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1. R8I, Kac BEBEFERERIICEDT Y H LBER £o(t) = Y0y ant® ({ax)l, &
EBEERAHE S D 1i.d HEEET) OXBEOER N, OHFHECONT, ZOMHER

1 1 n + 1)2¢2n
E[Ny] = ;/R\/(t_ 1)2 - ((t2'n+2 )_ 1)2dt

25Z%T LICKY Littlewood-Offord 5DEAERZBEFLLT, n— oo TE[N,] ~ 2 logn
L2B T LR LI [10]. ERIORSRROBEREOEELHLHANE 5N T3 [4]. Logan-
Shepp R {ar} DXFF o REDNHEOHFEICHER%E—MRILL [12], Shepp-Vanderbei 1% fa(t)
DERFRDOERDBFHAIC DV THNTZ [18]. AR T}, Kac DEHRICHBVT n =00 &L
TV E LRERER

fR)= axz* (12l <1)
k=0

DFERBRICDONT [14] THLNTMEREZBRNRS. FL I 14 2BRBOC L.

BIET2RRE LT, R {G), PEREETERNHOBAIE, Peres-Virag [15] ic k> T,
fe(z) = 3320 Ce2* DBRM, Bergman RIS 2 EHBAIFIR L OTHIRABRE LB T &
WRENTVS. Krishnapur EHRENT > & L1751 (Ginibre 7 >4 > 7 IV) L5 BHEIC T ORE
REWHRLTVS (7T HZ2BROCL). £z, (BT LAY RBTEN) 52X LERIBEKD
FRUBIEN D Peres-Virdg ORER L U TH SN 3175 AGBRRZ D L EREATA DU & 5
5TV [19).

2. NKTATVENTZT V. EF, NI4T VENT T VORERBOHLTEC 5. @
BHERROTFA MRS EOBBLAVD, BCNTZT7 VR HY ARREHOBE—A Y k&
ERIT RN D B,

RIMS M2 MERHT >V RIYL) |, Dec. 18-21, 2012
*1 N7 =7 (Hafnian) i, ¥H%#% E. R. Caianiello H'C DOBEREFINCB OV N~ D557 U
% Hafnia IKHATEMHFIEDTHS [3, 21).
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2n X 2n @é%%?ﬁ'ﬁj B = (bij)lgi,j§2n DINT 47 Y PEB }:, 2n X 2n @ﬁﬁr\ﬁﬁﬂ A=
(aij)1<ij<on DNT =7 HEA BZENER

PfB = Z €(m)by(1)n(2)bn(3)n(4) * - b(2n—1)n(2m)
’!]E-Fn

HEA= )" ay(1)n(2)n(@)n(0) *** In(2n—1)n(2n)
n€EFn

EEBEIND. 212U, e(n) dE#H n OFE, £
Fn={n € 8an | n(2i —1) <n(20)(i=1,2,...,n), (1) <n(3) <--- <n(2n-1)}.

Bl n=120D55: F,F &

12 12 34\ (123 4\ (1234
fl‘{(l 2)} f2—{<1 2 3 4)’<1 3 2 4)’(1 42 3)}
LBBOT,

0 biz b1z bis

0 b =b2 0 bas  bog
Pt = b, Pf — b1obsg — bisbas + biab
(—blz 0) 12 —bis —byz O  bsy 12034 — 013024 + 014023

—big —bys —bzs O
a11 ai2 @13 aiq

a1l a2 a2 Qa2 A2z a24
Hf =ayp, Hf = Q12034 + Q13Q24 + Q14023
22 a13 a23 a3z as4

a14 Q24 a34 Q44

2185, NAKT a;,1=1,2,...,n EAORICH b,

NI TVENTZT VOBV FSETT, ZORMIITHIREL/I—F X b (permanent)

n n
det A = Z sgn(n) H Qin(i)s per A = Z H Qin(s)
=1

N€ESy nESy i=1

DEWVICNINT . CO7Fad—iE, LLFTHBNS Borchardt I X B1TFRE/8—< R BRI
Mg 2ERE, ME3IOGI/ I - BEICEZRT7 4 7 eNTZ7 VBT 3% & OBERIC
Ebo5bhs.

NI 4 7 VBT A2UBERBRRTEBT .
R 1. A X n XREHTTH], B X 2n REXWHTE, C & 2n XEAFHIETS.
o N7 4 7 VIHTHIRDFES: det B = (Pf B)2.
o ROBWHTINT 4 7 V3 FHRO—MIL :

det A = (—1)™»~1)/2pf (—ZT g) :



o HIBICEIT Z2REM: : PE(CTBC) = det C - Pf B.

