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Mean value theorems for double zeta-functions
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1. INTRODUCTION AND THE STATEMENT OF MAIN RESULTS

The Riemann zeta-function is defined by

¢(s) = in_s (seC; Rs>1)
n=1

which can be continued meromorphically to the whole complex plane with a simple

pole at s = 1, and has the following functional equation:

n=*/T (%) {(s) = n~ 2T (1 ) 'S> ¢(1—s).

It is known that any non-trivial zero lies in the open strip {s € C | 0 < Rs < 1}
(“the critical strip”), and the behaviour of {(s) in this strip is very important in
number theory. Moreover, in view of the functional equation, in some sense it
is enough to study the behaviour of ((s) in the right-half of this strip, that is
{s € C|1/2 < Rs < 1}. Numerous researches have been done on the behaviour of

¢(s) in this region. Among them, one of the most famous theorems is as follows:

The mean value theorem for ((s) For any T' > 2, we have

2 —20)
2

/T |¢(o + it)|%dt = ¢(20)T + (2#)2”_1§—(——T2_2" + (Error term)  (1.1)
2

— 20
for 1/2 <o <1, and

T
/ |C(% +4t)|2dt = Tlog T + (2y — 1 — log 2m)T + (Error term), (1.2)
2

where v is Euler’s constant.

Formula (1.2) with the error term O(T®/4*¢) is due to Littlewood. Theorem 7.4 of
Titchmarsh [12] gives a proof with the improved error term O(T"/2*¢), and this error
estimate has further been improved by many people included Balasubramanian,
Huxley and so on. Formula (1.1) was first obtained by Ingham [3] and later improved

by the first author, Meurman, etc.
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These mean value formulas play a fundamental technical role in the analytic theory
of {(s). Moreover, these formulas themselves suggest the following two important
observations.

(a) First, it is trivial that (o + it) is bounded with respect to ¢ in the region of
absolute convergence ¢ > 1, but (1.1) and (1.2) suggest that {(o + it) seems not
so large in the strip 1/2 < o < 1, too. In fact, the well-known Lindel6f hypothesis
predicts that

(o +it) = O (£) (% <o< 1) (13)

for any ¢ > 0. (For ¢ = 1, even a stronger estimate has already been known.)
Formulas (1.1) and (1.2) support this hypothesis.

(b) The second observation is that the coefficient {(20) on the right-hand side of
(1.1) tends to infinity as 0 — 1/2, hence the form of the formula should be changed
at ¢ = 1/2, which is in fact embodied by (1.2). This phenomenon suggests that the
line 0 = 1/2 is “critical” in the theory of {(s). In fact, the special feature of this
“critical line” (especially in connection with the Riemann hypothesis) is well-known.

As a double series analogue of {(s), the Euler double zeta-function is defined by

d 1
=3 Sl =S (z mﬂ) L

which is absolutely convergent for s1,80 € C w1th Rsy > 1 and R(s; + s2) > 2
(Theorem 3 in [8]), and can be continued meromorphically to C2. The singularities
are s, = 1 and s; + s; = 2,1,0,—2,—4,... (Theorem 1 in [1]). Euler himself
considered the behaviour of this function when s, s, are positive integers. In fact,
its values at positive integers are often called the double zeta values or the Euler-
Zagier double sums. It was Atkinson [2] who first studied (1.4) from the analytic
viewpoint, and he proved the analytic continuation of it. As for the recent studies
on the analytic side of (1.4), for example, upper-bound estimates were discussed
in [4], [5], [6], and functional equations were discovered in [9], [7].

In this note we announce certain mean square formulas for (1.4), with a brief
sketch of the proof. For the details, see [10].

Let )
oo | k-1
D) =S| —| = (1.5)
k=2 |m=1 m* k82

Since the inner sum is O(1) (if Rs; > 1), O(logk) (if Rs; = 1), or O(k*~%e1) (if
Rs; < 1), the series (1.5) is convergent when Rs; > 1 and Rs, > 1, or when Rs; < 1
and 2Rs; + RNs, > 3.

