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On some properties of Dirichlet series on a domain where it is
divergent
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1. INTRODUCTION
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Euler-Maclaurin summation formula

Let M, Ny, and N, be positive integers, and f(z) be a CM function on [Ny, Ny).
Then we have

_ ™ = ym [ stmys s Bms1(z = [2])
X i = [ ek e P”(*751574M
(1) (D‘/fwmmm—mm

where [7] is the largest integer not exceeding z, [f(z )] means f(N) — f(N;), and
B, (z) is the mth Bernoulli polynomial, for example, Bo( ) =1, Biz) = z — &,

By(z) =12’ ~2+3, Bs(z) =2% — 322+ 1z, ...
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We put f(z) =z%, N; = N, then
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where where (s)n, is the function defined by (s)o = 1 and (s)m = s(s +1)--- (s +
m —1), m € N. Because 1 < o and Bp(z) = O(1), we can N, — oo. For 1 <o,
we have

(- = = /N dx+2(s)m P
_(S)M/ BM(W—[JJ])dx

where B,, is the m-th Bernoulli number. For 1 < o, we have

N
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Here we note that

* Bu(z — [z]) *_1
/Nl xs-i-M dx < _/1;1 xa+Md$ <1

when o + M > 1. The right hand side of (3) is meromorophic for the half plane
o > —M + 1. The expression (3) gives the analytic continuation of ¢(s).
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3. —##{t EULER-MACLAURIN SUMMATION FORMULA & F(s) DRHTHE:HE

Definition 1. Let go(z) : (0,00) — C be a function which is continuous on (0, 00) —
N, bounded on every finite open interval (0,c), and bounded by O(z*) as z — oo,
where ag is a non-negative constant. Let C,,, m € N, be arbitral constants, and
gm(z; Cr), m € N, be the functions defined by

a1(z; Cy) =/ go(v)dv+ C1, =z € (0,00),
0

and .
gm(x; Cp) = / gm-1(V; Cm—1)dv + Cpy,  z € (0,00), m > 2.
0

By this definition, g;(xz; C1) is differentiable on (0,00) —N and g (z; Cpn), m > 2,
are differentiable on (0, 00), which satisfy

%gl(m; C1) = go(z), z € (0,00) — N,
%gm+1(x; C'm+1) = gm(x; Cm)7 S (07 OO), m > 1.

Then the function go(z) is called good oscillation, if there exists a non-negative
sequence {am}5>_; such that g, (z;Cr) = O(z*~) asz » coand m+1 — qp — 0
as m — 0o. Next we define “more good oscillation”. When a, satisfy

. Om
limsup — < 1,
m—oo M

we call go(z) is “more good oscillation”.

Remark 3. Z® good oscillation 13FEDEE LB FIfE- - &EETT, TRRIDE
reRz3LEIC, 2¥ TRORE)) LA4MITZ0»DLEBLEZY, (DL E
2. HFERFE C ¥ TRATERIAIEE L 2> 7% DI By (z — [z]) 7= b OHHEIC Z OEH
BHotz, 3) DESIZ, WOBEITZ [T TLILTBORIN1IER S, —A,
3FE Bu(z — [z]) = O(2°) TH27DT, REIFMMORFHBEHEA L, 2
DIFND, M % 12T T LR ZEEI A 182 2BATH >, b L F(s)
X L ARRDO#ERZ L 2BAICEE 1 ODEB5 R THRVWOT, 2LIOTH
WWDT, CETRITERABE 227D TG ? LEZITAS, 22
T good oscillation DEEERINETEH WD,

Remark 4. FZE more good &\ ) DIIKGEL LTENE A, better DT N2 v
VRSIAADHBTL L) (EEFHETLZDOL ) REMIEHLELRE) 28, 20
FETEET,

go(z)is “more good oscillation” =  go(z)is “good oscillation”

3B S 2> TH B, more good oscillation DIFH A LIX» D HWFHTH B, FH
Q& L TlZ good oscillation £ ) b X HIZBWIREIZ LT3 EWHIRREZRTHRE
ELTEo -BETT, fFKMICIZ more more good oscillation 7 3 HZEL +40H
hZ¥7,

