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Convolution identities for Cauchy numbers of the first
kind and of the second kind

Takao Komatsu !
Graduate School of Science and Technology
Hirosaki University

1 Introduction

The Cauchy numbers of the first kind ¢, (n > 0) are defined by

cn=/01:c(:c—1)...(a:—n+1)d:r

and the generating function of ¢, is given by

ot n

T T
SET I
([4, 11]). The first few values are
.l 1119 9 863
C = ,C1—2,C2— 6763‘_4>C4— 30’05—4,66— 84

The Cauchy numbers are almost identical with the Bernoulli numbers of the
second kind, b,, as introduced in [8] and later studied by various authors. In
fact, we have ¢, = n!b,. Notice that the Cauchy numbers ¢, can be expressed
in terms of the unsigned Stirling numbers of the first kind and [’:]

0= G [ 0

1=0
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(19, 11]), where the unsigned Stirling numbers of the first kind (%] arise as
coefficients of the rising factorial

n

x(;c-l—l)...(x—i—n—l):Z[:,L]xi

(see e.g. [7]).
The Cauchy numbers of the second kind ¢, (n > 0) are defined by

En=/0 (=z)(=z—1)...(~z—n+1)dzx

and the generating function of ¢, is given by

oo :En
a— (z|<1)

n!
n=0

A+z)n(l+z)

([4, 11]). The first few values are
=l ool g 0 o9 2L 475 . 19087
0=50 a=-35 02—6, 3 = 1’ C4——30, 5T Ty T Tga

With the classical umbral calculus notation (see e.g. [12]), define (¢, + &)™
and (¢; +¢,,)" for {,m,n > 0 by

"\ (n
(a + Cm)" 1 = Z (j>cl+jcm+n—j ]

Jj=0
n
(Cz + Cm) P= Z ( .)cl+jcm+n—j )
=0 \J

respectively. The analogous concept for the Bernoulli numbers B, defined
by the generating function

n

Xz b T
==Y B (el <2m),

n=0

has been extensively studied by many authors, including Agoh and Dilcher
([1, 2, 5] and references there). Define

- n
(Bl + Bm)n = Z (j)Bl+ij+n_.j .

J=0
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Then Euler’s famous formula can be written as
(Bo+ By)"=-nBp-1—(n—1)B, (n>1). (2)

In [1] an expression for (B; + B,,)" was found. In addition, some initial cases
were listed, including e.g.,

1 1
(Bo+ By)" = —-2-(n +1)B, — '2-an+1 ,

1 1 1
(Bo+ By)" = —g(n -1)B, - §an+1 - gan+2 5

1 1
(B1 + Bl)n = 6(”’1 - l)Bn - Bn+1 - 6(’” + 3)Bn+2 .
On the other hand, an analogous formula to (2) is given by
(co+ )" =—-n(n—2)cp_1 — (n—1)c, (n>0) (3)

([13]). A different direction of extended convolution identities for Cauchy
numbers is discussed in [10].

In this paper, we give an explicit formula for (¢; + ¢,,)"™ and (¢ + Cn)™
(n > 0) together with some initial cases, including

1 1

(cote)" = —§(n +1)(n—1)cn — 5MCn+1, (4)
e (D" %k -1 1 1

cota)y=" (=1) 15! )k _ S0+ e = 3ncna, (9

k=

e (D" * k-1, 1 1
(c1+¢c)" = -5 Z (=1) (' Jok _ gn(n +5)cnt1 — =(n + 3)cnt2
k=0 )

k 6
(6)



and
i~ ~\n __ . n_klc\k ~
(Co+c)" =n! :‘/;5(—1) z = s (7)
@+a)" = i ®)
SR ¢ (=) "
(Co+c)" = in-'— Z ( k)' (2k(n+ 2k —2) +5(n — k+2)(n — k + 1))ek
k=0 '
n.. n..
- §Cn+2 - §Cn+1> (9)
" | ¢ (=) "
@ +a) = % ( k)' ((n+1)(n +2) + k(8n — 9%k + 19))&
. 3.
— Cnt1 — nt Cn+2 - (10)

2 Fundamental results
Euler’s identity (2) is an easy consequence of the formula
b(z)* = (1 — z)b(z) — bl (z) ,

where b(z) = z/(e® ~ 1) (see e.g. [6]). Similarly, the identity (3) is obtained
because c(x) = z/1n(1 + z) satisfies the formula

c(z)’ = (1+ z)c(x) — (1 + z)zd (). (11)

From the generating function for the ¢, we obtain for i, v >0,

oo n

z c(” Z cn+,,_,$' (12)

n=0

Therefore the identity (11) immediately leads to the formula (3). Differ-
entiating both sides of (11) with respect to x and dividing them by 2, we
obtain

o(e)¢/(a) = 5a(e + 1) (z) ~ g2e(z) + 3e(z). (13)

Then by applying (12), we have the identity (4).
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In general, by differentiating both sides of (11) u times with respect to
x, we have the following. The left-hand side is due to the General Leibniz’s
rule. The right-hand side can be proved by induction.

