LR
ZRETV3 ([2])o
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