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1 Introduction

In this note, we report our recent work about Morse theory for superquadratic
Dirac equations on compact spin manifolds. The details will appear in [18].

Let (M, g,p) be an m-dimensional compact Spin manifold, where g is a Rieman-
nian metric on M, p : Pspin(M) — Pso(M) is a spin structure on M. We denote by
S(M) = Pspin(M) X5Sm — M the spinor bundle. It is a vector bundle associated to
Pspin(M) — M via the fundamental spin representation o : Spin(m) — Aut(Sy,).
The Dirac operator Dy : C®°(M,S(M)) — C®(M,S(M)) is define by

Dy :=coV : C®(M,S(M)) % C®(M,T* M ® S(M))
> 0% (M, TM @ S(M)) 5 C*(M,S(M)),
where V is the canonical lift of the Levi-Civita connection on Pso (M) via the double

covering Pspin(M) — Pso(M) and c is the Clifford multiplication.
We consider nonlinear Dirac equations of the following form:

Dy = h(z,v) on M, (1.1)

where h : S(M) — S(M) is a fiber preserving map of the form h(z, ) = VyH(z,v),
the vertical gradient of H (the dual of dyH w.r.t the metric on S(M)) and H =
H(z,v) a smooth function on S(M).

Eq (1.1) has a variational structure: ¢ is a solution to (1.1) if and only if ¢ is a
critical point of Ly defined by

L) =5 [ g dvoly — - [ (s ) dvol,

We give in the following two examples which partially motivate our study of equa-
tions of the form (1.1).
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Example 1: Dirac harmonic maps (Spinorial version of SUSY o-model)
This model was first introduced by [10], [9]. Let (X, g) be a Riemann surface and
(N, h) a Riemannian manifold. In this model, we consider a pair of two fields ¢ €
C®(Z,N) and ¢ € C®(Z,S(X)Q¢*TN). In components, we write 1 = ’(/Jk®(73—2*g(¢),
where y* a local coordinate system on N and 3, € C®°(S(X)).

The action functional for supersymmetric Dirac-harmonic maps is defined by

L(s, %) =% /E |d¢|2dvolg+% /E (1, Dgp) dvolg
- 1—12/z:&kjl(¢)<¢i,¢j><1/fk’¢l)dvolg,

where Dy = co V¢ is the Dirac operator associated to the natural connection V% on
S(Z) ® ¢*TN and R;j; the curvature tensor of (N, h).
The Euler-Lagrange equation for the action takes the following form:

1 ; - 1 o
() - 5 (@) (W', Ve - o) + ﬁgm”Rmﬂ;p(@(W,W)(?/)k,¢l) =0, (L2)
1 ,
Dgy™ = 2 Rjj(@) (W, w)", (1.3)
where 7(¢) = trVdg.
The main characteristic of this problem is the following:
o [ is conformally invariant.
As a result, (1.2), (1.3) are conformally invariant equations and depend only on the
confomal structure of (Z, g).
o L is quartic in .
Combined with the fact that H1/2(X) ¢ L4(X) is continuous, but not compact, we
have:

e The variational problem associated to £ is non-compact and strongly indefinite.

At present, there are no general existence results for (1.2), (1.3) from a variational
point of view. Note, however, that there is a variational theory for the 1-dimensional

case, the so-called Dirac-geodesics, see [16].

Example 2: Spinorial Yamabe type equations
Let (M, g, p) be a compact spin manifold. We assume H € C*®°(M) is given. We
consider the following action functional:

L) = l/ (1, Dgyp) dvolg — _m;l/ H(w)|7,b|ml?T dvoly.
2 M 2m M
The Euler-Lagrange equation of this action is

Dyt = H(x)[oh|7-14p. (1.4)

The equation (1.4) is related to the existence of conformal immersion M — R™*!
with mean curvature H. The following are main characteristic of this problem:
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o [ is conformally invariant.

Thus, (1.4) is a conformally invariant equation and depends only on the conformal
structure of (M, g).

o lwlmi—&l is the critical power.

That is, HY2(M) c Lml?T(M ) is continuous, but not compact. As a result, the

associated variational problem is critical and strongly indefinite.

Partial existence results were previously established by [21] and [17]. However, the
problem remains widely open in general.

Both of examples 1,2 are non-compact, strongly indefinite variational prob-
lems. We want to establish a general variational framework to treat such problems.
Some compactness issues were treated in [15]. In the work [18], we focus on the
indefinite variational character of the problem. In this direction, we are especially
interested in two topics:

(1) Relative Morse indices and its connection with compactness property.
(2) Construction and computation of Morse-Floer homology of H/2(M,S(M)) as-
sociated to L.

