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Abstract

In this report, we consider the following:

(1) Sufficient conditions for the Mosco convergence of symmetric Markov processes in
two cases: (a) L\’evy processes (b) uniformly elliptic diffusions;

(2) Instability of global path properties under the Mosco convergence such as recur-
rence/transience and conservativeness/explosion.

In the study of (1), we obtain that the Mosco convergence follows from $L^{1}$-local
convergence of the corresponding coefficients $(e.g.,$ L\’evy exponents $in the$ case $(a)$ and
diffusion coefficients in the case (b) ). This result means that the Mosco convergence
follows from a very weak convergence of the corresponding coefficients. In the study
of (2), we give several examples whose global path properties are not preserved under
the Mosco convergence.

1 Introduction

In [M67], Umberto Mosco introduced the notion of a convergence of bilinear forms, now
called Mosco convergence. For a closed form $(\mathcal{E}, \mathcal{F})$ on a Hilbert space $\mathcal{H}$ (not necessarily
densely defined), we let $\mathcal{E}(u, u)=\infty$ for every $u\in \mathcal{H}\backslash \mathcal{F}$ . Then the Mosco convergence is
defined as follows:

Definition 1 A sequence of closed forms $\mathcal{E}^{n}$ on a Hilbert space $\mathcal{H}$ is said to be. convergent
to $\mathcal{E}$ in the sense of Mosco if the following two conditions are satisfied:

(M.1) for every $u$ and every sequence $\{u_{n}\}$ converging to $u$ weakly in $\mathcal{H},$

$\lim_{narrow}\inf_{\infty}\mathcal{E}^{n}(u_{n}, u_{n})\geq \mathcal{E}(u, u)$ ;

(M.2) for every $u$ there exists a sequence $\{u_{n}\}$ converging to $u$ in $\mathcal{H}$ so that

$\lim\sup \mathcal{E}^{n}(u_{n}, u_{n})\leq \mathcal{E}(u, u)$ .
$narrow\infty$
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In [M94], Mosco showed that a sequence of closed forms $\mathcal{E}^{n}$ on $\mathcal{H}$ is converging to $\mathcal{E}$ in the
sense of Mosco if and only if the resolvents associated with $\mathcal{E}^{n}$ converges to the one associated
with $\mathcal{E}$ strongly on $\mathcal{H}$ , and hence the semigroups associated with $\mathcal{E}^{n}$ converges to the one
associated with $\mathcal{E}$ strongly on $\mathcal{H}$ too. The strong convergence of semigroups gives us the
convergence of finite-dimensional distributions of the corresponding Markov processes. This
is one reason why the Mosco convergence is used in the study of stochastic processes. In fact,

in $Kuwa\triangleright Uemura[KU97a, KU97b]$ , [Su98], Kim[Km06], they used the Mosco convergence to
show the weak convergences of Markov processes corresponding to their respective Dirichlet
forms (see also [Ko106]). In [H98], Hino also introduced a non-symmetric version of Mosco
convergence and Kuwae and Shioya generalized the convergence of the case where the basic
$L^{2}$-space changes in [KS03].

In this report, however, we only consider symmetric Dirichlet forms and our state spaces
or $L^{2}$-spaces do not move. In this setting, we study

(1) Sufficient conditions for the Mosco convergence of symmetric Markov processes in two
cases: (a) uniformly elliptic diffusions, (b) L\’evy processes;

(2) Instability of global path properties under the Mosco convergence such as recurrence or
transience, and conservativeness or explosion.

In the study of (1), we obtain that the Mosco convergence follows from $L^{1}$-local conver-
gence, which is quite weak one, of the corresponding. coefficients (e.g. diffusion coefficients
in the case (a) and L\’evy exponents in the case (b) ). We should note that $L^{1}$-local con-
vergence is one of the weakest convergence in our settings and our results mean that the
Mosco convergence follows from the very weak convergence of the corresponding coefficients.

In general, the global path properties such as recurrence/transience and conservative
ness/explosion are not preserved under the Mosco convergence. It seems, however, that
few people have studied how to construct such examples concretely. In the study of (2),
we give several examples whose global path properties are not preserved, under the Mosco
convergence.

