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Extensions of relative operator entropies and operator a-divergence
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1. Generalized relative operator entropy
Throughout this note, A and B are positive operators on a Hilbert space. In [2](cf.[3,15], we
gave the relative operator entropy by

S(A|B) = lim = A%(log A" BA™7)A%,

r—0

Af, B—-A
T

where the notation A §, B = Aé(A_éBA“’}i)"A%, r € (0, 1), is the geometric operator mean
in the sence of Kubo-Ando [13]. Tsallis relative operator entropy is defined by Yanagi, Kuriyama

and Furuichi in [16] as follows.
T,(A|B) = ‘“TTL"A

As a generalization of S(A|B), Furuta [7] has given the following:
Abrye B-A4 B

€

Sr(A|B) = lim =A3(A"3BA~%)"(log A"t BA~1)A% = (Af, B)-A"1.S(A|B),

here we call A §, B = A (A“éBA_’})TAé, for r € R, a path going through A and B, which
coincides with A . B if r € [0, 1].

Theorem 1.([8]). For A > 0, B > 0, S.(A|B) is monotone increasing for r € R, and the
following holds.
Ab, B— AL - B

1) ,(41B) < 2=

< S,(A|B) forgq, reR, g>r

Especially, in the case r =0 and 0 < ¢ < 1, (1) is expressed as follows:

Af,B-A
q

(@) S(AIB) < = T,(A|B) < S4(AIB).

To prove Theorem 1, we use the next Lemma.

Lemma 2.([8]). Let a > 0. Then the following holds for ¢, 7 € R.

q _ AT

a"loga < <a%loga, for g>r.

Since a? is convex function, this is easily given, but we give an elementary proof.

Proof. We show this inequality as follows:

aq

a? a? a? a’
a a’

a? a” al



that is,

So we have

a9(loga? —loga™) > a? —a” > a"(loga? —loga”).

(g-r)alloga >a? —a” > (q—r)a" loga.

Generalizing Theorem 1, we give the following basic relations in this note.

Theorem 3.([8,11]). For A > 0, B > 0, the following hold.

(1) If0 < r <1, then

S(A|B) < T.(A|B) < S.(A|B) < —T1_(B|A) < —S(B|4) = S1(A|B).

(2)Ifn<r<n+1, then

Sn(4|B) <

S(A hn BlA hn+1 B) S Tr—n(A hn BIA hn+1 B) S Sr—n(A un BIA bn+1 B)

AhrB'"AhnB
rT—n

Abny1 B—Ab B < Sns1(A]B)

< <
< 5:(4B) < n+l—r =

(BA™Y)"S(A|B) < (BA™))"T._n(A|B) < (BA™1)"S, _(AlB)
< —(BA™Y)'Tusr_r(BIA) < —(BA™Y)"S(B|4) = (BA™)"S,(A|B).

< - n+1-r(A h'n+1 B!A hn B) < SI(A h'n BlA t‘ln-+-1 B)

The following properties of S,.(A|B) and T,.(A|B) are important in our discussion.

Lemma 4.([8,11]).

properties:

(1)
(2)
®3)
(4)
(5)

S.(A|B) = —81_,(B|A) = BS,_1(B~}|A~1)B = —AS_,(A"}|B 1) A,

Sa(A|B) = (BA')"S(A|B) = S(A|B)(A~'B)",
S.(AIB) = (A b, B)-A"'-S(A|B) = S(A b B|A 11 B),

Abr B-A8 B — (BA™!)"T,_n(A|B) = T,_n(A|B)(A7B)",

T—n

n+l-r

AttrBAt B _ _(BA-)IT,,, (BJA) = ~Tnss—r(B|A)(A-1B)".

Proof. (1) is given as follows:

S5-(A|B)

I

A3(A"1BA %) (log A" BA™%)A}%

~B¥B-#A¥(AYB~1A%)"(log AT B-1A%)A}B-1 B}
BY¥(B~%AB~%)""(logB~% AB~%)(B~1AB~1)B}

B%(B"3AB~%)""*l(log B~ AB%)B% = —S_,,,(B|A),

B¥(B1A™1B3)"~l(log B¥A~'B%)B}

BB~#(B*A~'B3%)"l(log B¥A"!B%)B~*B = BS,_,(B"1|A™!)B.

Let n be an integer. Then, for r € R, S,(A|B) has the following



The last equation is shown by the similar way.
(2) is shown as follows:

Il

A%(A"2BA 1)"(log A" BA~1)A3
= (BA™)"Ai(log A"¥BA~%)A% = (BA"1)"S(A|B).

Sn(4|B)

(3) follows from the definitions of S.(A|B) and S(A 4. B|A by4+1 B).

