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Evolutes and involutes of fronts

in the Euclidean plane

Masatomo Takahashi,

Muroran Institute of Tecnhdlogy

Abstract

This is a survey on evolutes and involutes of curves in the Eu-
clidean plane. The evolutes and the involutes for regular curves are
the classical object. Even if a curve is regular, the evolute and the
involute of the curve may have singularities. By using a moving frame
of the front and the curvature of the Legendre immersion, we define
an evolute and an involute of the front (the Legendre immersion in
the unit tangent bundle) in the Euclidean plane and discuss properties
of them. We also consider about relationship between evolutes and
involutes of fronts. We can observe that the evolutes and the involutes
of fronts are corresponding to the differential and integral in classical
calculus.

1 Introduction

The notions of evolutes and involutes (also known as evolvents) have studied
by C. Huygens in his work [13] and they have studied in classical analysis,
differential geometry and singularity theory of planar curves (cf. 3, 8, 10,
11, 19, 20]). The evolute of a regular curve in the Euclidean plane is given
by not only the locus of all its centres of the curvature (the caustics of the
regular curve), but also the envelope of normal lines of the regular curve,
namely, the locus of singular loci of parallel curves (the wave front of the
regular curve). On the other hand, the involute of a regular.curve is the
trajectory described by the end of stretched string unwinding from a point
of the curve. Alternatively, another way to construct the involute of a curve
is to replace the taut string by a line segment that is tangent to the curve
on one end, while the other end traces out the involute. The length of the
line segment is changed by an amount equal to the arc length traversed by
the tangent point as it moves along the curve.

In §2, we give a brief review on the theory of regular curves, define the
classical evolutes and involutes. It is well-known that the relationship be-
tween evolutes and involutes of regular plane curves. In §3, we consider
Legendre curves and Legendre immersions in the unit tangent bundle and
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give the curvature of the Legendre curve (cf. [5]). We give the existence
and the uniqueness Theorems for Legendre curves like as regular curves. By
using the curvature of the Legendre immersion, we define evolutes and in-
volutes of fronts in §4 and §5 respectively. We see that the evolute of the
front is not only a (wave) front but also a caustic in §4. Moreover, the in-
volute of the front is not only a (wave) front but also a caustic in §5. The
study of singularities of (wave) fronts and caustics is the starting point of
the theory of Legendrian and Lagrangian singularities developed by several
mathematicians and physicists [1, 2, 4, 9, 12, 15, 16, 17, 18, 21, 22, 23, 24] etc.
Furthermore, we can observe that the evolutes and the involutes of fronts are
corresponding to the differential and integral in classical calculus in §6.

This is the announcement of results obtained in [5, 6, 7]. Refer [5, 6, 7]
for detailed proofs, further properties and examples.

We shall assume throughout the whole paper that all maps and manifolds
are C* unless the contrary is explicitly stated. ' '
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and Kentaro Saji for holding of the workshop. The author was supported by
a Grant-in-Aid for Young Scientists (B) No. 23740041.

2 Regular plane curves

Let I be an interval or R. Suppose that v : I — R? is a regular plane curve,
that is, ¥(t) # 0 for any ¢t € I. If s is the arc-length parameter of v, we
denote t(s) by the unit tangent vector t(s) = v'(s) = (dv/ds)(s) and n(s)
by the unit normal vector n(s) = J(¢(s)) of ¥(s), where J is the anticlockwise
rotation by 7/2. Then we have the Frenet formula as follows:

( :;’((Z)) ) - ( —f‘?(S) KEJS) ) ( ;((i)) ) ’

K(s) = t/(s) - m(s) = det (Y (5),7"(s))

is the curvature of v and - is the inner product on R2.