2 A superquadratic subcritical problem

We first introduce functional setting of the problem. A natural function space is
H*'/2-spinors on M denoted by HY/2(M) := HY2(M,S(M)). 1t is defined as:

e HVAM) & ye I (M), DYy e LX(M).
H'/2(M) is a Hilbert space with the following inner product
(&, @)z = (IDg]*4h, IDg20) 12 + (%, ) 12

We have the Sobolev embedding;:

1
HY2(M) € IP¥Y(M) for0<p< Zfl
The embedding is compact for 0 < p < z—f}, but not for p = ;"L—ﬂ p+1= sz—ﬂl is
called the critical exponent.
For H, we assume the following condition:
[H(z,9)] < C(1+[yPH) (2.1)

for some 1 < p < ﬁ—f% Under the condition (2.1), Ly is a subcritical functional.

We further assume H(x, ) is C? and satisfies
| H (@, )] < C(1+ [pP7Y). (2.2)

Under the condition (2.2), L is C? on H/2(M). Note that (2.1) follows from (2.2).



We also assume the following superquadratic condition:
2H(z,9) + C1[p*! — C2 < (¢, Hy(z,¥))- (2.3)

A model example: .
L pt1
Ha¥) = —H@W™,

H(z) >0, H € CO%(M).
We want to establish a Morse theory for Ly on H/2(M) for the class of H
satisfying (2.2) and (2.3).

3 Relative Morse indices and compactness

To do Morse theory, we first need to define Morse index for a critical point of the
functional. Classically, Morse index (co-index) at a critical point ¢ € H/2(M) is
defined as the dimension of the maximal subspace of H!/2(M) on which d?Ly (¥) <
0 (> 0), where

dPLu()(p,¢) = /M(so, Dgep) dvolg — /M<H¢¢(x,¢)so, ) dvolg.

Equivalently, it is the dimension of the negative eigenspaces of Dy — Hyy(z,%).
Note that Spec(Dg) is unbounded from below and above. This implies that the

Morse index and co-index are +00 at any critical point. Thus the classical Morse

theory does not make sense for Ly on H1/2(M). We need a renormalized version of

the classical Morse theory.

3.1 Relative Morse indices

To construct right Morse theory, we need renormalized Morse indices. In the
following, we introduce three well-known definitions of such renormalized Morse

indices.

1. Relative Morse index as relative dimension
The idea of this definition is to compare the negative space of d?L g () with some
fixed subspace. Let V,W c H/2(M) be subspaces. Following [1], [2], we say V, W
commensurable if Py — Py is compact, where Py : H1/2(M) — V is the orthogonal
projection onto V. Py is defined similarly. For such commensurable subspaces
V, W, we define the relative dimension dim(V, W) as

dim(V, W) = dim(V N W) — dim(V+ nW).

Note that the H/2-self-adjoint realization of d>L g (v) is given by d2L g () = (|Dg|+
1)7'Dg — (IDg| + 1)~ Hyy(x, %)
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We define E; () = E~(d?Lg(¢)), the negative eigenspace of d2L(v). We also
define Dy = Dg — A (A € R) and E; = E~((|Dg| + 1)71D,).
With these definitions, we give the following

Definition 1 A-relative Morse indez of Ly at 1 € HY?(M) is defined as
m(¥) := dim(Ey (¥), EY).

Note that since d>Lg () — (|Dg| + 1)~'Dy is compact, the above definition is
well-defined, i.e., my(¢) € Z.

2. Relative Morse index as spectral flow
By d*La(¥)(¢, ¢) = (Dg—Hyy (2, $)), @) 12, d2Lp (4) = Dg—Hyy(x,9) : LA(M,S(M)) —
L?(M,S(M)) is the L2-self-adjoint realization of d2 5 (1)).
We set Ay = Hyy(z,9¥) ; S(M) — S(M). It is a symmetric endmorphism of
S(M). We define D4 := Dy — A for A € A = L®°(M, Sym(S(M))).
Let us consider a continuous path {D g4, }tG[O,l] connecting Dy and Dy,,. It is a
fact that the eigenvalues of a generic path {D At}tE[O,l] is simple. The spectral flow
sf{D 4, }1e[0,1] is defined as

sf{Da, }tep0,1
= the number of eigenvalues flowing from negative to positive

— the number of eigenvalues flowing from positive to negative.