INT ZT VERAT AEERDE~ A P EUTFOL S HEEN S 3.
Rl 2 (Wick ORR). (X1, Xz, ..., Xon) B 0 OEHYZNY FLOL X,
(1) E[X1X5 -+ Xon] = HE(E[X, X;])27_,.
e, (Z1,. 0, Zn, Wi, .., W) BN 0 DERHAY AR LD L %,

E[Zi - ZuWi ... Wa] = per (E[ZW]]); _, -
B2 n=20LED Wik DARIILUFDOL 31213,
E[X: X5 X3X4] = E[X1 X5 ]E[X3X4] + E[X, X3)E[ X, X,] + E[X; X, ]E[X,X3].
KIS, Xi=Xo=Xs=X,=X B L,
E[X*] = 3(E[X?])?
2185, —RIC, Wik DAR (1) IKBVT, X, =X (i=1,2,...,2n) LT3 L
E[X?"] = |Fal - (E[X?])"

THEND, |Fo| =E[X)/(E[X2))" = Cn— 1) £553C ELDHS.

Borchardt(1855) I & % I — —{T5IRIC B9 5 %= [1]

1 1 1
det (1 - Sitj) per (1 - Sz'tj) = det ((1 - Sitj)z)

DIST 4T VHRELTHN - I - BHEZ XU FOARPHSN TS,

8; — t; 1 8; — tj
f i J . Hf =Pfl =7 .
F (1—3z‘tj> H (1‘Sitj) f((l—sitj)z)

AT RBRERH f(2) OBHEOHEEBEROFEICBN T OARDEELBA R T,

M 3 ([9)).

3. RERUIOWVT. £7, f(2) DEBACOVTBNS. {f(t),t € (=1,1)} BEHY RERT
TOHDERLE o(s,t) :=E[f(s)f(t)] = 12 £55%. EE1G, fOEBBEAST 47 VA
BRELEZ T LBERNTINS.

EE 1. f ORBROBEOVAN—FREICHET 3 n SHEBEBEE po(te, ... t) &, KOE 3 123
TA4TYTHEZLBND 11y,ts,...,t, € (=1,1) ITHL,

Pultis. s tn) = 7" PE(K(t,t5)) 1< j<n-

247
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TTTEK(s,) (s,¢ € (~1,1)) 1d 2 x 2 DITFIT, PEK(ti t;))1<ij<n & 2n X 2n BRFHFTH
(K(ti, t))1<ij<n DT ATV THB. Fiz, K(s,t) GUTFTEXBNS.

2 2 7
K= (Firvy Tty ) Koot == esin Lo

7272, sgntldt >0 Tsgnt=+1, t<0Tsgnt=—1, t=0DL Eldsgn0=0 LEDH3.
K(s,t) D7 ZEHRICEETT L,

Kui(s, ) = st Kaa(s, 1) =y -t 1
11\9» \/(1—52)(1—t2)(1—3t)2, 12\9, = 1—321—St,

1-—s2 1 . —82)(1—¢2
Karlo,) ==\ To@ 1o Kaa(s, ) =sgn(t — o) arosin Y500

Bl 3. )37 47 Ve & BHBEEROER L DLIFOC LHbDB.
1 ARRIEEE: s € (—1,1) IGHLT,

p1(s) = 77 Kia(s, s) = Tll_s—g)

2 SAHBEEEE: st € (—1,1) ICHL T,

P2 (S, t) = 7r—12—{K12(8, S)Klg(t, t) - Ku(s, t)KQQ(S, t) + Km(s, t)K21(S, t)}

1 2

iz, ThoDERXKDERD s,t € (—1,1) i L TEMHEBEDOTRER
p2(s,t) < pr(s)p1(t)
D DIIDT b 3.

4. ERHEEFEORE— A+
EH 1 OHHDBRET, BMELFEOBE—AY MCETAUTOHLVIAT 2 7 VERRE
V=Yl

EE 2. t),ta,...,t, € (-1, 1) NEWVICREBZ L &,

2\ /2 .
E[f(8)(t2) - F(tn)]] = (—) (det )~} PE(K (85, ,))1.<6.5<n

™
WEDILD. TTT, E=(o(ti,t;);<; j<n LT

EH 1 ORI, TOMIMHEDE—A Y b E[|f(t1)f(t2) - f(tn)|] ZRDZMEICRE SN B.
iz, XDKSIC f(t) DFEOBRBRE— A2+ Elsgn f(t1)---sgn f(tan)] /374 7V TH
F%. B, n DEARDER, Elsgn f(t1)---sgn f(t,)] FEZENCETHS.
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EE 3. t1,t0,...,t0n € (—1,1) BEVICELS & %,

Blen f(t) e /(02) -sn fan)] = (2) TT santty — 10 Pt i s

1<i<j<2n
A5 A RVASS
X, EFHE3 I
Efsgn f(t1) sgn f(t2) - -sgn f(tan)] = PEE[f(t:) £(t;)])1<i,5<2n

LBEBIBZOT, Wick DRARLARICERDE—RAY MR 2 RE—AY FORTERETE5C &
ZRY.