2 Settings and results

We first consider the diffusion case of (1). Let $A_{n}(x)=(a_{ij}^{n}(x))$ and $A(x)=(a_{ij}(x))$ be $d\cross d$

symmetric matrix valued functions on $\mathbb{R}^{d}$ satisfying the following conditions:

Assumption (A)

(A1) For any compact set $K\subset \mathbb{R}^{d}$ , there exists a constant $\lambda=\lambda(K)>0$ so that, for any
$n\geq 1$ and $\xi\in \mathbb{R}^{d},$

$0< \frac{1}{\lambda}|\xi|^{2}\leq(A_{n}(x)\xi,\xi)\leq\lambda|\xi|^{2}$ , dx-a.e. on $K$ ;

(A2) ( $L^{1}$-local convergence) For any compact set $K,$

$\int_{K}\Vert A_{n}(x)-A(x)\Vert dxarrow 0 (narrow\infty)$ ,

where $||A(x)\Vert=\sqrt{\sum_{i=1}^{d}\sum_{j=1}^{d}a_{ij}^{2}(x)}.$
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Consider quadratic forms on $L^{2}(\mathbb{R}^{d})$ as follows:

$\mathcal{E}^{n}(u, u)=\frac{1}{2}\int_{\mathbb{R}^{d}}(A_{n}(x)\nabla u, \nabla u)dx, \mathcal{E}(u, u)=\frac{1}{2}\int_{\mathbb{R}^{d}}(A(x)\nabla u, \nabla u)dx.$

for $n\in \mathbb{N}$ and appropriate functions $u$ . Under the assumption (A), it is then known that
$(\mathcal{E}^{n}, C_{0}^{\infty}(\mathbb{R}^{d}))$ and $(\mathcal{E}, C_{0}^{\infty}(\mathbb{R}^{d}))$ are Markovian closable forms on $L^{2}(\mathbb{R}^{d})$ . So they become
regular symmetric Dirichlet forms $(\mathcal{E}^{n}, \mathcal{F}^{n})$ and $(\mathcal{E}, \mathcal{F})$ on $L^{2}(\mathbb{R}^{d})$ . We then obtain:

Theorem 1 Assume that (A) holds. Then the Dirichlet forms $(\mathcal{E}^{n}, \mathcal{F}^{n})$ converges to the
Dirichlet form corresponding to $(\mathcal{E}, \mathcal{F})$ in the sense of Mosco.

Remark 1 In [M94], Mosco investigated similar sufficient conditions for the Mosco con-
vergence, but it seems to be difficult to check the compactly injected condition he imposed
there.

We now consider the L\’evy case of (1). Let $\{\varphi_{n}\}$ be a sequence of the characteristic
functions defined by symmetric convolution semigroups $\{\nu_{t}^{n}, t>0\}_{n\in N}$ :

$e^{-t\varphi_{n}(x)}:= \hat{\nu}_{t}^{n}(x)(=\int_{\mathbb{R}^{d}}e^{i\langle x,y\rangle}\nu_{t}^{n}(dy)) , x\in \mathbb{R}^{d}.$

Let $\varphi$ be also a characteristic function defined by a symmetric convolution semigroup $\{\nu_{t},$ $t>$

$0\}$ . The Dirichlet forms corresponding $\nu_{t}^{n}$ are defined by

$\{\begin{array}{ll}\mathcal{E}^{n}(u, v) = \int_{\mathbb{R}^{d}}\hat{u}(x)\overline{\hat{v}}(x)\varphi_{n}(x)dx,\mathcal{D}[\mathcal{E}^{n}] = \{u\in L^{2}(\mathbb{R}^{d}) : \int_{\mathbb{R}^{d}}|\hat{u}(x)|^{2}\varphi_{n}(x)dx<\infty\}.\end{array}$

We assume that for each $n,$ $\mathcal{E}^{n}(u, u)=\infty$ if $u\in L^{2}(\mathbb{R}^{d})\backslash \mathcal{D}[\mathcal{E}^{n}]$ . We assume the following
condition on $\{\varphi_{n}\}$ :

(B) $\varphi_{n}$ converges to a function $\varphi$ locally in $L^{1}(\mathbb{R}^{d})$ .
Then we show the following theorem:

Theorem 2 Assume that (B) holds. Then the Dirichlet forms $(\mathcal{E}^{n}, \mathcal{D}[\mathcal{E}^{n}])$ converges to the
Dirichlet form corresponding to $\varphi$ in the sense of Mosco.