With these, we give

Definition 2 Relative Morse index ux (1) is defined as

pr() = —sf{Da, e 0,1]-

3. Relative Morse index as Fredholm index
We consider the negative gradient flow connecting two critical points x,y € crit(L) :=
{v € HY2(M) : dLy(y) = 0}:

0
O = —Vipln(¥), w(o0) = x, ¥(+e0) =, (3.1
where V505 (¢) = (|Dg| + 1)71Dyg — (|Dg| + 1)V H(x,v) is the H'/2-gradient
of LH.

It is a fact that (3.1) is Fredholm if x,y are non-degenerate, see [2]. The Fredholm

index of (3.1) is the Fredholm index of the linearization:

0

S5 = —dViln(¥)u, u(—00) =0, u(+00) =0.

Theorem 1 The Fredholm index of (3.1) depends only on dV, s2LH(X) and dVq/3LH(y).
We denote it by u(z,y).
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For the proof of the above theorem, see [6], [4]. The three indices my(¥), pA(¥)
and p(z,y) are related as follows:

Theorem 2 Assume @ € crit(Ly) is non-degenerate and A € R\ Spec(Dy). The
following hold:

(1) ma(¥) = px(¥)
(2) w(z,y) = mx(z) — ma(y)

For the proof of (1), see [19]. For the proof of (2), see [6], [4].

3.2 A compactness theorem via relative Morse indices

We assume that &g is Morse on HY/2(M) and F is a field. We define a graded
group {Cp(Lrr, H/?(M))}pez by

Co(lm, WA M) = P F),

Pecritp(Lp)

where crit,(L g, HY/2(M)) = {¢ € crit(Ln) : ma(y) = p}.

Since H1/2(M) is not compact, Cp(Lpr, H'/2(M)) is not necessarily finitely gen-
erated. But, it is the case for some class of H including lower order perturbations
of the model example given in §2. Our first result is a compactness result under
the relative Morse index bounds. We only state it for the model case. A more
general result will be found in [18].

Theorem 3 Letm > 3. Assume that H(x,%) = — H(x)|s[P*!, where H € C°(M)

p+1
with H>0 on M and 1 < p < 2t The following assertions are equivalent for a

m—1"

sequence of solutions {1}, C HYA(M) to (1.1).
(1) supp>1 Lu(¥n) < +o00.
(2) supp>1 ma(¥n) < +oo.

Remark 1 (1) In [8], Bahri-Lions considered equations of the form —Au = a(z)|ulP~'u
in Q C R™ under the 0-Dirichlet boundary condition and obtained similar result,
where the Morse index is the classical one.

e Angenent-van der Vorst [7] considered equations —Au = a(z)[v|P~lv, —Av =
b(z)|[u|?tu in Q@ C R™ under the 0-Dirichlet boundary conditions. In this case,
these equations arise as a critical point of an indefinite functional. Thus the Morse
index is the relative Morse indices. Thus it is related with our work. In fact, we owe
much to their ideas in our proof of Theorem 3. In this case, however, by the special
structure of the equation, we can eliminate one of the functions, for example v, from
the 2nd equation, and the problem is reduced to an ordinary (classical) index problem
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of a single function. This approach can not be applied to our problem. Thus, we will

take another approach.
(2) From Theorem 8, we have that crit,(Ly) C H/2(M) is relatively compact for
any p € Z.

3.3 Idea of the Proof of Theorem 3, the first part

(1) = (2) is a consequence of PS and continuity of m,, see (14]. To prove (2) =
(1), following Bahri-Lions and Angenent-van der Vorst, we argue by contradiction.
Thus, we assume that there exists {¥n}22,, a sequence of solutions

Dgpn = H()lpn/""on on M (32)

such that
La(pn) — 00(& [lonlLoo(ary — +00) (3.3)

and bounded relative Morse indices
mx(pn) < k. (3.4)
We conformal blow-up of g: Define (M, p2g := gn), pp := ”'l/Jn”IL):ol( - We then have

(M, gn) njoo(]Rm,ng) in C2(R™).

1
Define ¢, = p, " F(pn) on S(M, gn) — (M, g,,), where F : S(M, g) — S(M, gn) is
a fiberwise isometry.
We note the following Conformal property of the Dirac operator:
=

—m+l —1
Dy F(¢) = F(pn 2 Dglpn® ¢)) = p3  F(Dyyp).