5. MRERUCOVT. f(z) DEEBAC OV THAMBIEA ST 1 7V EREHEOC LA RTY
TORRZR”T.

BE 4. Dy ={z€Cjlz| <1, S2>0} £T3. z,.. 2n €D IKXLT, f(2) DEEFHD
n RAERERERIE

1 G |
° ceeyRn) = - Pf KC iy % ,j<n
pn(zla z ) (ﬂ_\/—_—f)n J];[1 ll — 2_72| ( (Z ]))1§ J<

Lix%. IEREL, Ké(z,w) i 2 x 21754 C

z—wj z—1§ >
K*(z, w) = ( U T2 )

(1-zw)2 (1—-zw)?
TEzH6N3.
Bl 4. 1 FHEEIREEE

C(2) = !Z_E’
A0 = - e

2 RUAHBERERIE

2 _
Z—w Z—w

)

LB, Ele, z,weDy IKHLT, p§(z,w) < p§(2)pS(w) £1553 T LIdEBICHEIDENS.

. 1
p3(z,w) = pi(2)pf(w) + 721 — 22||1 — w?] (

1-—zw 1-z2w

AR EHE 1 LEE 41CDWTIE, Forrester [5] AHIIIC S ¥ & LFHIOAEE O TRLTY
2. DNONIT VX LTHIERZRBEE T, Hammersley I & 3 5% LBEOBEICHET 507
[7, 8] &, BNl Jilf - FEBSICKB/87 ¢ 7 VBT 25X 2RO CERPEH L. 208
TREH 2 & 3%B/T LRBUCANIGED Th .
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6. RET HHER.

o TRTOFESH iid. T Ng(0,1) 18> N x N FHIOEEEBRED N — co TORMER
L LTB 5N MBROHBESII L FOMEKD/7 4 7> TEABh3 [2, 6.

82 8
—K22(S, t) =Ko (S, t))
Kgin s, t) = dspt 0s .
Gin(s:?) <ngg(s,t) Kaa(s, t)

iz,

* 1

Koo (s, t) = sgn(t — s)/ ——e /2y,

o HWE A > 0DR7Y VABREZVMEES L, SREHNER 1 XT7 5T VR
W, ZDODT 59 VEHNERELL L LICHET S X 5% & D% annihilating B.M.
{Ba(2),t > 0} £\95. Maximal entrance law IZX{9" % annihilating B.M. &%, AN
& {Ba(t),t >0} D X = oo DWRTHONIHERBETHS. WAl t>0IcBIF3E
BZRBRERET L, (175]) HE

K?M (2. 4) = ——Kein (_w_ L)
NS BT 47 VB LR S [20)
REHOSNTWBT7 4 7V EBROFITIE,

22 Koo(s,t) 2LKoo(s t))
K,t=83t22’ Ds 22\ 9,
(5,%) (ngg(s,t) Kaa(s, 1)
DEOHERE LD EHZ. [FRRAEBETHRONTVS LS REABBEED L HOK I
BTSN TV,

7. SYELEFHHSSVALRIFBEEAN. (X1,...,X,) DER V7 O (n— 1)-K7THRE
Sn=1(/n) EO—RATHS LT5E, & kICHLT

(Xla"'an) _d) N(Ovlk)

&% T &N Poincaré I LK > THERENTWVS [16]. TOBEN S McKean [13) X757 Vil
FHEIRERITEKE S°(voo) LO—RD AN LDV FIVTH B LW I MBOEREIC DOV THRL
T3, ThEFAROEX A L Zyczkowski-Sommers [23] DFEREZ MW T, Krishnapur &5 2%
LITRIOBEHEE A AR OB BB DOFRZUTOX 5 ICBFHEDIF BT &Ick D, Peres-Virdg
DRROITHIRZR Uz [11] : Haar FIEICH > TUTD (k+ N) x (k+ N) (=&Y, BX)

7%
U= (Akxk Bixn
Cnxk Vnxn
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Y TINTB. V= Vnxn DEEEE Al,. ., AN &LT

fn(2) = (~1)V det U - % = () dety . J 222

ExlE,
N2z S det(Y 652%)