Hereafter we write sy and s instead of s; and s,, respectively, and consider the
mean square with respect to s, while sq is to be fixed.

Theorem 1. For s = g¢ +itg € C withog > 1 and s = o + it € C with o > 1,
t > 2, we have

/2 T|§2(30,8)|2dt P (s0,20)T +0(1) (T = ). (1.6)



Theorem 2. For sy = 0g+ 1ty € C with oy > 1 and s = o +it € C with % <o<1,
t> 2 and og + o > 2, we have

T
/ |Ga(s0, 8)[2dt = (I (s, 20)T + O (T* % log T) + O (T*?). (1.7)
2

The most important, and technically the most difficult, result is the following
theorem which describes the situation under the condition % <og+o<2

Theorem 3. Let so = o9 + ity € C with 1 < 09 < 3 and s = 0 + it € C with
% <oc<1l,t>2and % < 09+ 0 < 2. Assume that when t moves from 2 to T, the
point (s, s) does not encounter the hyperplane sy + s = 2 (which is a singular locus

of 3). Then

T
/ |C2(50, 8)|%dt = ¢ (s0,20)T
2

(O (T4 202 10g T) + O (TY?) (3 <o0<l,i<o<1)
O (T* % (logT)*) + O (TV?) (3 <oo<l,0=1) (1.8)
+O0(T* % (logT)®)+ 0 (TY?) (o9=1,3<0<1)
O (T'?) (g =1,0=1)
LO (T* % 1og T) + O (T*/?) (I<og<33<o<1).

Remark 4. In Theorems 2 and 3, the error terms O(T*/?) are coming from the simple
application of the Cauchy-Schwarz inequality. It is plausible to expect that we can
reduce these error terms by more elaborate analysis.

Our theorems in this note may be regarded as double analogues of (1.1). Since
the coefficient Cg](so, 20) tends to infinity as g + o — 3/2, it is natural to raise,
analogously to the above (a) and (b), the following two conjectures:

(i) (a double analogue of the Lindelof hypothesis) For any € > 0,

CQ(SO, S) =0 (te) (19)

when (sg, s) (which is not in the domain of absolute convergence) satisfies a9 > 1/2,
o>1/2,t>2,00+ 0 >3/2and sy + s # 2;

(ii) (the criticality of o9+ 0 = 3/2) When oo+ 0 = 3/2, the form of the main term

of the mean square formula would not be CT (with a constant C; most probably,
some log-factor would appear).

Remark 5. 1t is not easy to find the “correct” double analogue of the Lindelof hy-
pothesis. Nakamura and Parikowski [11] raised the conjecture

G (1/2+it,1/2 + it) = O (£°) (1.10)

(actually they stated their conjecture for more general multiple case), and gave a
certain result (their Proposition 6.3) which supports the conjecture. However, the
value (o (1/2 + ity, 1/2 + itp) is, if 1 # t2, not always small. In fact, Corollary 1 of
Kiuchi, Tanigawa and Zhai [6] describes the situation when (5(s1, s2) is not small.

For example, if ¢, < /57, then

G (1/2 +it1,1/2 +its) = Q (t}/“‘*e) .
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Our theorems imply that our conjecture (1.9) is true in mean. That is, (1.9) is
reasonable in view of our theorems.

Remark 6. The above conjecture (ii) suggests that o9+ o = 3/2 might be the double
analogue of the critical line of the Riemann zeta-function s = 1/2. On the other
hand, in view of the result of Nakamura and Pankowski mentioned above, we see
that another candidate of the double analogue of the critical line is g + 0 = 1. At
present it is not clear which is more plausible.

Remark 7. We cannot expect the analogue of the Riemann hypothesis on the location
of zeros. In fact, Theorem 5.1 of Nakamura and Parikowski [11] asserts (in the double
zeta case) that for any 1/2 < 01 < 03 < 1, {3(s, s) has < T non-trivial zeros in the
rectangle o1 < 0 <09, 0 <t <T.

2. SKETCHES OF THE PROOFS OF THEOREMS 1 AND 2

In this section, we explain the proofs of Theorems 1 and 2. First we give a sketch
of the proof of Theorem 1.