Thus, 1, satisfies

Dgntn = H(x)[tnP "¢ on (M, gn), (3.5)
9nll Lo (a1,g0) = 1 (3.6)

and
m 1, (W) < k. (3.7)

By (3.5), (3.6) we have (after a further renormalization): There exists o € L® (R™, S(R™))
such that ¢y, — ¥ (in L2 (R™)),

Dggm Yoo = H(Zoo) oo/’ ' on R™, (3.8)

%00l Loo (Rm) = 1. (3.9)

By (3.7), we want to assert
mo(Yoo) < K. (3.10)



But, mo(t)) has not been defined yet!

e Three definitions of the relative Morse indices we have been given before depend
crucially on the compactness of M. So, these do not apply to oo because R™ is not

compact.

To obtain (3.10) from (3.7), we need another formulation of the relative Morse

index m,, which can be applied to non-compact setting as well.

3.4 Relative Morse index mg= and its property
A natural requirement for the “relative Morse index” mgm is the following:

(I-1) mgm is defined for L>-solutions to (3.8) on R™.
(I-2) It is a natural extension of my.
(I-3) It is (lower-semi)continuous w.r.t the L (R™)-convergence (as in the previous

subsection).

We will construct such index in the following. In addition to the above three
properties, we show that our index has the following property (I-4); in particular,
it is non-trivial.

Theorem 4 ((I-4)) Assume that m > 3 and 1 < p < mtl. For any nontrivial

m—

solution ¢ € L®(R™,S(R™)) to Dggm ¥ = ||P~ 19 on R™, we have mgm () = +00.

Remark 2 (i) Theorem 4 gives a positive answer to the conjecture by Maalaoui [20].
(i) (I-2) is in fact not necessary. It only motivates our construction of mgm.

Once we assume the existence of mgm with the properties (I-1)—(I-4), Theorem 3
easily follows: We have a contradiction from (I-3), (I-4) and (3.10):

400 = mgm (Poo) < k.

4 A construction of the relative Morse index mgn

4.1 A reformulation of the relative Morse index m)

As we have observed, we need a reformulation of the relative Morse indices which
can be extended to non-compact manifolds (such as R™) as well. Our reformulation
was inspired from the work of J.-J. Dusitermaat [12] about classical mechanics.

An example from classical mechanics
We consider classical mechanics on compact manifold M. We denote by A(M) =
C>(S', M) the free loop space on M. Let L(t,q,v) be a smooth function on TM,
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where ¢ € M and v € TyM. It is called a Lagrangian on TM. We assume that
L is convex with respect to v. For ¢ € A(M), we define the action functional of
L as L(q) = [q L(t,q(t),4(t)) dt. For such L, there corresponds to a Hamiltonian
function H on T*M defined by H(t,q,p) = maxy,({g,v) — L(t,q,v)). H is the
so called the Legendfe dual of L. For the Hamiltonian H, we define the action
A(z) = [s12*A — H(t, z(z)) dt defined for a loop z on T*M, z(t) = (q(t),p(t)) €
C>(SY, T* M), where A = p;dg’ is the Liouville form.
We have the following correspondence:

q is a critical point of £ Yo (g,p), p = OuL(t,q,q) is a critical point of A.
By J. J. Dusitermaat [12], we also have:
The Morse index of L at ¢ € crit(L) = the Maslov index of z = (g,p) € crit(A).

We do not mention about what the Maslov index is, but in our case it is the
same as the relative Morse index after a normalization. We expect that the similar
relation holds for our case: We expect

mx () = the Morse index of a “dual action L*” at the dual critical point.

Dual action

Assume that H(z,) is strictly convex in 3. A natural candidate for a dual function
is the Legendre-Fenchel dual L}; of H.

We consider our model example H(z,) = ﬁH (z)|[¥|PT1. In this case, how-
ever, the dual action will not be C?. Thus, we can not define the Morse index of
the dual action. To define Morse index, however, the second order information of
the functional is sufficient. Thus, we consider the dual action of the second order
approximation Ay, g of L. It is defined as

1
Ay, b (p) = §d2£H(1/f)(<P, ®)
1 A 1 ~
== §A4<¢, D_xp) dvolg — 5 [M ‘<P|2 dvol, — E/J“/IH(w)lwlp II‘PIZ dvol,
—1 .
-2 [ H@IP i@, )P dvol,
M
1
= §<D—)\‘P, SO)H_1/2XH1/2 - GH,)\(LP),

where Gy, : L2(M,S(M)) — L3(M,S(M)) is defined by

A 1 ~
Gua(e) =3 [ lefasoly+ 3 [ H@Iwrof? dvol,

-1
+ 222 [ H@WP 1, )P dvol,
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The Legendre-Fenchel dual of G  is defined by
Gy a(p) = max{(¢, ) r2x12 — Gu(9) : € LA(M,S(M))}.