Even if ¢ is not the arc-length parameter, we have the unit tangent vector
t(t) = A(t)/17(t)|, the unit normal vector n(t) = J(t(t)) and the Frenet
formula :

( ?i((tt)j ) - ( —Iﬁ(?)lfi(t) mt)()lﬁ(t) ) ( :l((?) ) ’

where



where (t) = (dv/dt)(t), |7(t)] = \/7(t) - 3(t) and the curvature is given by

t)-n(t)  det (¥(t), (¢))
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Note that the curvature x(¢) is independent on the choice of a parametrisa-
tion.

Let v and 7 : I — R? be regular curves. We say that v and ¥ are
congruent if there exists a congruence C' on R? such that F(t) = C(y(¢t))
for all ¢ € I, where the congruence C is a composition of a rotation and a
translation on R2.

As well-known results, the existence and the uniqueness for regular plane
curves are as follows (cf. [8, 10]):

k(t) = K

Theorem 2.1 (The Existence Theorem) Let k : [ — R be a smooth func-
tion. There exists a reqular parametrised curve v : I — R? whose associated
curvature function is k.

Theorem 2.2 (The Uniqueness Theorem) Let v and 7 : I — R? be regular
curves whose speeds s = |y(t)| and § = [J(t)|, and also curvatures k and &
each coincide. Then v and ¥ are congruent.

In fact, the regular curve whose associated curvature function is &, is
given by the form

0= (fo ([ 408). [ f ) ).

In this paper, we consider evolutes and involutes of plane curves. The
evolute Ev(y) : I — R? of a regular plane curve v : I — R? is given by

Ev(y)(t) = 7(t) + -,;%t—)na), (1)

‘away from the point x(t) = 0, i.e., without inflection points (cf. [3, 8, 10]).
On the other hand, the involute Inv(y,t,) : I — R? of a regular plane
curve vy : I — R? at to € I is given by |

Tno(, 0)(8) = () - ( / W(s)lds) b(0). @)

Example 2.3 (1) Let v : [0,27) — R? be an ellipse y(t) = (acost, bsint)
with @ # b. Then the evolute of the ellipse is

a2 — b2 a2 — b2
Ev(y)(t) = ( - cos®t, — 7 sin® t) .
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The evolute of the ellipse with a = 3/2,b —1is pictured as Figure 1 left. _
(2) Let v : [0,27) — R? be a circle y(t) = (rcost,rsint). Then the
involute of the circle at ¢, is ’

Inv(y,to)(t) = (rcost — r(t — ty) sint, rsint + r(t — ty) cost).

The involute of the circle with r = 1 at ty = 7 is pictured as Figure 1 right.
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(1) the evolute of an ellipse (2) the involute of a circle at 7
Figure 1.

The following properties are also well-known in the classical differential ge-
ometry of curves:

Proposition 2.4 Let v: I — R? be a reqular curve and ty € I.

(1) If t is a regular point of Inu(vy,ty), then Ev(Inv(v,t))(t) = ¥(t).

(2) Suppose that to is a regular point of Ev(7y). If t is a reqular point of
Ev(), then Inv(Ev(7),t0)(t) = ¥(t) — (1/k(to))n(2).

Note that even if v is a regular curve, Ev(y) may have singularities and
also g is a singular point of Inv(vy,1ty), see Figure 1. For a singular point of
Ev(7) (respectively, Inu(y,ty)), the involute Inv(Ev(7),ty)(t) (respectively,
the evolute Ev(Inv(v,t))(t)) can not define by the definition of the evolute
and the involute. In general, if v is not a regular curve, then we can not
define the evolute and the involute of the curve.

In this paper, we define the evolutes and the involutes with singular
points, see §4 and §5. In order to describe these definitions, we introduce the
notion of fronts in the next section.

3 Legendre curves and Legendre immersions

We say that (v,v) : I — R% x S is a Legendre curve if (y,v)* = 0 for
all t € I, where 0 is a canonical contact 1-form on the unit tangent bundle



11R?* = R? x S* (cf. [1, 2]). This condition is equivalent to #(t) - v(t) =0
for all ¢ € I. Moreover, if (y,v) is an immersion, we call (v,v) a Legendre
immersion. We say that v : I — R? is a frontal (respectively, a front or a
wave front) if there exists a smooth mapping v : I — S* such that (v, v) is
a Legendre curve (respectively, a Legendre immersion).