ST(A,B)=1imAhr+6B_Aer
€

e—0

S(A b B|A 41 B) = lim

= (A4 B)-A71-S(AB)
(At B)-A-(Af. B-A)

€

=(Alb, B)-A"1-S(A|B).

(4) is shown as follows:

At B—AW, B A3(A1BA-I)"{(A"3BA~})r " _ I}A}
r—mn - r—n
_ (BAT)"AI{(AT1BAE)m - I}4d
a r—n
= BAV@AEnB A _ (pa-iy T n(alB),
r—n
and (5) is also given similarly,
AbpyB— Al B A3(A"3BA-})"+14% — A3(A-31BA-3) A3
n+l-r - ntl_r
AY(AEBA-I)M{A3BA-} — (A 3BA-3)r-mAl
- n+l-r
(BA~1)"A {A-3BA~% — (A-¥BA-})-n}Al
N n+l-r
_ (BA~Y)Y"(B— A f,_, B) B (BA™1)"(B — B fns1_r A)
B n+l-r - n+1-r

= —(BA™)'"Tnir_r(BIA)

2. Extension of Tsallis relative operator entropy
The following is called the power mean {4,12],

Afer B = AM{(1-t)[+t(A"3BA 3)}7A%, tel0, 1], rel-1, 1],
= A {AV, (At B)}.

It is known that A 41 B = AV B, Atio B =AY Band Af; 1 B = A Ay B, where
AV; B = (1—-t)A+tB is the arithmetic operator mean and 4 A; B = (A~! V, B~1)71 is
the harmonic operator mean. Using this, we can define an extension of Tsallis relative operator

entropy (cf.[10]),

_Af-B-A

= - .

Relations between T} »(A|B), T:(A|B), Tr(A|B) and S(A|B) are given by the following diagram.

T;.+(A|B)

T: ~(A|B) —¢0 T.(A|B)

lr—»O l’r—»O

T3(A|B) —t0 S(A|B)

37



38

Since the corresponding function to the power mean is p(t,r) = {1 — ¢ + ta’}% and
2p(t,r)={1+t(a" — 1)}71. <=1 we can define

r

_1 —ivr
Sir(A|B) = A%({I+t((A-%BA-%)’~I)}*“-(A ’B’i 2 I)A%, r#0,
- Ab. (4V. (45 B)) A4 ARECA
lintl)St,r(A|B) = 5:0(A|B) = S:(A|B). This will be shown later.

We call this an expanded relative operator entropy. Then we can show an expanded form of
Theorem 3 (2) as follows [9):

Theorem 6. For A >0 and B > 0,
Sor(AIB) < Ts.r(A|B) < S1,-(AIB) < ~Ty—s(B|A) < S1,,(A|B)

holds for t € [0, 1] and r € [-1, 1].
Proof. (1) First we show Sp r(A|B) < Tt (A|B). Since Sy (A|B) = T.(A|B), we have only to

show that .
{1+tle™-1)}r -1 S a” -1
t =

Let ,
FO) = {1+ta -1} —1-¢% T‘l.

Then we have
a” -1 a’—l_g a" -1

T T

d r . i3
ZF®) = {1+t — D}

and

Zopitr) = {1+ Ha -2

So %p(t,r) is an increasing function for ¢ € [0, 1] and %p(tﬂ')h:o = aT—l' Since d);(:) >0 by

dfd(tO) = 0, we have f(t) is increasing for ¢ € [0, 1] and f(0) = 0, so we have {1+ t(a” — 1)}; 1>
a1 {1+t@ -1} -1 o

¢ , that is, - >

-1
— and So,-(4|B) < Ti,r(AIB).

(2) Second, we show T} -(A|B) < S -(A|B) < —T; »(B|A). It is sufficient to show

{1+t -1} -1
t

a"—1
—

<{l+t@ - 1)} 1.

Since

dzf(t)—a—z (¢, r)>0, for te[0, 1] and ¢t € [-1, 1]
W —8t2P7 =% ’ ’ )

f(t) and p(t,r) are convex for ¢t on [0, 1].

Since a function f(t) is convex, then, for a, h > 0,

a
a+h

£0) = S (@t B + —20) < 2+ By + 2 1(0),

a+h



so that
fla+h) - f(a)

f(a) = §0)

h

Hence we have
p(t+h, r)—p(t, r)

2

p(t, ) —p(0, 7)

Q

> , for Vh >0,

h t

that is,
ro__ % — L. % T % -
(Lt e~ - bt 1) QU D1 orvh>,

and

(14 (t+h)(a" 1))} — (L+t(a" 1)}

h—+0 h

-1 (1 +t(a" —1))7

-1

= {l+t(a"-1)}*t.