An easy computation shows that

. 1 1 2 1 1
W@ =5 [, T PO e [ S

where Py, PQ/J; € L®(M,Sym(S(M)) are defined as Py(z) = the orthogonal projection on (¥(z))
and P,:bL = 1s(ar) — Py, respectively.
The dual action A}, 5 , of Ay,g is defined as

| Py ()|? dvolg,

* * 1
Aw,H,,\(<P) = GH(‘P) - §(K/\<P, P)r2xL2
=y L
2 Ju A+ pH@)[PJP-

1
- —/ (K, ) dvolg,
2 /m

7Py (¢)|* dvolg

1 1
2 = - s
1 IPQP(()O)I dVOIQ + 2 ~/1.\4 2+ H(.’L‘)l'(,blp—

where K = D_} (=X & Spec(Dy)).
We have:

Theorem 5 (Index formula I) Assume A > 0, —A ¢ Spec(Dy). We have
m-x(¢) = the Morse index of Ay, g x-

As we will see shortly, Afp, HA behaves badly along the blow-up sequence ¥ = ¥y,
defined in the previous subsection: The terms A+ pH (z)[%|P~! and A+ H(z)[y[P~?
in Aj, g » are not pleasant for our purposes. In the presence of these, the continuity
property (I-3) is difficult to obtain with the formula of Theorem 5.

To remedy this, we observe that Ay, g , is written as

Ay s = (H@) WP+ ALy) " Ly(0), 9)12 — (KA(9),9) 12,

where Ly, = II—JPd, + P,j.
After multiplication by (H(z)[¢[P~! 4+ ALy)!/2, we have the following similarity

relation:
after multiplication

Ay HA = Ly — Ty,

where Ty g x = (H(x)|9[P~1 + ALy) 20 Ko (H(z) [P~ + ALy)Y/2. We thus arrive
at the following:

Theorem 6 (Index formula II) Assume A >0, —X & Spec(Dy).

m_x(¥) = #{p € Spec(L; Ty, u) : p > 1}.
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Idea of the proof: For 0 < 8 < 1, define
Axyp = 0[(H(@)[YP™  + N1+ (p— 1)H(z) P71 Py,

We have a correspondence

L-F+multiplication trans.
s

D_y— Axu.o QL;IT%H,,\ —1.

We compare changes of the spectrum of the operators D_j—A) 4 ¢ and 6L, Yy -
1 as @ changes form 0 to 1. For details, see [18]. O

4.2 Definition of mgm
Motivated by the formula of Theorem 6, for ¢ € L®°(M,S(M)), we define
Ty = [¢]'Z o Dy, o [9]7,
-1 (z—y)

where Dl = ~Wim—1]g—yfm" i8 the Green kernel of Dgyn.
The integral representation of Ty, is given as

(Typ)(@) = ~—— |97 (2) i Z=9) 115 (4)o(y)) dvolggn (v)-

Wrn—1 m |z —y|™

Note that Ty : L(R™, S(R™)) — L*(R™,S(R™)) is in general an unbounded oper-
ator. We list below basic properties of T,;. For the proof, see [18].

(1) Ty is a densely defined self-adjoint operator on L?(R™) when m > 3.

2) Its domain D(Ty) contains L>-spinors with compact supports when m > 3.
P

Definition 3 Lety € L>(R™,S(R™)) be a non-trivial solution to Dggmtp = |1[P~ 14
on R™. We define relative Morse index mgm(v)) as the dimension of the mazimal
subspace of D(Ty) on which the following holds

(Ty (), ©) L2(mm)
> 1.
(Ly(#)s @) L2(mm)

With this definition, properties (I-1), (I-2) in §3.4 are consequences of Theorem 6.
The proof of (I-3) requires a uniform estimate of the Schwartz kernel of D! along
the blowing-up manifolds (M, g,) — (R™, ggm). For details, see [18].

4.3 Outline of the proof of (I-4)(Theorem 4)

The proof of (I-4) (Theorem 4) is based on the following:

Theorem 7 Assume that m >2 and 1 <p < 242 Let p € LPTH(R™,S(R™)) be a
solution to Dggmtp = [P~ 14 on R™. Then we have 3 = 0.