Let (v,v) : I - R? x S be a Legendre curve. Then we have the Frenet
formula of the frontal y as follows. We put on u(t) = J(v(t)). We call the
pair {v(t), u(t)} a moving frame of the frontal 4(t) in R? and the Frenet
formula of the frontal (or, the Legendre curve) which is given by

s\ [ 0 )\ [ v\
(it )= (o ) (20):
where £(t) = (t) - p(t). Moreover, if ¥(t) = a(t)v(t) + B(t)u(t) for some

smooth functions «a(t), B(t), then a(t) = 0 follows from the condition () -
v(t) = 0. Hence, there exists a smooth function B(t) such that

¥(t) = BE)n(t).

The pair (£, 8) is an important invariant of Legendre curves (or, frontals). -

We call the pair (£(¢), B(t)) the curvature of the Legendre curve (with respect
to the parameter t). ' ”

Definition 3.1 Let (v,v) and (7,7) : I — R? x S! be Legendre curves.
We say that (v, v) and (7, ) are congruent as Legendre curves if there exists

a congruence C on R? such that () = C(v(t)) = A(v(t)) + b and 7(t) =

A(v(t)) for all t € I, where C is given by the rotation A and the translation
b on RZ.

We have the existence and the uniqueness for Legendre curves in the unit
tangent, bundle like as regular plane curves, see in [5].

Theorem 3.2 (The Existence Theorem) Let (£,8) : I — R? be a smooth
mapping. There exists a Legendre curve (v, v) : I — R?x S* whose associated
curvature of the Legendre curve is (¢, ).

Theorem 3.3 (The Uniqueness Theorem) Let (v,v) and (7,7) : I — R? x

St be Legendre curves whose curvatures of Legendre curves (£, 8) and (Z E)
coincide. Then (y,v) and (3,7) are congruent as Legendre curves.

In fact, the Legendre curve whose associated curvature of the Legendre
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curve is (¢, B), is given by the form

V) = (— / B(t) sin ( / E(t)dt) dt, / B(t) cos ( / f(t)dt)' dt),
u(t) = (@:os / o(t)dt, sin / E(t)dt).

Remark 3.4 By definition of the Legendre curve, if (v,v) is a Legendre
curve, then (vy,—v) is also. In this case, /(t) does not change, but B(t)
changes to —f(?).

Let I and T be intervals. A smooth.function s : I — I is a (positive) change
of parameter when s is surjective and has a positive derivative at every point.
It follows that s is a diffeomorphism map by calculus.

Let (7,v) : I = R? x S' and (7,7) : I — R? x S! be Legendre curves
whose curvatures of the Legendre curves are (¢, 8) and (¢, 8) respectively.
Suppose (v,v) and (¥,7) are parametrically equivalent via the change of
parameter s : 1 — I. Thus (F(¢),7(t)) = (v(s(t)), v(s(t))) for all t € I. By
differentiation, we have

Uty = Us()3(t), B(t) = B(s(t)$(2).

Therefore, the curvature of the Legendre curve is depended on a parametri-
sation. We give examples of Legendre curves.

Example 3.5 One of the typical example of a front (and hence a frontal)
is a regular plane curve. Let v : I — R? be a regular plane curve. In this
case, we may take v : I — S* by v(t) = n(t). Then it is easy to check that
(7,v) : I - R? x S is a Legendre immersion (a Legendre curve).

By a direct calculation, we give a relationship between the curvature of the
Legendre curve (4(t), B(t)) and the curvature x(t) if -y is a.regular curve.

Proposition 3.6 ([6, Lemma 3.1]) Under the above notions, if vy is a reqular
curve, then £(t) = |B(t)|k(t).