B & 22 — B (z — [x]) 13 more good oscillation with

{gm(@)}20 = {-B_m(zf_:){ﬂ}“

m=0
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and am = 0 for allm € NU{0}, TH 3, ((s) DEENTERD L 22 bR 728,
—Bi(z - [z]) DIRENZ L THOL LK FETH 2 (EHREREcHLOEDS), £
HIZ 2} 3% 5 best oscillation £ \2 9 B,

ZLT, ZOFBRIREIEmMm > 2 D B, (z - [z]) It bRL LEML. AHK~L
X—A ZEAZEDBILHEZEAR L T2, AFBIELTERL TV S DI,
CLODBRTH B, BHICE Z 7B go(z) DHHEIZ. 2 DOREWNEOBIFI
R RIET. ZORBLE F(s) DRFTHMEIRED E 5 12 L TV» 2003 B,
BH7n e OBREMEOHETH 3,

Let N; and N, be positive integers, f(z) a CM function defined on the closed
interval [Ny, N], and {a(n)}%, a complex sequence. Let go(z) : (0,00) — C be a
function defined by

(@) =Y aln) ~ (=3 Jloga)’ +J),
h=0

n<z
where I € N U {0}, and J, J are constants. For this go(z), let gn(z;Cp), m €
N U {0}, be the functions defined in Definition 1. Then we have, by integration by
parts in the sense of Stieltjes, that

> fmaln / F@d( Y am)

N1<n<Na n<zx

0 A (25 dttora) et [ F@)dlane: G
-/, f(x)a(x;Jh(ogw) +J)de + | 1@dlg0(; Co)

N, d -1
=/ f(x)agc—(xZJh(logx)h-i-J)dx
1 h=0

N, N,
+ [f($)90($;00)]N - f'(z)go(x; Co)dx.

1 N
Moreover, repeating integration by parts, we obtain

2 f(n)a(n) / f(:c ZJh (log z)" + J)

N1<n<N3

L3 1>m[ F) @ )gm (@3 )]

m=0 N

(4) + (=M y 2 F(2)gag—1(x; Crr1)dz.

COBRBONIZ, —BILINAZEM BB CEM ET3) L Wiz, ZOETH-7
B Ca(n)=1forallneN, I=1 Jy=1, J=-] LEAXEA

wol@) =3 1= (z-2) =lel~a+ 7 = By [a)

n<z
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kb, @i, br) ERBETRAZEMIZH3, RiZ. D GEM ZHWT F(s)
DIRNTERi A EZTH D,

We put f(z) = z=°, Ny = N in (4), and choose the sequence {gm(z; Cm)}m=o 85
that of good oscillation, here we abbreviate {gm(z; Cm)}oog = {gm(x)}59—- Then
1-1

Y [T g X o + )

N<n<N, N

+ 2 (=] 4 o [ 2 g

For s with ¢ > maxosmSM_l{l, am} we can take N, to oo, and obtain

-1

F(s) — f: af;:) =/:o %%(xz Jr(log z)* + J)dx

n=1
* gm-1()
_ Z Ns_*_m )M/N ey o dz.

m=0

C@Eiﬂ@—‘lﬁﬁ@ﬁﬁ%ﬁﬁlﬁ AN "IHH %Eﬂb:@ﬁ‘a_% to> maxosmsM_l{l,am}
2B WT,

1) J+1 Nl—s(log N)h—j
E: (h=H! (A—sp*

F(s)= Z

n=1

m N -1
® 530 QNH,,? + o [ 22

m=0

B3, T TW I
W__La+w+nhﬂ,ﬁoghgz—z
"7 g, fh=1—1.

LEET 2, COELOBBOBIIZEEFE o > 1 - (M — ay-y) K8V TIEH]
TH3, bL. gox)dSgood oscillation THIUE, M —ay_1 - oc0as M — oo &
DT M — 0o EFHUE. F(s) 1t C L ABEEIC BRSNS , 20Bids=1k
DAHFIET 5,

T4V 2 LB F(s) DBV ORMER % X 554 good oscillation & \» 9 &b
BT B ORZ U BT RES S,

4. HIEIER L -EROEE

HAKEOEFAHEDOEERERL 20 0 SEOKHEF THEML 7228, BEZ ZICE
3

Theorem 1. Let a(n), n € N, be complez numbers. Assume the following condition

(X) :



(X) There exist constants | € N U {0} Jh, and J such that the function go(z)

defined by go(z) = Za(n ( ZJh(log z)h + J) is good oscillation,

n<z h=0
where the empty sum Zﬁz;lo in the case | =0 is defined to be 0.