Sketch of the proof of (I-4): We observe that
PLEW W) = 1 -p) [ [P dvolgyn <0

for £(¢) = & fam (0, Dggm @) dVOlggm — 47 Jom [P dvolgyn . (However, this cal-

culation is not correct by Theorem 7!). By this (incorrect) calculation, a candidate

for eigenspinor of L;lTw with eigenvalue larger than 1 is given by Dggm ¥ = [p|P~1y
—1 —1

multiplied by |¢|"5_, ie., p= |¢|%¢. In fact,

(Ty(p), )2 = /R _ |9[P! dvolggm,

1
(Ly(@), )2 = ’ ./Rm |lp|PtL dvolgem

and (Ty(p), #)r2
(Ly(9), @) 12
(But, the calculation is not correct.)
To give a correct proof, we truncate ¢ suitably: Let n € C§°(R™) be such that
n(z) = 1 for |z| < 1 and n(z) = 0 for |z| > 2. For R > 0, define nr(z) = n(z/R)
and g r = 1§l ¥.

For large R and large £ (£ > 'z’% is sufficient), we can show that (see [18] for details)

=p>1L

(Ty(we,r)s Pe,R) L2
(Ly(we,R)s Pe,R) L2

> 1.

By Theorem 7, 9 survives at infinity and suitably chosen sequence of cut-offs Ry <
Ry < -+ < Ry < --- give arbitrary number of linearly independent 4 g; such that

(Ty(pe,r;)s Pe.R;) L2

> 1.
(L¢(<P£ij ) y PLR; )L2

The assertion of Theorem 4 follows from this. O
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5 Morse-Floer homology HF,(Ly, H?(M))

In a recent work, Maalaoui [20] constructed Rabinowitz-Floer homology ([11]) for
Dirac equations. It is a Floer homology for Lagrangian multiplier functional and
it may be considered as a way of defining Floer homology for pure spinor action
functional fj/ (4, Dg3b) dvoly on manifold {¢ : [,, H(z,%4) = 1}. However, for the
present author, some of his arguments and assertions are difficult to understand. It
seems that some more additional arguments are necessary to verify his assertions.

In any way, we consider “free” action functional and give an outline of the con-
struction and the computation of the Morse-Floer homology of H/2(M) associated
to Ly under assuming (2.2) and (2.3). In fact, it is not necessary to assume (2.2).

We only need weaker condition
|Hy(z,9)| < C(1+ [9fP). (5.1)

Assume Ly is Morse. This is a generic condition for H, see [18] for the proof. We
also assume F = Z, for simplicity. The case F = Z will be treated in [18].
Recall that the graded group {Cp(La, H/2(M))}pez is defined as

Colom, KM = D Zalw),

Yecrity(Ly)
where crity(Lg, HY/2(M)) = {¢ € crit(Ly) : ma(¥) = p}.

We next give the definition of the boundary operator 8y : Cp(Lg, HY2(M)) —
Cp1(Lm, HY2(M)). Let x,y € crit(Ly) := {y € HYA(M) : dLg(y) = 0}. Let
Yo € CHR, H/2(M)) be such that 1o(t) = x for t < —1, 9(t) =y for ¢t > 1. Define
the trajectory space connecting x and y by

Mix,y) = {¥ € go + WHA(R, 31/2()) ‘Z—f = V@), (-00) =, ¥(+00) =y}.

Note that R acts freely on M(x, y) via the time shift and we obtain the moduli space
J\A’[(x, y) = M(x,y)/R of unparametrized trajectories connecting x and y.
M(x,y) and hence J\A/E(x, y) are manifolds if 0 is a regular value of Fredholm map

F: WHAR, HY2(M)) 5 4 — %’f + VLg(4) € L2(R, K/2(M)).

-This is equivalent to the condition that W*(x) and W*(y) intersect transversally at
() for some t € R (and hence for all ¢ € R), where the unstable manifold W¥%(x)
and the stable manifold W*(y) are defined by

WH(x) = {z € HY%(M) : lim §(t,2) =}, W(y) = {z € H/A(M) : lim 9(t,2) =},

where (¢, z) is the solution to %? +VLg () =0, ¢(0,z) = z.
Recall that the negative gradient flow (¢, -) is Morse-Smale if W¥x) and W¥(y)
intersect transversally for any pair x,y € crit(Lg). In this case, J\A/E(.x, y) is a manifold
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of dim M(x,y) = my(x)—my(y)~1. We assume that L is Morse-Smale on H'/2(M).
(As we will explain shortly, this condition is in general never satisfied for Ly on
H'/2(M), however).