Example 3.7 Let n,m and k be natural numbers with m = n + k. Let
(7,v) : I — R x 8! be
1 1 1
==, —t™ ), v(t) = —— (—1t*,1).
’Y(t) (,n m > V( ) t2k + 1 ( )

It is easy to see that (v, v) is a Legendre curve, and a Legendre immersion
when k = 1. We call « is of type (n,m). For example, the frontal of type



(2,3) has the 3/2 cusp (A, singularity) at ¢ = 0, of type (3,4) has the
4/3 cusp (Es singularity) at ¢ = 0 and of type (2,5) has the 5/2 cusp (A4
singularity) at ¢ = 0, see Figure 2 (cf. [2, 3, 14]). By definition, we have
u(t) = (1/vVt* 4+ 1)(—1, —t*) and

w0 = P gy = e E L

tk 41
2} // \\ 2r ,/ 2o /
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/ \ : /
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/ \ ' / /
/. /
2 1 ; 2 1

the 3/2 cusp the 4/3 cusp the 5/2 cusp
Figure 2.
More generally, we see that analytic curves -y : I — R? are frontals.

Now, we consider Legendre immersions in the unit tangent bundle. Let
(7,v) : I = R? x S! be a Legendre immersion. Then the curvature of the
Legendre immersion (£(t), B(t)) # (0,0) for all ¢t € I. In this case, we define
the normalized curvature for the Legendre immersion by

(0, 70) - ( a = )

VIR + B2 (/U(t)?

Then the normalized curvature (4(t), B(t)) is independent on the choice of
a parametrisation. Moreover, since #(t)? + B(t)? = 1, there exists a smooth
function 6(¢) such that

7(t) = cosO(t), B(t) = sin 0(t).

It is helpful to introduce the notion of the arc-length parameter of Legendre
immersions. In general, we can not consider the arc-length parameter of the
front v, since v may have singularities. However, (v, ) is an immersion, we
introduce the arc-length parameter for the Legendre immersion (v, v). The
speed s(t) of the Legendre immersion at the parameter t is defined to be the
length of the tangent vector at ¢, namely,

s(t) = 1(3(1), ¥())] = VF() - ¥(t) + (1) - (2).
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Given scalars a, b € I, we define the arc-length from ¢ = ¢ to t = b to be the
integral of the speed,

L(y,v) = / s(t) dt.

By the same method for the are-length parameter of a regular plane curve,
one can prove the following:

Proposition 3.8 Let (v,v) : I — R% x St;t — (7(t),v(t)) be a Legendre
immersion, and let to € I. Then (vy,v) is parametrically equivalent to the
unit speed curve

7,7): T > R*x %5 = (3(s),7(s)) = (v ou(s),vou(s)),

under a positive change of parameter uw : I — I with u(0) = ty and with
u'(s) > 0.

We call the above parameter s in Proposition 3.8 the arc-length parameter
for the Legendre immersion (v,v). Let s be the are-length parameter for
(7,v). By definition, we have v'(s) - v'(s) + V'(s) - v/(s) = 1, where ’ is the
derivation with respect to s. It follows that £(s)? + 8(s)*> = 1. Then there
exists a smooth function é(s) such that

2(s) = cosb(s), B(s) = sind(s).

In the last of this section, we consider the other special parametrisation for
Legendre immersions without inflection points. We define inflection points.
Let (v,v) : I — R? x S! be a Legendre curve with the curvature of the
Legendre curve (£, 8).

Definition 3.9 We say that a point ¢ty € I is an inflection point of the
frontal -y (or, the Legendre curve (v, v)) if £(ty) =0

Remark that the definition of the inflection point of the frontal is a gener-
alisation of the definition of the 1nﬁectlon point of a regular curve, namely,
k(t) = 0 by Proposition 3.6.

If (7,v) : I - R?x S! is a. Legendre curve without lnﬂectlon points, then
(v, v) is a Legendre immersion.