Then the following assertion (Y) holds:

(Y) There ezists a constant o, > 1 such that the Dirichlet series F(s) = Z ()

n=1
is absolutely convergent for o > o,. Moreover, F(s) can be continued analyt-
ically over the whole s-plane beyond the line o = o,, and its only singularity
18 a pole of the order ! at s = 1.

Remark 5. The analytic continuation of ((s) by EM is one of ezample of Theorem
1.

A converse assertion holds under additional assumption.

Theorem 2. Assume (Y) in Theorem 1 and the following condition (A):
(A) For any non-negative integer m, there ezists a non-negative constant c,, such
thatF(—m——%+it> = O((1+|t|)c"‘) and the sequence {cm }°_, hm ;16% =
0 holds.
Then the assertion (X) in Theorem 1 holds.

Remark 6. Essentially we have the same results under the situation that F (s) has
finite poles. But we are devoted to the case that F (s) has a pole only at s = 1,
because we want to concentrate the relation between the properties of F(s) and the
oscillation of go(z).

Remark 7. The functional equation of ((s) and the Phragmén-Lindelsf converity
principle give the well-known estimate ((o +it) = O((1+|t|)7°), where the implied
constant is uniform for s in the vertical strip —M < 0 < § < 0, and hence c,, can
be chosen as m+1 and lim,,_o, =5 —= = 0 holds for every arbitrary small € > 0. The
property lim, .o 3z = 0 holds for Dirichlet L-functions, because those functions
have functional equation of Heck type.

CORRTORUEEHT 2 &

Theorem 1

(X) g0 is good oscillation == (Y) F(s) is meromorphic on C

Theorem 2
(Y) F(s) is meromorophic on C

X) i illati
(X) gois good oscillation <« {(A) Some estimation for |F(s)|.

THs,
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Remark 8. A4l F(s) DMt & A(z) DREHOEEH) & OBEIRZ FAEMET
WA, L L, EERLEZOOKEIZ) £ vwoTwky, THAFEMELLTE
DL REEREETRELAID?, L EEL AT ORREZEHAL LERICEBL
£t ZLTRDEIREZILEST, F(s) DdBEBTORTERIT OO
¥, |F(s)| OFHE S FARFICEELTRE I LBRETH D, k¥R b, F(s) DR
W% 3 2 I IZEBNOFERICBLTHA S »ORTFAEZ/ T2 TH S, FIC
FIEN LT GEMIZ L 3 F(s) DERR2BROLBICE (BE, BITERSTE
L AR |F(s)| DL 5 OFHE (7% b HEREHEID S Lk \eds) BTws, T0
Zikh, SBOMBERENHTT E LT,
; (Y) F(s) is meromorophic on C
() g0 PEBIRT = {() So)me estimation for |F'(s)],

DY) REAMEREELZBEL TV OBERD L S ICB X2, 2% D, Theorem 2 O
FIRBERL. AETHRILOAAZ T L2 YHEOBELE L,

5. RABoniER
CHOETRBABON-EREZENT 5,

Theorem 3. Let {a(n)}2,; be a complex sequence. Assume the following assump-
tion (X*) :
(X*) There exist constants | € N U {0}, Jn, and J such that the function go(z)
defined by

go(z) =Y a(n) - (x i Jn(log z)" + J)

is of more good oscillation, where the empty sum Elh_:lo in the case l =0
is defined to be 0.

Then the following assertion (Y) + (A*) is equivalent to (X*) :
(Y) There exists a constant o, with o, > 1 such that the Dirichlet series F(s) =

oo
a(n )

E (—s) is absolutely convergent for o > o,. Moreover, F(s) can be contin-
n

n=1

ued analytically over the whole s-plane beyond the line o = 0,4, and its only
singularity is a pole of the order | at s = 1.

(A¥) F(o +it) = O ((1 + [t])~F1e*52) holds for 0 < 0, +¢, where K1 and K, are
positive constants and —Ki0 + Kz > 0 on the domain.