T

So we can conclude

t

S¢ ~(A|B) > T (A|B).

(3) Next we show Sy r(A|B) < =T1_¢,(B|A). Since

Biity A~B _ Aty BB

Tl—t,r (BIA) =

1-t¢ 1-¢
A% ({I+4((A#BA 3 - D}? — (4-4BA™H)) A}
- 1—¢ ’
. . . p(t7 T) —a
the function corresponding to T1_¢(B|A) is -
For a convex function f(¢),
1-¢ h 1-1¢ h
= f(———(t - ‘1)< - —f(1).
A IS AUl warry SRS war iy S A w40
So we have
f&)—re-h) _ f(1) - f)
h - 1-t
For p(t, r) = (1 +t(a” —1))7,
p(tv 7‘) _p(t_hv T) < p(lv T) _p(ta T)
h - 1—-t ’
that is,
{1+t -1} = {1+ (@t —h)(a" —1)}7 _a—f{l+i(e — 1}
h - 1-¢ '
Since
 {l+tla -1} —{1+@E-h)(a -1} 2 B r yio1 07 -1
lim - = plt, = {1+t - D}
we have

-1

{1+t - D} =

<a-{1+t(ar_1)}%_

1-¢

?
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So we conclude S; ,(A|B) < —Ti_;(B|A).

(4) Finally, we see —T1_; »(B]A) < S1,-(A|B), it is sufficient to show that

{1+ta-1)}* —a < a—al-"

1-1¢ - r
This is equivalent to .
A+t -1} —a>-(1-t)2=2
Let 1—-r
g(t) = {1+4a - D} —a+ (1-)=——,
then for t € [0, 1],
o) = (144 —pp-r. ¥ ez
@I\ = T r

aT

As we showed above 2p(t, r) = {1+t(a"—1)}*~1. T_l is an increasing function for t € [0, 1] and

ot
ig(t)[t=1 = 0. Hence ig(t) < 0for t € [0, 1]. So the function g(t) is a decreasing function and
gfl) =0, that is, g(t) > 0 for ¢ € [0, 1]. Hence we have the conclusion —T;_; .(B|A) < S1,-(A|B).

Remark. ([9]). The following relations hold, so Theorem 3 (1) is the case r = 0 in Theorem
6. For A>0, B>0and te€[0, 1], r € [-1, 1], the followings hold:

) lim S,+(41B) = 5:(41B),
(2 | So,r(A|B) = T-(A|B),
© S1.-(AIB) = ~T.(B|4),
@ lim $o,-(AIB) = S(4|B),
) lim S1.-(AIB) = S1(4|B).

Proof. Since
_ a -1

lir%{l +ta" —1)}! =a'loga,
T
we have
-1 1 r_
lim 43 ({I+t((A—%BA-%)* _pp. U ’BAT 2 I) n
=
= A¥(A"1BA~%)t(log A"#BA~%)A% = S,(A|B).
Moreover,
2] a” -1 0 a—al""
ap(t, ’I")lt:() = _‘7‘—’ ap(t, T)lt:l = r
and their limits are known that
T _ l1-r

1
lim = loga, lix% e =aloga,

r—0 r r—




41

so we have
lim 43 <(A éB‘f%)r - I) A% = Ab(log A3 BA-$) 4} = S(A|B),
and
Jimg 44 A%

= A*(A"3BA"%)(log A" ¥ BA"%)A? = S, (A|B).

We can give an expanded version of Theorem 3 (2) also.

Theorem 7. For A >0, B >0, te [0, 1], r € [-1, 1] and an integer n, the following
equivalence holds:

(1) SO,’I‘(A hn BlA h'n.+1 B) S T:‘.,T(A hn BIA hn+1 B) < St,r(A hn BIA un+1 B)
< "Tl—t,r(A hn+1 B|A hn B) < Sl,'r(A hn BIA hn+1 B)

—

(2 (BA™Y)™ - So,-(AIB) < (BA™))™ - T, +(A|B) < (BA™!)" - 8;,-(A|B)
< —(BA™H'.Ti_;,(BJA) < (BA™Y)™-81,(A|B).

Proof. (1) follows from Theorem 6 and we can obtain (2) by using the next lemma.

Lemma 8. For A>0, B>0, t€[0, 1], r € [~1, 1] and an integer n, the following hold.

M Sor(A tn BIA ns1 B) = (BA™1)" - So,(AIB) = So-(AIB) - (A7 B)",
(2) Tir(Abn BIA bnys B) = (BA™)" T, ,(A|B) = T1,.(A|B) - (A"1B)",
®3) Str(A tn BIA bast B) = (BA™)" - S, (AIB) = S,.-(A|B) - (A"'B)",
() Titr(A bns1 BlA b B) = (BA™)" - Ty_e (BIA) = Ty_o,o(B|4) - (471 B)",
(5) S1+(A s B|A ns1 B) = (BA™V)"- Sy .(A|B) = Sy -(A|B) - (A7 B)".