Under the assumption £(t) # O for all ¢ € I, we can choose the special
parameter ¢ so that |0(t)| = 1, similarly to the arc-length parameter of
regular curves, namely, if 3(t) # 0 for all ¢t € I, we can choose the arc-length
parameter s so that |y/(s)|] = 1. Since |¥(t)] = 1, v(t) (and also w(t)) is
the unit speed. By the same method for the are-length parameter of regular
plane curves, one can also prove the follpwing:



Proposition 3.10 Let (v,v) : I — R2xS! be a Legendre immersion without
inflection points, and let ty € I. Then v is parametrically equivalent to the
unit speed curve o

v:I— Sl;sfl—> 7(s) =voul(s),
under a positive change of parameter u : I — I with u(0) = to and with
u'(s) > 0.

We call the above parameter s in Proposition 3.10 the arc-length parameter
for v (or, the harmonic parameter for the Legendre immersion). If t is the

are-length parameter for v, then we have |£(t)] = 1 for all ¢ € I. Note that-

we have #(t) =1 for all ¢ € I, if necessary, a change of parameter ¢ — —t.

Hereafter we consider the Legendre immersion (v,v) : I — R? x S!
without inflection points.

4 Evolutes of fronts

In [6], we have defined an evolute of the front in the Euclidean plane by using
parallel curves of the front. Here, we recall an alternative definition of the
evolutes of fronts as follows, see Theorem 3.3 in [6].

Let (y,v) : I — R? x S! be a Legendre immersion with the curvature of
the Legendre immersion (¢, ). Assume that (-, ) dose not have inflection
- points, namely, £(t) # 0 for all ¢ € I. |

Definition 4.1 We define the evolute Ev(y) : I — R? of 7,

E0(7)(t) = (t) - -/g(%’u(t). | 3)

Remark that the definition of the evolute of the front (3) is a generalisation
of the definition of the evolute of a regular curve (1).

Proposition 4.2 Under the above notations, the evolute Ev(vy) is also a
Jront. More precisely, (Ev(v), J(v)) : I — R? x S! is a Legendre immersion
with the curvature

d B(t))

(0 579
By Proposition 4.2, t is a singular point of the evolute Ev() if and only if
(d/dt)(6/0)(t) = 0.

Definition 4.3 We say that io is a vertex of the front v (or, the Legendre
immersion (v, v)) if (d/dt)(8/£)(to) = 0, namely, (d/dt)(Ev())(to) = 0.
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Remark that if ¢, is a regular point of -y, the definition of the vertex coincides
with usual vertex for regular curves. Therefore, this is a generalisation of the
notion of the vertex of a regular plane curve. We have some results for the
Four vertex Theorem of the front, see in [6, 7].

We now consider the evolute of the front as a (wave) front of a Legendre
immersion, and as a caustic of a Lagrange immersion by using the following
families of functions.

We define two families of functions

Fu I X R2 - R’ (t7$>y) = (’)’(t) - (‘I’ay)) ) I"'(t)

and
F:IxR*>R, (tz,y)~ (vt)—(z,9)) v(t).

Then we have the following results:

Proposition 4.4 (1) F,(t,z,y) = 0 if and only if there exists a real number
A such that (z,y) = v(t) — Av(t).

(2) Fu(t,z,y) = (8F,/0t)(t,z,y) = O if and only if (z,y) = ¥(t) -
(B@)/£(t))v(2)- |
One can show that F), is a Morse family, in the sense of Legendrian (cf.
[1, 16, 17, 18, 21, 23]), namely, (F,,0F,/0t) : I X R? - R xR is a submersion
at (t,z,y) € ¥(F),), where

5(5) = { o) | tt.a) = Gtaw) =0}

It follows that the evolute of the front £v(y) is a (wave) front of a Legendre

immersion. :
Moreover, since (OF, /0t)(t,z,y) = £(t)F,.(t,z,y), we have the following:

Proposition 4.5 (1) (0F,/0t)(t,z,y) = 0 if and only if there exists a real
number X such that (x,y) = y(t) — A\v(t).