Under the assumption, we have:
e dim M(x,y) = 0 when x € crity(L ), y € critp_1(LH).
Furthermore, if M(x,y) is compact, M(x,y) consists of a finite number of points and
we define

Gx= > nlxyy, (5.2)

y€Ecritp—1(Lx)
where n(x,y) = #(M(x,y)) (mod 2)

To prove the boundary property 8,8,—1 = 0, we need M(x,z) for x,z € crit(Ly)
with my(x) — my(y) = 2 and prove

Opbp1x= Y > nxynly,2)z=0. (5.3)

z€crity—2(Lp) yEcritp—2(Lp)

Thus, we want M(x,y) to be manifold for x,y € crit(Lg) with my(x) — ma(y) = 1
and 2.

To obtain Morse-Smale property for generic H, there are some technical problems
which are not present in 1-dimensional variational problems. (Hamiltonian systems
on symplectic manifolds are typical ones). More precisely, we have the following
problems to construct the Morse-Floer homology for our case:

¢ Regularity: We want Ly is Morse for a generic H. We also want for a generic
H and a generic metric on H/2(M), gradient flows are Morse-Smale at least for
X,y € crit(Lg) with my(x) — ma(y) < 2.

Compactness: We want M(x, y) to be precompact and has a natural compactifi-

cation.

However, they conflict to each other:

e It is possible to prove that Ly is Morse for generic H. To obtain the Morse-Smale
property as stated above, we need at least C3-regularity for £ g on H/ M ) This is
the regularity versus Fredholm index assumption required for the use of Sard-Smale
theorem. However, Ly is at most C? on H/2(M) even if we assume H € C®. To
remedy the lack of regularity which occurs when we are working on H/ (M), we
need to work on more regular spinor space.

e On the other hand, compactness is easier to obtain when working on less regular

spinor space like H1/2(M).

Abbondandolo and Majer [2], [3], [4] constructed general Morse-Floer theory for
a class of strongly indefinite functional defined on Hilbert manifolds. However,
their general theory does not directly applicable due to the above problems. In a
fundamental work of [6], they constructed Morse-Floer homology for elliptic systems.
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In that problem, similar problems also raised. Qur construction of the Morse-Floer
homology of K/ 2(M ) associated to Ly owes much to their ideas.

Under subcritical and superquadratic conditions on H, together with the el-
lipticity of Dy and its nice mapping properties in various function spaces, instead
of working with H'/2(M), we can work with more regular spinor space COx (M) :=
C%*(M,S(M)) (for 1/2 < a < 1) and resolve both problems at the same time. That

is, we have:

(1) Ly is C* on €*2(M) (1 < a < 1) if H is C*+1.

(2) crit(Ly) c COX(M):

(3) €%2(M) is invariant under the H'/2-gradient flow.

(4) L g satisfies the Palais-Smale condition on F1/2(M).

(5) ¥ € M(=,y) is uniformly bounded in €%*(M); supycg ||¥(t)co.a < +o0.
(1)-(3) are regularity conditions, while (4) and (5) are compactness conditions.

There are also technical issues to overcome. In anyway, from these, we have (see [18]
for details)

(1) Ly is Morse for generic H.

(2) For x,y € crit(Lg) with my(x) — ma(y) <2, M(x,y) is a manifold of dimension
mx(x) —mx(y) — 1 for generic H and generic metric on H/2(M).

(3) M(x,y) C CY.(R,C%¥(M)) is precompact and has a natural compactification
M(x,y) for x,y € crit(Lg) with my(x) — ma(y) < 2.

Also, it is easy to see that Bﬁ(x, y) is a gradient flow invariant compact set. Thus, if

L g is Morse and the gradient flow is Morse-Smale, then M(x, y) consists of a finitely

many critical points of Ly and connecting orbits of these.. From these, we have:

o M(x,y) is compact when m(x)—m(y) = 1 and 8, : Cp(Lg, HY/2(M)) — Cp(Lg, HY2(M))
defined by the formula (5.2) is well-defined.

e M(x,z) is a 1-dimentional manifold with boundary when my(x) — my(z) = 2.
63\7[(x, z) consists precisely of “1-breaking” orbits (this requires gluing construction
which we skipped in the above argument).