Proposition 1. For 4 >0

m

Z (Z) ¥ () ()

= (4~ 2 (z) ~ ((2u=1)e+ p - 1) (z) - z(1 + z)**V(z).
(14)

By applying (12) in Proposition 1, we obtain the following result.

Theorem 1. For > 0 and n > 0 we have

Z (l,:) (cx + C#—K)n =—(n+u-2)(n+ N)Cn+u—1 —(n+p-— l)cn_w )

k=0

Examples. If we put 4 = 0,1 in Theorem 1, we have the identities (3) and
(4), respectively. If we put pu = 2,3,4 in Theorem 1, we obtain

2
1 1
(co+c)"+3(cr+c)" = —5(" +1)(n + 3)cnt2 — E(n +2)cnys,  (16)
(co+cs)™ +4(cy + c3)" + 3(c2 +c2)”
1 1
= —§(n +2)(n+4)cnts — 5(” +3)Cnta- (17)

1 1
(co+c)"+(c1+c)" = —5”1(” +2)cns1 — z(n+ 1)cnqe, (15)

Since ¢(z) = z/(1 + z) In(1 + z) satisfies the formula

1
1+z

&x)? = —18(z) + ——(x), (18)

by 1/(1+z) = > 24(—1)'z* and the fact

n

‘ > !
JIZE(V) (x) = E n Eﬂ,-kp——i% (7'1 v Z O) ’ (19)
n=0 ’

(n—1)!
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we have
n kck

(EO +EO) __ncn‘l"n'z 20)7

which is the formula (7). leferentlatmg both sides of (18) by z and dividing
them by 2, we obtain

) (z) = —-Ql-xa"(:c) 5 - (@) - Q(Tlrx—)za(z). (20)

Then by (19) and for & > 1

1 = k+i—1\ .
— =Y (~1) i 21
=2 () (1)
we have
2 z" 1 — T 1 e = n! O
Z(Eo +a)'—=—5) né——2) (-1) Z T Cn—i—T
| | —_ ] — | |
—~ ! 2 ovars n! 2 — r ( i—1)! n!
__Z( 1) +1) Z Z)'cn_@
1=0 n=0
1 N x™ (n+ 1) ) z™
= 2 —~ n+1_1{!' 0 Z —’—'!_7

yielding the formula (8).
In general, by differentiating both sides of (18) by z at p times, we have
the following.

Proposition 2. For u >0

p ¥ (x +1
Z (M)E(n) A(u n)(x) Z( 1 u—v ﬂ' ( ) #’gﬂ)(x)—xgﬂ )(x)

—~\k (1 4 z)u-—v+1

By applying (21) and (19) in Proposition 2, we obtain the following result.

Theorem 2. For yu > 0 and n > 0 we have

p In -~ N\ Crav—i

win! —waif =V 1\ Cpgp—i
D= () Bt = iy 3 Sy (M) e
K=

i=0




Examples. If we put = 0,1 in Theorem 2, we have the identities (7) and
(8), respectively. If we put p = 2,3,4 in Theorem 2, we obtain

SN ( ) [ R kCe M2 n+1._.
(G +2)"+ (@ +21) - )Z(“l) kk—ﬁ“ 5 Cntl T 5 Cnt2,

2 k=0

(22)
(Co+c3)"+3(c+)"

n+3)! & n—k C n+2)(n+3). n+3. n+2.
( 5 )Z(—l) kf,"*( )2( )Cn+1_ 5 Cnt2 — —5Cnts)

k=0

(23)
(80 + 84)n + 4(81 -+ 83)"' + 3(82 + Ez)n
_ Mi(_l)n_@ _ ()43 ta). | (n+I(nt+4),

2 kl 5 Cn+1 ) Cn+2
k=0 ’
n+4. n+3..
T Ty T T Cnt4 - (24)

Next, notice that ¢(z) satisfies the identity

3 , z 1
3c(z)d"(z) = ~(1 4 z)zc® (2) — §mc' (z) + -é-(—l—_:x—)c’(x) T30t a) (z).
Since by (12) we have
oo xn
z%c®(z) = Zn(n - 1)cn+1m ,
©
zc®(z) = chn+2 )
oo xn
" _ i
zcd'(z) = MCn+1—

and
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and

n=0

=3 (S ) 5

we get

1 ' ()" *(k -1
3(co + 02)" =—NChya —N|{N+ =) cCpy1 + n ( ) ( )Ck ,
2 2 ~ k!

yielding the identity (5). In addition, by the identities (5) and (15), we have

Z( I"k(k—l) 1

1
gn(n +5)Cpy1 — g(n + 3)cna,

(c1+e)* =

which is the identity (6).
Next, notice that ¢(xz) satisfies the identity

N .z z A1 Z -~ 9 -~
cz)d" (z) = —55(3) (z) — mc (z) + mc (x) + mc(x) .