In the rest of the report, we consider (2). We first consider the instability of recur-
rence/transience in L\’evy cases. Let $\alpha$ and $\alpha_{n}$ be continuous functions on $[0, \infty$ ) satisfying
that there exist positive constants $\underline{\alpha}$ and a so that

$0<\underline{\alpha}\leq\alpha_{n}(t)\leq\overline{\alpha}<2, t\in[0, \infty)$

and define L\’evy measures on $\mathbb{R}^{d}$ as follows:

$n_{n}(dx)=|x|^{-1-\alpha_{n}(|x|)}dx, n(dx)=|x|^{-1-\alpha(|x|)}dx.$
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Then the corresponding characterisitc (L\’evy) exponents and Dirichlet forms are given by

$\varphi_{n}(x)=\int_{R^{d}}(1-\cos(x\xi))n_{n}(d\xi) , \varphi(x)=\int_{R^{d}}(1-\cos(x\xi))n(d\xi)$ ,

and

$\mathcal{E}^{n}(u, u)=\int_{R^{d}}|\hat{u}(\xi)|^{2}\varphi_{n}(\xi)d\xi=\iint_{x\neq y}(u(x+h)-u(x))^{2}n(dh)dx,$

$\mathcal{E}(u,u)=\int_{\mathbb{R}^{d}}|\hat{u}(\xi)|^{2}\varphi(\xi)d\xi=\iint_{x\neq y}(u(x+h)-u(x))^{2}n(dh)dx,$

respectively.
Now we give examples whose transience/recurrence are not preserved under the Mosco

convergence.

Proposition 1 Assume $d=1$ . Then the following convergence results hold.

(i) (recurrent ones $\Rightarrow$ transient one) If we set

$\alpha_{n}(u)=1+1/n-(\log(u+e^{2}\backslash ))^{-1/2} \alpha(u)=1-(\log(u+e^{2}))^{-1/2}$

$foru\geq 0$ and $n>1$ , then $(\mathcal{E}^{n}, \mathcal{F}^{n})$ is recurrent for any $n$ and converges to the transient
Dirichlet form $(\mathcal{E}, \mathcal{F})$ in the sense of Mosco.

(ii) (transient ones $\Rightarrow$ recurrent one) If we set.

$\alpha_{n}(u)=1-(\log(u+e^{2}))^{-(1-1/n)} \alpha(u)=1-(\log(u+e^{2}))^{-1}$

for $u\geq 0$ and $n>1$ , then $(\mathcal{E}^{n}, \fbox{Error::0x0000})$ is transient for any $n$ and converges to the recurrent
Dirichlet form $(\mathcal{E}, \mathcal{F})$ in the sense of Mosco.

We consider the instability of conservetiveness/explosion in the diffusive cases. Let
$(\mathcal{E}^{n}, \sqrt{} and (\mathcal{E}, \mathcal{F})$ be the following Dirichlet forms on $L^{2}(\mathbb{R}^{d};dx)$ :

$\{$

$\{$

$\mathcal{E}(u, v)$ $=$ $\int_{R^{d}}\alpha(x)\langle\nabla u,$ $\nabla v\rangle dx,$

$\mathcal{E}^{n}(u, v)$ $=$ $\int_{R^{d}}\alpha_{n}(x)\langle\nabla u,$ $\nabla v\rangle dx,$

$F^{n}$
$=\overline{C_{0}^{\infty}(\mathbb{R}^{d})}^{\mathcal{E}_{1}^{\mathfrak{n}}}$

$\mathcal{F}=\overline{C_{0}^{\infty}(\mathbb{R}^{d})}^{\mathcal{E}_{1}}$

Proposition 2 Then the following convergence results hold.

(i) (explosive ones $\Rightarrow$ conservative one) If we set

$\alpha_{n}(x)=(2+|x|)^{2}(\log(2+|x|))^{1+1/n} \alpha(x)=(2+|x|)^{2}(\log(2+|x|))$

for $n\in \mathbb{N}$ , then $(\mathcal{E}^{n}, \mathcal{F}^{n})$ is explosive for any $n$ and converges to the Dirichlet form
$(\mathcal{E}, \mathcal{F})$ which is conservative in the sense of Mosco.
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(ii) (conservative ones $\Rightarrow$ explosive one) If we set

$\alpha_{n}(x)=(2+|x|)^{2-1/n}(\log(2+|x|))^{2} \alpha(x)=(2+|x|)^{2}(\log(2+|x|))^{2}$

for $n>1$ , then $(\mathcal{E}^{n}, \mathcal{F}^{n})$ is conservative for any $n$ and converges to the explosive
Dirichlet form $(\mathcal{E}, \mathcal{F})$ in the sense of Mosco.
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