Let sg = 0¢ + ity € C with 0g > 1 and s = o + it € C with ¢ > 1. Using the
definition (1.4), we can see that

T
/2 (Cals0, )Pt = (B (s0,20)(T — 2)

1 T it
T D — / (m2+"2) .
mPms’ (my +n1)°(me +n2)° Jo \ma+m

mi,mp,ny,nog>1
my+nyFEma+ny

Separating the second term on the right-hand side into two parts according to the
cases mi+mn; < ma+ng < 2(my+mn;) and mg+ng > 2(my+ny), and argue similarly
to the proof of [12, Theorem 7.2], we can show that each part has the order O(1)
when oy > 1 and o > 1. This implies Theorem 1.

Next we proceed to the proof of Theorem 2. In order to give its proof, it is
necessary to prepare the double version of the following well-known result given by
Hardy and Littlewood (see [12, Theorem 4.11]): Let oy > 0, z > 1 and C > 1.
Suppose s = o + it € C with o > 01 and |t| < 27z /C. Then

1zl "
¢(s) = Z;—l_s+o(x ) (z = o0). (2.1)

1<n<z

The double series analogue of (2.1) is as follows.

Theorem 8. Let s = og+itg € C, s =c+it € C\{1}, 2> 1 and C > 1. Suppose
o > max(0,2 — 0p) and |t| < 27x/C. Then

0 1 1 & 1
Ca(s0,5) = Z Z mo(m+n) 1—s Z mso(m + z)*-1

m=11<n<z

O(z™°) (o0 > 1) ) (22)
+<O(xz°logz) (09=1) (z = o0).
O(z!=779°) (09 < 1)
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In order to prove this theorem, we need the following lemma.

Lemma 9 ( [12] Lemma 4.10). Let f(z) be a real function with a continuous and
steadily decreasing derivative f'(x) in (a,b), and let f'(b) = o, f'(a) = B. Let g(z)
be a real positive decreasing function with a continuous derivative ¢’ (z), satisfying
that |g'(z)| is steadily decreasing. Then

b
Z g(n)627rif(n) — Z / g(x)e%ri(f(z)—uz)dx

a<n<b vEZ
a—n<v<p+n

+ 0 (g(a)log(B — a +2)) +O(lg'(a)))

(2.3)

for an arbitrary n € (0,1).
Using this lemma, we can give a proof of Theorem 8.

A sketch of the proof of Theorem 8. First we assume that o > 1 and o > 1. Then,
using the Euler-Maclaurin formula (see [12, Equation (2.1.2)]), we have

21 & 1
stog(m+n)s

= Al — A2 - Ag - A4 (say), (24)

where we can check that the right-hand side can be continued to the desired region.
In fact, the terms A, and A, are absolutely convergent in the region g+ o > 1, and

in this region
- 1
A, = _— . 2.5
4 O(;mao<m+N>a) 25)
The integral in Az is absolutely convergent if ¢ > 0, and is O(c~!(m + N)=°).
Therefore A3 can be continued to the region o > 0, gy + 0 > 1 and

A3=0 (Z r&”ﬁ) (26)

m=1

there. The term A, is absolutely convergent for o + 0 > 2, s # 1.
Hereafter we assume N > z and fix m € N. For o > 0 and a small 7, we obtain
by Lemma 9 that

1 et log(m+n)
> AT

N
1
T s ———du+0 ((m + a:)“’)
z<n<N z<n<N (m + n) /z (m + U)

_ (m+ N)I=¢ — (m + z)'~*

. + 0 ((m+z)™°). (2.7)
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In other words, denoting the above error term by E(s;z,m,N), we find that this
function is entire in s (the point s = 1 is a removable singularity) and satisfies

E(s;z,m,N) =0 ((m+z)7°) (2.8)
uniformly in N in the region o > 0. Therefore we have
1 « 1
Ga(s0, ) ;% mso(m+n S 1- Sn;l ms(m + )*~1
E(s;z,m,N
+Z—(—m—)—A3—A4 (29)
m=1

in the region ¢ > max(0,2 —0y), s # 1. Letting N = oo, we obtain Theorem 8. [

Now we start the proof of Theorem 2.