(2) (OF,/ot)(t,z,y) = (0°F,/6t*)(t,z,y) = 0 if and only if (z,y) =
V(t) — (B()/£())v(?)-

One can also show that F, is a Morse family, in the sense of Lagrangian (cf.
[1, 16, 17, 18, 21, 23]), namely, 8F, /0t : I x R? — R is a submersion at
(t,x,y) € C(F,), where ' :

o) = { o | Getan o}
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It also follows that the evolute of the front Ev(y) is a caustic of a Lagrange
Immersion.

By Proposition 4.2, if (y,v) : I — R? x S! is a Legendre immersion
without inflection points, then (Ev(v), J(v)) : I — R? x S is also a Legendre
immersion without inflection points. Therefore, we can repeat the evolute of
the front.

Theorem 4.6 The evolute of the evolute of the front is given by

ev(evn)(e) - £ul)(e) - LD ZBON

The following result give the relationship between the singular point of v and
the properties of the evolutes.

Proposition 4.7 (1) Suppose that to is a singular point of v. Then v is
diffeomorphic to the 3/2 cusp at to if and only if to is a reqular point of
Ev(7).

(2) Suppose that ty is a singular point of both v and Ev(y). Then v is
diffeomorphic to the 4/3 cusp at to if and only if to is a regular point of
Ev(Ev(7)).

We give the form of the n-th evolute of the front, where n is a natural
number. We denote £4°(7)(t) = v(t) and Evt(y)(t) = Ev(y)(t) for conve-
nience. We define Ev™(7)(t) = Ev(Ev™1(7))(¢) and

. ﬁ(f) . Bn~1(t)
Bl =Gy B0 =57

inductively.
Theorem 4.8 The n-th evolute of the front is given by

EV (1)) = Ev"H(N)(E) = B (8)T7(1(1)),
where J*1 is (n — 1)-times of J.

Example 4.9 Let v : [0,27) — R? be the asteroid y(t) = (cos®t,sin®t),
Figure 3 left. We can choose the unit normal v(t) = (- sint, —cost) and
p(t) = (cost,—sint). Then (v, v) is a Legendre immersion and the curvature
of the Legendre immersion is given by |

¢(t)=—1, pB(t) = —3costsint.



94

The evolute and the second evolute of the asteroid are as follows, see Figure

3 centre and right:

Ev(y)(t) = (cos®t+3costsin®t,sin®t + 3cos’tsint),
Ev(Ev(y))(t) (4cos®t,4sin’t) = 4y(¢).
}\ \‘;\;\"'--—_..}{_,_, __,,I:,?u /<:/z— \:}f\
IN AN { AN
o= //‘| TS e SN . - II
/ / \ \ - 7
"{ // —— K\ ‘\ Jf\ 2
}/_. .... \ \\\ /

the asteroid

the evolute

the second evolute

Figure 4. The asteroid and evolutes.

Example 4.10 Let y(¢) = ((1/3)t3, (1/4)t*) be of type (3,4) in Example 3.7,
Figure 4 left. Then v(t) = (1/vVt?+ 1)(—t, 1), p(t) = (1/VE* + 1)(—1, —1),

and the curvature of the Legendre immersion is given by

1
= —t*Vi2 + 1.

W=

B(t)

The evolute and the second evolute of the 4 / 3 cusp are as follows see Figure

4 centre and right:
23 5.2, 04
—t° =t =t ),
( 3 +4

5 _
Ev(Ev())(t) = (—Qt — 33153 — 6t°, —t* — ?t“ — 5t6> :

Ev(y)(t) =

\ J !/ ’ / NS 7/ ;//
N\ / \ a4 \ N, . /
N\ // ANRN /S \\\\ // /

the 4/3 cusp the evolute the second evolute
Figure 4. The 4/3 cusp and evolutes.
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5 Involutes of fronts

Let (v,v) : I - R*x S' be a Legendre immersion with the curvature of
the Legendre immersion (£, 8). Assume that (-y, ) dose not have inflection
points, namely, £(t) # 0 for all ¢t € I.