By (19) and (21)
(60 + EQ)”

=-3 C+2 Z —“————3—'4-1
" 22=0 (mn—i—1)1"""

+éi(_1)i (t+n! . 5 °°(_1),.(z'+2)(z'+1) n! -

_ . -7 4 ' n—1g
prs (n—1i—1)! 6 2 (n —9)!
_n. n. ol = (-1) -
- 3 n—+2 2 n+1 2 - (n _ ’L _ 1)! n—1

n! "i (1 +1) . 5nl 2 (1) + 2)('2' +1)..

; Cn—i T —F% ; n—i
6 & (n—i-1) 12 & (n —1)!
n.. n
- 3Cn+2 - ECn+1

nl S (=1

n—i)(n—i—1)+20G+1)(n—1i) +5(+2)(E+ 1)),

181



182

yielding the identity (9). In addition, by the identities (9) and (22), we have

(@43 = % :ZO (_2”"'6 (n41) (04 2) k(8= -+19)) Be—Bos1— 2015,
which is the identity (10).
Proposition 3. For m > 0 we have
z)e™(z)
m—1 ~
(25)

Lemma 1. For n > 0 we have

() = ( -1 )n-Hi Gns

1+z = (n(1+ ac))j+1 ’
where
o=t (a4 5] )
gn,] ]' J + 1 j ¢
Proof. Since 910 =1 and g1; = —z, for n = 1 we have
d T _ In(l+4z)-=z

do (1+2)In(1+2) (14 2)*(In(1 +2))°

__ 1 91,0 + g1,
(1+2)? \In(1+2z)  (In(1+ ﬂv))2 .
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Assume that the result holds for n. Then
dn+1 T
dz"*1 (14 z)In(1 + x)

=n+1) (1;1x)n+2§ (m(ﬁi))j“

() 5 2 Lm0t

)
1+2 pars (In(1 + z )29+2
n+2 n

-1 2 & gnj ( ) ﬁnj
3 + -
§ <1+$> JZO (ln(l + ) )+ 1+ = (ln 1+ )),+1

2 " Gni( +1)

p= (1n<1 +z))’*

1
(NS Gn,j + ! ?Il] "*2"“ FGn,j-1
1+ac

-1 )”+2 n _] 1+.’E

Z(In(l-f—ac T <1+$

1+2z =

l+z ‘= (In(1+2)) JH = (ln 1+z )]H
_ < -1 >"+2 § On+1,j .
1+ = (In(1+ :16))JJr1

Lemma 2. For integers m and j with m > j > 0 we have

m—j
~ - m+1 ~
Im+1,5 — (m + 1)gm,j—1 = Z (k +1 ) (_1>kck+lgm-—k,j .

k=0

Proof. Tt is enough to prove

-2 )£ o] oo

J+1 J L7

R DGR R



The identity (26) holds because by (1) formulae in Table 241 in [7]

m—zﬁl m+ 1 (—l)kcm_k+1 m—k+1
k Tml J+1

k=0

:m—ZjH m+1 (_l)kg:(—l)’“_i klm—-k+1[m—-k+1
e\ k i+l i) m+1 j+1

_"’fl(—l)i"‘fl m+1\ [k]m—-k+1[m—k+1

& i+l N\ k i] m+1 j+1

_'"“zj:“(—1)i(i+j> [ m+1 }
o Tr1\ § ) Li+i+1

il

Similarly, the identity (27) holds because

3 (8 )eval ]

e Rt~ il
SIS Y [
S ) [
-z

J J

a

We also need the following relation ([11, Theorem 2.4 (2.1)]) in order to
prove Proposition 3.