A sketch of the proof of Theorem 2. Let so = g9 + itp € C with 0p > 1 and s =
o+iteC\ {1} with1/2 <o <1, 09 +0 > 2. Setting C =27 and z =t in (2.2),
we have

(2(s0,8) = g—:u;:?t e T )" +0 (™) (t— o). (2.10)

We denote the first term on the right-hand side by Xi(sq,s). Let M(ni,ng) =
max{ny,ne,2}. Then

T
/ |21(30,5)|2dt

Z Z so Z Z m(T—M(nl,ng))

mi12>1 m2>1 'n.1<T ng<T
mi+ny=mo+ny

1
+ Z Z 30 mso Z Z (ml + nl)a(mz +n2)a

mp>1 m2>1 2 n <T ng<T
mi+n1FEma+ng
eiT log((ma+n2)/(mi+n1)) _ eiM(nl,'nz) log((ma2+n2)/(m1+n1))

(2.11)

X ilog((maq + n2)/(m1 +ny))

We denote the first and the second term on the right-hand side by S1T — S, and Ss,
respectively. Then we can see that

ST = ¢ (s0,20)T + O (T*%), (2.12)
and

T2 (1/2<0 <1)
52 < {logT (0 =1),

because o9 > 1. Also

1 1 1
S3 K —_— _
’ m1§>1 (m1m2)00 nlnﬂzzvST (ml + nl)a(m2 + nz)a log L’rﬁﬁ

mi+ny<mao+ng<2(mj+nj)



1 1
my,mz>1 1 2 ny,ng<T 2 mi+ny
ma+ng>2(my+ny)

We denote the first and the second term by W; and W, respectively. Then we have

T?* 2 1ogT (1/2<0<1)
1%
L {(logT)2 (c=1),

7?2  (1/2<0<1)
(logT)? (o =1).

Combining these results, we obtain

T
A|Q%ﬁwﬁ

T
= [ 1m:05)+ 0 () Pt
2

_ /: 21 (s0, 8)[2dt + O (/; IEl(so,s)[t"’dt) +0 (/2Tt‘2"dt) L (213)

By the Cauchy-Schwarz inequality, we can obtain Theorem 2. O

W2<<{

3. A SKETCH OF THE PROOF OF THEOREM 3

In the previous section, we gave the proof of Theorem 2 by use of (2.10) which
comes from Theorem 8. However Theorem 8 holds under the conditions ¢y > 0 and
g9 + o > 2. Hence we cannot use it for 3/2 < ¢ + ¢ < 2. In order to prove a mean
value result in the latter case, we have to prepare another approximate formula for

42(80, S).

Theorem 10. Let so = 0+ itg € C with 0 < 09 < 3/2 and s = ¢ + it € C with
0>1/2,00+0>1,s#1, and sy + 5 # 2. Then

O (t1==7) (g9 < 1)
2(50, szm(me) +{0(tlogt) (s0=1) (3.1)

m=1 n<t O (™) (00 > 1).

In order to prove this theorem, we begin with (2.9) with z = ¢t. As was discussed
in the proof of Theorem 8, all but the second term on the right-hand side of (2.9)
are convergent in o > 0, 09 + o > 1, so the remaining task is to study the second
term.

First we assume oq+0 > 2, s # 1. Then by the Euler-Maclaurin formula we have

1 o 1
1-s mZ=1 me (m + t)*1

1 /°° dy
1—s 1 ySQts—l (1 + %)3—1
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1 *® 1 So 1-s
rr ) (voni- 2) (o yso(y+t>s> “
1 a4+ t)i—*
* 2(1 - s)(
=g(s0,8) + Y2+ Ys (say). (3.2)

We can find that Y; + Y3 can be continued to the region o9 > 0, 09 + 0 > 1 and
s # 1, and in this region satisfies

O(tl™?) (0<og<lyo0+0>1)