Definition 5.1 We define the involute Znv(y,ty) : I — R? of «y at t,,

Tt )(8) =(0) - ( / t 6<s>ds) (). )

Remark that the definition of the involute of the front (4) is a generahsatlon
of the definition of the involute of a regular curve (2).

Proposition 5.2 Under the above notations, the involute Znv(v,ty) is also
a front for each ty € I. More precisely, (Inv(y,ty), J-H(v)) : I — R? x St is
a Legendre immersion with the curvature

(e(t), ( / t ,8(3)d3> e(t)) |

By Propos1t10n 5.2, t is a singular point of the involute Znv(y, to) if and only
if / B(s)ds = 0. Especially, ¢, is a singular point of the involute I’rw(”y, to)-

We consider the involute of the front as a (wave) front of a Legendre
immersion, and as a caustic of a Lagrange immersion by using the following
families of functions. We also define two families of functions.

FH IxR* SR, (t,z,9) = (v(1t) — (z,9)) - / B(s)ds
and
B IxXRE SR, (4,3,9) = (1) (2,9)) - v(t) — /t (ﬁ(u) /t uﬁ(s)ds) du

Then we have the following results:

Proposition 5.3 (1) ﬁu(t z,y) = 0 if and only if there exists a real number
A such that (z,y) = ¥(t) — \v(t) — ft (s)ds)p(t)
(2) ﬁ“(t,:c,y) = (8F JOt)(t, z,y) =0 if and only if

w0 ([ o)
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One can show that FV,L is a Morse family, in the sense of Legendrian and the
involute of the front Znv(v,ty) is a (wave) front of a Legendre immersion.

Moreover, since (3F,/0t)(t,z,y) = #(t)F,(t, z,y), we have the following:

Proposition 5.4 (1) (8F,,/8t)(t z,y) =0 zf and only zf there exists a real
number X\ such that (z,y) = ¥(t) )\z/(t —( ft

(2) (Gﬁy/ﬁt)(t,x,y) = (82F,,/8t2)(t,x,y) =0 zf and only if

(z,y) =(t) — ( /to t 6(s)ds> p(t).

One can also show that F, is a Morse family, in the sense of Lagrangian and
the involute of the front Znuv(v, to) is a caustic of a Lagrange immersion.

We analyse singular points of the involute of the front.

Proposition 5.5 (1) Suppose that t is a singular point of Inv(7,to). Then
Inv(y,to) is diffeomorphic to the 3/2 cusp at t if and only if B(t) # 0.

(2) Suppose that t is a singular point of Tnv(y,ty). Then Inu(y,to) is
diffeomorphic to the 4/3 cusp at t if and only if B(t) = 0 and B(t) #0.

As a corollary of Proposition 5.5, we have the following.

Corollary 5.6 (1) Znu(y,to) is diffeomorphic to the 3/2 cusp at to if and
only if tg is a regular point of y.

(2) Inv(y,ty) is diffeomorphic to the 4/3 cusp at ty if and only if v is
diffeomorphic to the 3/2 cusp at to.

By Proposition 5.2, if (v,v) : I — R? x S! is a Legendre immersion
without inflection points, then (Znuv(y,to), J-'(v)) : I — R? x St is also
a Legendre immersion without inflection points. Therefore we can also re-
peat the involute of the front. We give a form of the n-th involute of the
front, where n is a natural number. We denote Inv°(v,%0)(t) = ¥(t) and
Inv'(7y,t0)(t) = Inv(v,to)(t) for convenience. We define Tnv™(7y,t)(t) =
Inv(Tnv™ (v, ty), to)(t) and

i)~ ( /t:ms)ds) (o), a0 ( / ﬂ_n;1<s>ds) £(t)

inductively.-



Theorem 5.7 The n-th involute of the front v at ty is given by

Ed) rr ),

Inu™ (7, to)(t) = Ino™ H(y, to)(t) + £(t)

where J™ is n-times of J71.