2% b, UTD &I RRETHS :
(Y) F(s) is meromorophic on C

X* i d illation <=
(X*) go(z) is more good oscillation {(A*) Some estimation for |F'(s)|.
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6. gn(N) IZEART 4V I LVEBRBORKBEL D D 2H

RIZ, GEM z 7z F(s) DR 2 35720 DRRFK (5) 2o T3 &,
ZZIHENATVD g, (N) L2780 BRIMBD VT B, gn(z) BEBHRL
=4 SHAD—MBLTH D, go(N) Z-NZ—ARO—RILEABRZTLDTE
%, gn(N) EZEEEED FEOIX TREMK g (z) DER z VBEEMEN O L Z2DfE]
THEOITEDN, ZNUBEALRBEROLELARTE 20, EMZAIHA L% ((s)
DNt RT3 &, ZOFRMFTICHNDS g,(N) ZV 2 —A %k 5,
IHICL xoE LRAT ((s) DIFABKETHOEL H2HRATHITN T3 Z
bWz, Tld, D FG6)DBIEIRBDES I, 2T

Fu(s) =ia(n+k),

ns

n=1

BBT4Y 7 URREERT 5. k IFARKE T 5. ZOR, ROMEIH) 1o

Theorem 4. Assume the assumption (X) with restriction ! = 0,1. Then the follow-
ing assertion (Y*) holds :
(Y*) Fi(s), for nonnegative integer k, can be continued analytically over the whole
s-plane, and its only singularity is a pole of the order I = 0,1 at s = 1.
Moreover a relation

ZR(-m) = (1) g (k)

holds for any k € N and nonnegative integer m.

WX gn(N) 12 F(s) DIFBEDBEHRMBETOMBEELBEET O LB > T0kd, 29T
Wlehotz, BRAKI>2 22w TE, HEHESTHE, LoBRRDESE

% LLITIZ W DR T

Example 1. The case a(n) =1 for n € N.
_Brii(z - [s])
Then gm(z) = CESE

Hence Rl—!gk(— )= (- 1)m% by Th 4.

Hence ¢(~m) = (-1)™ B"_L:l , which is well known result.
m

Example 2. The case a(n) = x(n), which is Dirichlet character mod g.

m+1 x ¢ — [M])
Then  gn(z) = —quX y =
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k a k—a
1 m -
Hence —Lk( —-m, X) g™ E x(a +1(m+1)[ ) by Th 4.

Here we choose k = q, then we have

)

L(-m,x) = —q

with help of B,(1 — z) = (—1)"By,(z), which is well known result.

7. REBIZ

KEBEDEIL, a(n) DAL DEEZTLICHSPICT 2EIEBOEETH S
FEoTw, 2L Ta(n) DFHEEFHL2EZ 2HICN L CIEDH L 5%
FTVRBRAEELIDEIRZRL I ENHo7, L LY L TIEdH 2B ELE
FTWGERTHESDEZFIZEL>TER, 5X o0k a(n) DL OEMELEIL
a(1),a(2),a(3),...a(n),... i &> T F(s) DBMHEEIRESN TS T LIZH
BuRLOED, BELT20e AHBRECEATEZDES I D, Exohk
a(n) 1 n 2B EL L FRRL TCAHBZORDOEE 2 FHHER LI ITk->
TWBDTIEAEWD, L Lo PENEHREDKETIIRAGHERICEFEL.
AEBBHZFINTVE, ZARRAZHABEHATHEOTIEEWES ) ok
FLEBSRIZEZ S, THIBRLT, IREEL L THEBEOERRZFHO-OTIEIRI, %2
DEIRMEEBZZBHEHSHICTREEDEBDETH 2D Tldiz\vh &) HiFE
EHBRTHD, Y, HL0BEERILIELEZVOTTE?) NEEEEX
22 LOBRIMAILATTD?) TEYRLLEREL S, LEFELTWREFLCR
BOATTS?) LLIEBICRHL, B0E ZIIPBICEZ 2 ENTE LD,
Biiit, FH2FAREHL (IhETHHL I I ERE E2BHL) 4
LIEAICEND KO IR >TER[ADT 5,

_@ﬁﬁ%%hfmawu%%e<ment&A®ﬁfaﬁof(—rﬂﬁmﬁ
HETIIH D) FEH->TLEZEIETOLVEL,
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