Proof. Since

(A bn B) tt;r (A bnss B) = (BA™)" (A tr B) = (At B) - (A7'B)",

and

Afr B = Al (AV; (Al B))
= Ab (AV: (Blir A)
= B¥((B3AB %)y {(B"¥AB"%)V, (B"1AB %)} "B}
= B¥{(1-t)(B"3AB~3)" +tI}* B} =B §i_., A,
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we have the following:

(A h'n B) hr (A t\]n+1 B) - (A hn B)

(1) SO,T(A hn BlA t4n+1 B) r

T.(Aln BlAbny1 B) =

_ AnB) A AL B-A) g AL B4

T T

= (BATY)"-T.(A|B) = (BA=1)" - So,(A|B).
@) TurlAbn BlAbsy B) = Lo Dlle Bl B =20 B

I

¢
(At B)-A™' - (Alfer B)-Afn B
t
Aftr B—A
t

= (At. B)-A7'. = (BA™Y)™ - T; .(A|B).

(3) St;r(Afn BlAbnt1 B) = (Aln B)bazr {(Afn B) Vi ((Albin B) by (Alnt1 B))} - (Abn B)™
X(A h'n B) hr (A hn+1 B)—AhnB
T

= (Aln B) f1zx {(A b B) Vi (A bin B) br (A bns1 B))}- (Al B)™

x(A b B).A—l.éh_’f;A

= (At B) i (At B)- 471 (AV, (44 B))) A7

(““'" B A7 (A bies (A9 (41 B By} At 2224

A, B-A

(4) Tyt (A bnss BlA G B) = (A tnss B) - tr1<f:n B) - Alns1 B
- (Abn B) tie,r (Abiny1 B)— Aliny1 B
1—¢
_ (A4 B)-A' (At B-B)
B 1-t
= (A, B)-A7 %—_B — (BAY"-Ti_ (BIA).
(5) Sl,"(A nn BlA t3n+l B) = _Tr(A hn+1 B|A hn B) = —(A h"+1 B) h"' (A hn B) - A hn+1 B

r
o BANMU BB gy Bl4) = —(BA-)S, (AIB).

3. Operator divergence
Petz introduced the Bregman operator divergence [14]: For an operator convex function F,
F(B +t(A- B)) - F(B)
t
Another operator version of the Bregman dlvergence was also given by him,

Do(A|B) = B - A— S(A|B).

Our interpretation of Do(A|B) has been Dg(A|B) = lim;,4¢ ﬂit_iuand D1(A|B) is also
given by Dy (A|B) = limy_,;_o 2% B A fe B

But we are known the existence of a—dlvergence. The a-divergence is defined by Amari [1]. For

Dir)(A|B) = F(A) — F(B) —

probability distributions p = (py,-- -, pn) and ¢ = (¢1, ", qn),

Da(plg) = (1—213 i), s,



where p;, g > 0fori=1,---,nand S0 p = 1 ¢ = 1. If we put ¢ = 12, then the
a-divergence can be expressed as follows:

1 -
Dy (plg) = D) > {1 —t)pi + ta —p; g}, t#£0,1L
i=1

The operator version of the a-divergence is given in [5,6] as follows:

AV,B-Af, B

f 1.
) , for O0<ax<

Da(A|B) =

This also satisfies the following:
AV,B-AY4, B

Dy(4|B) = lim == = B~ 4~ S(4IB),
. AV.B-A{.B _ ~
Di(A|B) = lim =2 m =2 = = A~ B - 5(B|A)

We can combine the Tsallis relative operator entropy and this operator a-divergence as follows:

Theorem 9.
D,(A|B) = —(Ta(A|B) +T1_a(B|A)), for0<a<l.

This can be shown as the following figure:

D.(A|B)

\m\

%

A4, B
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Proof of Theorem 9.
AV,B-A4B (1-0)A+tB—(1-a)(Afs B)—a(Al, B)

Da(AlB) = — a—sy = =)
_ _AﬂaB—AﬁAﬂo,B—B__AﬁaB—A_Bﬂl_aA—B
- o l-a - a l-«a

= —(Ta(A|B) + Tl_a(BlA))
So we can propose an extension of the operator a-divergence as follows:
D.,(A|B) = —(Tt,r(A|B) +T1_t,,(B|A)), forte|o, 1], r € [-1, 1].

Theorem 10.
AV,B-Atf:r B

)

D:-(A|B) = , te (0, 1).
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