Example 5.8 Let 7y : [0,27) — R? be the asteroid v(¢) = (cos®¢,sin¢) in
Example 4.9 and ¢, € [0, 27). Then the involute and the second involute of
the asteroid at ¢ are as follows, see Figure 5 at to = 7/4 and at t; = 7.

1 3 3
Inu(y, to)(t) = ( 1 cos® t + 7908 tsin?t + 7 008 2ty cost,

1 3
Zsin3t+ %cothsint — Zcos21tosint)

1 . 3 3 :
Ino(Tnv(vy, to), to)(t) = ( 1 cos® t + 7 €08 2ty cost + Z(COS 2ty)tsint

3
+§ sin 2t sint — Z(COS 2ty)ty sint,
1 ..
1 sin®t — -2— cos 2ty sint + i—(cos 2tg)tcost

3
+g sin 2ty cost — Z(COS 2to)to cost ) :

LSE L5 5
10F 0 10
i ,. |
N / \\ / s \.\
S osp \ 7 o5f .
IR AN AN
15 o fj s os -10 /"\/ EY] } l os \/ e ‘/\ -::_;/'JJ[ ¥ os \:: o s
\\ el ! ~. / ___\i\ /’ S " ;{..—:j?‘-;-\ /‘/
\< o // Nosp //}/ \;u- /_/*
\ / \ // \\ /,
1o} 10\ —m{
sk r 5
the asteroid the involute at 7/4  the second involute at 7 /4
1o} P
\ / /‘/
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Figure 5. The asteroid and involutes.
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6 Relationship between evolutes and involutes
of fronts

In this section, we discuss on relationship between the evolutes and the in-
volutes of fronts. Let (v,v) : I — R? x S! be a Legendre immersion with
the curvature of the Legendre immersion (£, 8). Assume that (7, ) dose not
have inflection points, namely, £(t) # 0 for all t € I. We give a justification
of Proposition 2.4 with singular points.

Proposition 6.1 Let t; € I.
(1) Eu(Tnu(y, t0))(t) = ¥(b)-
(2) Znv(Ev(), to)(t) = ¥(t) — (B(t) /(o)) v ().

For a given Legendre immersion (v,v) : I — R? x S!, we consider the
existence condition of a Legendre immersion (7,7) : I — R? x S such that
Ev(F)(t) = (t) or Inv(F,t0)(t) = (t) for some to. By using Proposition
6.1, we have the following result.

Proposition 6.2 (1) If (t) = Inv(y,to)(t) + A\u(@), U(t) = J 1 (v(¢)) for
any to € I and X € R, then Ev(F)(t) = (t).

(2) If ¥(t) = Ev(y)(t), v(t) = J(v(t)) and ty is a singular point of v, then
Inu(7,t0)(t) = 7(t)-

By Theorems 4.8 and 5.7, we have the following sequence of the evolutes
and the involutes of the front.

o (Tned (v, 1) (8), T W)(0) (T, o)1), T ) (1))

(7(8), v(£)) E (Ev() @), TW)E) DB (E2®), W) B (5)

It follows that the corresponding sequence of the curvatures of the Leg-
endre immersions (5) is given by '

o= (L2, Ba(t) + (4(2), B-1(8)
(£(t), B(t)) = (£(2), Bi(2)) — (£(2), Ba(2)) = - - (6)
Moreover, we may suppose that ¢ is the arc-length parameter for v, see
§3. It follows that £(t) = 1 for all ¢ € I, if necessary, a change of parameter

t — —t. Then the relationship between second components of the curvatures
“of the Legendre immersions (6) is pictured as follows:

t t t d d2
e [ ([ soar) de [ a5 Fo0) > G580 > -
to \Jto to ‘ dt dt?

This is corresponding to the relationship between the differential and integral
in classical calculus.
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