Lemma 3. Form >0
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Proof of Proposition 8. The identity (25) holds for m = 0 and m = 1 because
of (18) and (20), respectively. Let m > 2. By Lemma 1 with g,, = —n!z
(n>0), gno =n! (n > 1) and gop = —z together with Lemmata 2 and 3

E(x)ﬁm) (z) + — 1"(m+1)( z)
-_Z -1 \™" mzzlﬁmﬂ,ﬁl — (m+ 1)gm,3) n (m+1)!
m+1\1+z , In(1+ x))i+2 In(1+=
j=0
x —1 \™"? [ 1 "L m+1
= i 1 -
m+1 <1+x) (Z (1n(1+ac))7+2 ; (k‘+1>( ) Ck1Gm—k,j+1
L (m+ 1)t ’”Z o k1 (ZD"(m + 1)
ln1+:c P (k+1 In(1+ )
x ( = )M e DI (m)<—1>k§ .
T m+i\l+z pars (ln(1+x))”+1 ~k+1\k 7
~1)m R
e [ 1>cm>)
—1 m+2 m m Ck+1 k mﬁm "y
_(1—I—x) ;(k)k-Fl Z 1n1+ )y+1

(=LY = (~1)m [ Sty g
1+zx In(1 + x) m+ 1 ™

+
1 -~
_ mY\ Ck+1 z ~(m—k) Cm__ ~
- ( >k+ TAropic  @F Grgmacd):

By Proposition 3, we obtain the following theorem.
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Theorem 3. For m > 0 and n > 0 we have

(Co + Cp)"
n

= —m+ 1cn+m

m—1
1 m+1 k+1 n! -
—_ 1 - 0 m—k—i—
m+1k=0(k+1>ck+lz( ( )(n-i—l)!c"+ hoimt

e n (—1)"<mjz>(7;‘n:!;)‘!an-i'

Examples. When m = 0, m = 1 and m = 2, we have the formulae (7), (8)
and (9), respectively. If m = 3, we have

(n+1)! z": (=1)"*(2(2n? — 6n+ 9) — (n — k)(n + 9k — 27)) i

(Co+73C3)" =—

8 k!
k=0
n(2n — 1)Cp41 _ NCnyo N NCny3
4 2 4

Proof of Theorem 3. By (19)
™t (z) = Znﬁn+m% :
By (21) we get

m—1
m + 1 k1% Am—k) (z)
=~ \k+1 (1 + z)k+?

o

m-—1 o] .
m+1 A k+U\ ii~me
= (k+1>ck+1 Z(—'l) ( ; )x 'H-E( k)(l')
k=0 1=0
m—1 00
m+1 k+1 n! - ™
- e (k+l>ck+1; ( ) nZ:O(n_i_l)!cn-f-m—k—z—l n' .

Finally, for m > 0

G . P m+i > nl . "
(1+c;:n)m+1c(m)=c’"z(_1)< i )Z(n—i)!c"“"ﬁ'




O
Similarly to Theorem 3 for Cauchy numbers of the second kind, we have
the following for Cauchy numbers of the first kind.

Theorem 4. For m > 2 and n > 0 we have

(co+ cm)" =
n 2n+m—1
- m+ 1 2 cn+m—1 + Cni+m

m—1 n—1 .
Ck+1 (M (k+i—-1 n!
- -1) T ubntm—-k—i—
?L;k 1<k);( )( i )(n—z’—l)!c+ kit
- !
Y e S

n—1)!

The expression of (¢ + ¢,,)" is based upon the following relation.

Proposition 4. For m > 0 we have

c(z)c™ (z)
$(1 + z m—+1 ~ z m—
:_m—l-lc( (@ Z < )(1-1—3:) ")

k=

Cm
(1+ z)m-1 o(z).
We need the following Lemma.
Lemma 4. For n > 0 we have
1 \"<& On i
() () — )
(=) (1 +a:> ; (In(1 + 2))+1
where )
n n—
Ing =7 ( [JJ e+n |,
Proof. It is proven inductively that
a1 (- &Kn 7! > 0)
dz”In(l14+2) (14 z) ~ | j ] (In(1+ z))i+1

J
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(Cf. [3, Lemma 4.1]). Using Leibniz’s rule, we have

dr . dr 1 tn dr1 1
dzrIn(1+x) “dznIn(l+ 9:) dz"1In(1 + z)

e Z [’;‘] T
1(+la):;ni1 "Zl [n i 1] n(1 j‘z))ﬁl
- ('1'_?1") Z w2 l?] @+ [n; 1]) |

a

ky

3 Main result

We can show the following proposition in order to obtain the main result.
Proposition 5. Let |, m be nonnegative integers with m > 1> 1. Then

l!m!
(I +m)!
m—Il-1

l’m' I+m—1 almm kx+blmm-—k m—k
T U+m-1! () + Z 1+ z)+* ()