S X LRI EEE =0

|
5V H LTS DB
MDD, TTT, Gj & kxk @ iid Ginibre {75, i U BNESATHIT k = 1 DEAIC
&, WRTROSNZEADT V¥ LRNBEBEARETT —<Ic Lz f(2) &5,
BRI, THhICBE U CRRICIRE LS VX LR OB EBRICOVWTaXY 3.
{Xe(O)}32o ZEE DT S HFE LTz Ornstein-Uhlenbeck 384 L < IZEAIFEDOT 5™ 2@
Diid. I¥—LLT,

oo

filz) = 3 Xu)

k=0
LEHTS. OUBROBEGEREMICEY, $175Y VEHOBEEAr—U VLD, fi
DFERIBR & F t TOVTERTHZ. BEICEE LB AER & DEMTIIERICIHELLR
ABW, T YELTHIOBEEDORMFEBOREER L LD Krishnapur DB SFFT 206 &
VHETIRZVS LEDNS. Fiz, ¢ ORZERIOAHBBIKA ST 4 7 TR TE 2R TS
DEHHVEETH .

BE

[1] C. W. Borchardt, Bestimmung der symmetrischen Verbindungen vermittelst ihrer erzeu-
genden Funktion, Crelle’ s Journal 53 (1855), 193-198.

[2] A. Borodin and C. D. Sinclair, The Ginibre ensemble of real random matrices and its
scaling limits, Comm. Math. Phys. 291 (2009), no. 1, 177-224.

[3] E. R. Caianiello, On quantum field theoy I, Nuovo Cimento (9) 10 (1953), 1634-1652.

[4] A. Edelman and E. Kostlan, How many zeros of a random polynomial are real?,
Bull. Amer. Math. Soc. 32 (1995), 1-37.

[5] P. J. Forrester, The limiting Kac random polynomial and truncated random orthogonal
matrices, J. Stat. Mech. (2010), P12018. available at arXiv:1009.3066v1

[6] P. J. Forrester and T. Nagao, Eigenvalue statistics of the real Ginibre ensemble,
Phys. Rev. Lett. 99, (2007), 050603, 4 pp.

(7] J. M. Hammersley, The zeros of a random polynomial, Proceedings of the Third Berkeley
Symposium on Mathematical Statistics and Probability, 1954-1955, vol. II, pp. 89-111.
University of California Press, Berkeley and Los Angeles, 1956.



252

[8] J. B. Hough, M. Krishnapur, Y. Peres and B. Virag, Zeros of Gaussian Analytic Functions
and Determinantal Point Processes, University Lecture Series, 51. American Mathematical
Society, Providence, RI, 2009.

[9] M. Ishikawa, H. Kawamuko, and S. Okada, A Pfaffian-Hafnian analogue of Borchardt’s
identity, Electron. J. Combin. 12 (2005), Note 9, 8 pp. (electronic).

[10] M. Kac, On the average number of real roots of a random algebraic equation,
Bull. Amer. Math. Soc. 49 (1943), 314-320.

[11] M. Krishnapur, From random matrices to random analytic functions, Ann. Probab. 37
(2009), 314-346.

(12] B. F. Logan and L. A. Shepp, Real zeros of random polynomials. II, Proc. London
Math. Soc. 18 (1968), 308-314.

[13] P. McKean, Geometry of differential space, Ann. Probab. 1 (1973), 197-206.

[14] S. Matsumoto and T. Shirai, Correlation functions for zeros of a Gaussian power series
and Pfaffians, available at http://arxiv.org/abs/1212.6108

(15] Y. Peres and B. Virdg, Zeros of the i.i.d. Gaussian power series: a conformally invariant
determinantal process, Acta Math. 194 (2005), 1-35.

[16] H. Poincaré, Calcul des Probabilités, Gauthier-Villars, Paris, 1912.

(17] S. O. Rice, Mathematical theory of random noise, Bell. System Tech. J. 25 (1945), 46-156.

(18] L. A. Shepp and R. J. Vanderbei, The complex zeros of random polynomials,
Trans. Amer. Math. Soc. 347 (1995), 4365—4384.

[19] T. Shirai, Limit theorem for random analytic functions and their zeros, RIMS Kékyiroku
Bessatsu 34 (2012), 335-359.

[20] R. Tribe and O. Zaboronski, Pfaffian formulae for one dimensional coalescing and anni-
hilating systems, Electronic Journal of Probability, 16, Article 76 (2011).

[21] T. Umeda, JEAAZE R & UTD CAPELLI 2ME%, 2009 EEERHR Y VRIY LHE
{#£R, available at http://dml.ms.u-tokyo.ac.jp/PSRT/

[22] A. Zvonkin, Matrix integrals and map enumeration: an accessible introduction, Combi-
natorics and physics (Marseilles, 1995), Math. Comput. Modelling 26 (1997), no. 8-10,
281-304.

[23] K. Zyczkowski and H. J. Sommers, Truncations of random unitary matrices, J. Phys. A,
33 (2000), 2045-2057.