In the formula of 8,_10, in (5.3), the matrix element

S akxynly,2)

y€Ecritg—1(Lm)

counts the number of the connected components of 83\7[(x, z) which is even and 0
(mod 2). This proves the boundary property: dp—18, = 0. In this way, we have a
well-defined homology of the chain complex {Cp(L g, HY/2(M)), 8} pez:

HEy(Lpr, HY?(M); Zz) := ker 8p/Im 8p 41
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for generic H and generic metric on H/2(M).

To define HF (L, HY/2(M); Z3) for general H, we take a generic H' which sat-
isfies (2.1), (2.2) and |[H — H'||z~ < € and a generic metric on H'/?(M) such
that Ly is Morse and the negative gradient flow system is Morse-Smale. Then
HF,(Ly, HY/?(M);Zs) is defined (we omitted to indicate the dependence of the
metric on H/2(M), but HF, (L, HY/2(M);Z;) defined so far indeed depends on
the choice of the metric on H/2(M)).

The next step is to show that HF,(Lgr, HY/2(M);Z,) does not depend on the
choices of a generic H' and a generic metric on H'/2(M). Note that, in general, the
Morse homology on a non-compact manifold depends on a chosen Morse function.
This is in contrast to the compact case. Thus, to obtain stability result, we need a
restriction on a class of functions. A general result is stated as follows:

Theorem 8 For generic pairs Hy, Gy and Hy, Gy (Ho, Hy are generic functions
satisfying (2.1), (2.2) and Go,G1 are generic metrics on H/2(M)), we have a
natural isomorphism

HF, (L gy, (HYV2(M), Go); Z) = HF (L, (HY3(M), G1); Z)
provided ||Ho — Hi|| oo (s(ar)) < +00.
By Theorem 8, we can define
HFE, (Lg, HY2(M)) = HF,(Lgr, (HV2(M), G"))

for a generic H' and G’ which satisfies ||H — H'|| poo(s(ar) < +00.

Outline of the proof of Theorem 8: The proof is also standard, see [13], [6]. Let
p € C*®(R) be such that p(t) = 0 for t < —1 and p(t) = 1 for t > 1. We consider
time dependent function and metric which interpolate between Hy and H; and Go
and G, respectively:

Hl,O(tv z, ¢’) = (1 - p(t))Ho(J}, ’(tb) + p(t)Hl(ma 1/1)7

Gro(t,¥) = (1= p(t))Go(¥) + p(t)G1(¢)).
We consider non-autonomous system

Y o Vorma), w(-o0) =%, Y(+oo) =,
where xg € crity(Lp,), X1 € crite(Ln,) and Vg, (LH, , is the gradient of Ly, , with
respect to the metric G 0.

We consider the moduli space of solutions to the above system My, .G, o (X0, X1)-
Under the assumption, H; o satisfies (2.1) and (2.2) uniformly for ¢ € R and we can
show, as in the autonomous case, My, oG, o(X0,%1) is precompact in C2_(R, €>*(M))
and it has a natural compactification whose boundary consists of broken trajectories.



After perturbing Hy ¢ and G if necessary, M H10,G1,0(X0,X1) is a manifold of dimen-
sion my(xo) —mx(x1). In particular, for the case my(xo) = ma(x1), M, 0,61.0(X0,X1)
is compact and we can define

® : Cp(Lg, HY2(M)) — Cp( Loy, HA(M)
by counting trajectories:

P10(x0) = Z NH; 0,G1 .0 (X05 X1)X1,
x1€critp (L, )

where npy, oG, (X0, X1) = #MH, ,G1,0(X0,%1) (mod 2).

By examining the boundary OMg, o, 0(X0,x1) for xo € crit(Ly,) and x; €
crit(Lp,) with my(xg) — ma(x1) = 1, we see that 1 is a chain map: 9, o B¢ +
1,0 0 0y, = 0. Moreover, considering homotopies of homotopies, we see that @10

is natural in the sense that
Qoo =1, Py10®P;0= 2.
These imply that ®; o induces the isomorphism of homologies:

®10: HF, (L, (HY2(M), Go)) = HE, (L., (HY2(M), G1)).

Based on the above Theorem 8, we have

Theorem 9 Assume that H € C?(S(M)) satisfies (2.1) and (2.2). Then the Morse-
Floer homology FH,(Lp,HY?(M);Zs) is well-defined. For the case H(z, Y) =
ﬁH (x)[9[PT (more generally, for H satisfying “strong superquadratic condition
at infinity”), we have a vanishing result HF,(Lg, HY?(M)) = 0.

For details, see [18].
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