1-2
AUm kT + bimi—k (k) Umi® bim,0
+Z A+ o)tk © ()+(1+$)l+m1 (x)+(1+x)l+m1($)

2z + 1)c™(z)

cD(z)c™ (z) = - !w(l + z)cH™ () —

where forl+1<r=m—-k<m

l
- (_ I+1 m Y l l+k~—2 Clyk—i+1
atmr = (=1) (k)z Z(z)( i Jitk—it1’

1=0

-1
—(_ 1 m ,' l—l l+k~2 Clyk—i
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and for 1 <r=1—-k<|

. S (=1)H3+1 7] m r—1\""
A VY AU B VAN
I—j .
Jfl— l+m—r—2
X Zz!( ; ]) ( ; >Cl+m—'i—r+1
DM 0 VA l—r 1\ I+ m—r—1
+ r r—1 Zo ! ; ; Clym—i—r+1

s B () e
+ %—!——3) i il (j’) (TZ"’) Cmiv2 (1 =4)

1=0

and

m—1Ie—_(I\[l4+m—23
ama= ()0 s 022

=

and for2<r=[0—-k<|

r—1 —1 l—j .
; ) m r JMl=I3\[l+m—7r—=2
b = -1 SEAR ! m—i—r
me = (=) (J) ( —j) (a) 2 ( i ) ( i )C“

=1

l
(N (l+m—-2
bimo = (-1)l ZZ! (2) ( ; )Cl+m—z' = —Qim,]1 -

1=0

except

With this proposition we now obtain our main result.
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Theorem 5. Let [,m,n be integers withm > 1> 1 and n > 0. Then

(Cl+cm)
I'm!
:_7:?;:m«n+an+D%Hwﬁ%n+FHn+Dm+l+mkMHwﬂ
m—Il-1 n ;
(=1)1n!
vy > G
— !
k=0 =0 (n 2)‘
(-+k+i—2> (L+k+i—1) )
X . AUmm—k — . bl,m,m-k Cntm~k—i
1—1 1
l_zi(—l)i_ln'

m+k+i—2 m+k+i—1
X . Al ml—k — . bim,i—k | Crnti—k—i

7

F o () - i D

where Qi my and by, are defined in Proposition 5.
Similarly, for general integers [ and m, we obtain the following result.

Proposition 6. Let [, m be fixred nonnegative integers withm > 1> 1. Then

!'m! I'm!
AD (1 Yp(m) - _ ~Al+m+1) _ ~l+m)
c(z)e™(x) Tima 1)'a:c (x) Trm) c (x)
m—Il-1
Um.m—kT + Olmm—k ~(m—k) Q,m 1=k % + bim,i—k k)
+ Z (1 + )tk (z) + Z (1 + z)m+h+ ¢ (z),

where for[+1<r=m—-—-k<m

l
_ ™ AW (1+E=1\  Cyr—in
Uy = (1) (k)EZ%Q)( i Jitk—it+1’

1=0

-1
— (_1\ m ” -1 I+k—-1 Cltk—i
buim.r (1”<k)§:”(i )( i Jitk—i’

=0
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and for1l<r=1-k<]

r—2 ; -1
Z —1)+i+l /] m r—1
al’m’r - (—)_— ( .) ( . ) ( ) )
= 7 JJ\r—3—1 J
I—j .
Jf1— l+m—-r—-1
X E z!< ; ]) < ) )Cl+m—i—'r'+1

1

i=0
l-r+1
(=) /1 Jfl=r+1\[l+m—-r—-1
+ - 1 E—O 7! ; ; Cltm—i—r+1

with a1mo =0 and for0<r=1-k<1
i (N, m N\ L =N\ l+m—r—1
blmr: E -1 l+]+1(.>( )() E 'L'( . )( . )Cl m—i—r
o j=1( ) J/INT—=I1/ NI i=0 E ¢ *
NS (l=r\[l+m—r
I+r § : -~ .
+(-1) (7‘) pa Z'( i >( i )Cl—l—m—z—r-

By using Proposition 6, we obtain explicit expressions for (¢; + Cm)™.
Theorem 6. Let I, m,n be integers withm >1>1 andn > 0. Then
(@+cm)"
I'm!

= —m(n‘F [+ m + ]-)an,-}—H-m

m—Ii-1 n |

—1)1p!
-2 LN

k=0 i=0

l+k+i~-1 [+k+1 ~
X i—1 A mm—k — i bl,m,m—k Crnim—k—i

l n

—1)1p!
DN

m+k+i1—-1 m-+k+1 —~
X i1 Al l—k — ; bim,i—k | Coti—k—i -

where aypm, and by, , are defined in Proposition 6, and (_'_’1) =0(m>0).
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