Y2+Y3=¢0(tlogt) (o0=1;00+0>1) (3.3)
O (t™) (60 >1; 00+ 0 >1).
As for g(sg, ), we use the classical Mellin-Barnes integral formula
_ 1 [(s+2)T(-2) ,
(1+X~ = o /@ o, (3.4)

where s, A are complex numbers with ¢ = Rs > 0, |arg \| < 7, A # 0, c is real with
—0 < ¢ < 0, and the path (c) of integration is the vertical line ¥z = c. We apply
(3.4) with X\ = y/t to g(so,s) and shift the path of integration suitably to obtain
that g(so, s) can be continued meromorphically to the region oy < 3/2 and o > 1/2,
and satisfies

_fo) (s0 #1)
9(s0,8) = {O(t—” logt) (so=1)

in this region, except for the singularities
s=1, s +s=210-1,-2,-3,—4,.... (3.5)

From these results, we find that the right-hand side of (3.2) can be continued to the
region og < 3/2, 0 > 1/2, 09 + o > 1, and satisfies the estimates proved above. On
the other hand, the last three terms on the right-hand side of (2.9) (with z = t) are
estimated by (2.5), (2.6), and (2.8), respectively. Thus we obtain Theorem 10.

Based on these results, we finally give the proof of Theorem 3.

A sketch of the proof of Theorem 8. We let so € C with 1/2 < 09 < 3/2and s € C
with 1/2 < 0 < 1 with 3/2 < 09 + 0 < 2. We further assume that sop + s # 2.
Formula (2.11) holds also in this region, whose right-hand side is S$i;T — Sz + Ss.
Estimating S; and S;, we can obtain

O(T%%20)  (L<gy<1)
= ¢ (s0,20) + { O (T2 (log T)?) (0o = 1) (3.6)
O (T*~%) (l<ao< ),
O (T*—200~20) (3<oo<l,31<0<1)
_JOo(T**(10gT)?) (o0=1,53<0<1)
52 = O ((log T)®) (6o =1,0=1) (3.7)
O (T%%) (l<oo<ii<o<),
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where we have to note that 3/2 < 09 + o < 2 in the first case, and o # 1 (because
if o = 1 then 0¢ + o > 2) in the fourth case.

As for Ss, it is necessary to estimate it more carefully. Similarly to the argument
in the previous section, we have

S. < 1 1 1
3 _S_ ——— _S_ m +
0 o me+ny
- my+ng <mg+ny<2(my+ny)

Z 1 1

i (m mg)° Z (my + ny)7(mg + ny)° log Batna’

mi1,ma2>1 17762 ny,ng<T 1 1 2 2 mi1+ni
ma+ng>2(my1+ny)

which we denote by Wi + W,. We can estimate

1
W, «
2 Z (m1m2 Z (m1 +nq)?(mg + n2)°

my,ma>1 ny,mo<T
mo+ng>2(my+ng)

1 1 1
- Z m3°(my + ny)° z ko Z mo°

my21 E>2(midny)  mg>lmg<T 2
n1<T mo+no=k

= Z + Z = Wa1 + Way,

my1<T m1>T
n1<T n1 <T

say, and we can estimate

Wao < T4_26°—2U, (38)
T4—20'0——2cr

(3<00<li<o<1)
T?-%0logT (

(

(

<ao<1a—1)

[ 1l VI

Wa < 4 T2‘2"(10gT)2 oo =1, 1 <0< 1) (3.9)
(logT)* op=1,0=1) ’

Vi (I<oo<d i<o<l).

Similarly we divide W; into two parts and estimate each part separately. Conse-
quently we obtain

S3 W1 -+ Wz

(T4—200—20 logT (%

T?20(logT)? (3<o9<l,o=1)
(
(

< {T>%(logT)®  (0p=1,1 <o <1) (3.10)
(log T)* oo =1,0=1)
(T% % log T (l<op<3i<o<l).

Thus, combining (3.6), (3.7), (3.10) with Theorem 10, and using the Cauchy-Schwarz
inequality, we obtain Theorem 3. O
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