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Asymptotic behavior of densities for stochastic

functional differential equations *

Atsushi Takeuchi
Department of Mathematics,
Osaka City University

Let T and r be positive constants. For 0 <e < 1 and a deterministic path ) € C([~r,0]; R9),
consider the R¥-valued process X¢ = {X¢(t); —r <t < T} determined by the equation

XE(1) =n(r) (-r<t<0),

d . ‘ ¢))
dX°(r) = A(XF)dr+€ ) B(XF)dW'(r) (0<t<T),

i=1

where A, By, ..., B are R%-valued smooth functions on C([—r,0]; R¢) such that all derivatives
of any orders greater than 1 in the Fréchet sense are bounded, W = {(Wl(¢), ..., W9());0 <
t < T} is ad-dimensional Brownian motion starting from the origin, and X = {X*(t+u); —r <
u < 0} is the segment of X€. Such equation is called the stochastic functional differential equa-
tion, which was first introduced by Itd-Nisio [2]. Since the current state of the solution depends
on the past history of the process, the solution X¢ is non-Markovian. Under the conditions
on the regularity and the boundedness of the coefficients A, B, ...,'Bd, there exists a unique
solution (cf. It-Nisio [2], Mohammed [5]). Write X = X*|__ . |

Example 1 Consider the case where d =1 and ) € C([—r,0]; R) is deterministic. Let p(du)
be a finite Borel measure on [—r,0], and B be a constant.
X(0)=n() (-r<i<0),
0
X (1) = —/ X(t+u)p(du)dr +BAW () (0<t<T).
. ;
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Example 2 Consider the case where d = 1 and 1 € C([—r,0]; R) is deterministic. Let A and
B be R-valued smooth function on R? such that all derivatives of any orders greater than 1 are
bounded.

X(@)=n() (-r<t<0),
dX () =A(X(t), X (t —r))dt +B(X(t), X(t = 1)) dW(t) ( )

Our goals are to study the large deviation principle for the family {PoX(t)~';0 < e <1},
and the asymptotic behaviour of the density p®(t,y) of the probability law of X¢(z) as € — 0.
From now on, we shall suppose that the coefficients B, ..., B; in the equation (1) satisfy the
uniformly elliptic condition: there exists a positive constant Cy such that

-d

. . )
f f .B; >Cr. )
veléld‘lfec([l—e,o];md)izzl (v ‘(f)) 2C1 )

1 Large deviation principle

Denote by W the family of R¢-valued continuous functions on [0, T] starting from the origin,
and by ]HIg the subset of Wg such that each component is absolutely continuous, and that the
L?([0,T]; R?)-norm of the derivative is bounded. For f € H4, let Y/ = {¥/(¢t); —r <t < T}
be the solution to the functional differential equation of the form:

Y/(r) =n(r) (-r<1<0),
d _ 3)
ar/ () = A )de+ Y Bi(¥/) fir)de (0<r<T).

i=1
Denote by W% the family of R¢-valued continuous functions on [—r, T] with the initial path 1) €
C([-r,0]; R), and by ]I-]If,”7 the subset of W‘,’, such that each component is absolutely continuous
on [0, T}, and that its L2([0, 7] ; R¢)-norm of the derivative is bounded. Write B= (Bj,...,By).
Then, it holds that

Theorem 1 (cf. [3]) Under the condition (2) on the coefficients By, ..., B; of the equation (1),
the family of {Po (X¥)"1;0<e < 1} satisfies the large deviation principle with the good rate
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function I, where

i/ [Ble) ™ o) —~Ale)}ar (s )
Ig)=¢ 2 Jo ' t " @)

Skethc of the proof. It is well known as the Schilder theorem (cf. Dembo-Zeitouni [1]) that
the family {Po (eW)~!; 0 < & < 1} satisfies the large deviation principle with the good rate
function I given by

L [vora (em)
I(f)=4 2 Jo o7
oo (f ¢ H).

At first, we shall consider the case where the R?-valued functions By, ..., B; are bounded.
Leta > 0and write Hf , = {f € H§ ; || flly2(0,r};re) < @} Then, it can be easily checked via the
routine work that the mapping @, : H§ , 3 f +— @4(f) := ¥/ € W is continuous. Moreover,

forany f € Hg and p > 0, we can find the positive constants a,, and &, such that

P[ sup |X*() ~Y/ (1) > p, OiltlgTIEW(t%f(t)lSap

—re<T

p?
<G, exp [—C3 —;2—]

for all 0 < € < &), which can be derived by using the martingale representation theorem on
stochastic integrals. Hence, the assertion can be obtained from the Schilder theorem stated
above, via the argument stated in Dembo-Zeitouni [1].

We shall discuss the general case. Let R > 0 be sufficiently large, and denote by o the
exit time of the process X¢ from the closed ball centered at the-origin with the radius R. Write
X&R(t) := X#(t A o). Then, the Chebyshev type inequality tells us to see that

lim limsupe InP [ sup |XE(e)| > R] = —oo,
Ro+e0 eN0 —r<t<T

lim limsupe InP [ sup |XE(¢) —X5R(1)| > 5} = —oo
Roteo N0 . L—r<e<T
for any 0 < 6 < 1. Since we have already obtained the result on the large deviation principle
for the family {Po (X&®)~!;0 < £ < 1} with the good rate function Iz, the limiting procedure
as R — +oo enables us to get the assertion. O



Corollary 1 (cf. [3]) For each 0 <t < T, the family {IP’ oXt(t)"L;0<e < 1} satisfies the

large deviation principle with the good rate function I, where

I(y) =inf{I(g); g € Hp,y=g(r)}. 5)

Proof. Since the mapping I1; : Wy, > g — IT,(g) == g(t) € R? is continuous, the assertion is
the direct consequence of Theorem 1 and the contraction principle. a

2 Density estimate

At the beginning, we shall apply the Malliavin calculus to the solution process X¢. Denote
by D = {Du ;u €0, T]} the Malliavin-Shigekawa derivative operator. For each 0 <7 < T,
successive approximation of the equation (1) tells us to see that X¢(¢) is smooth in the Malliavin
sense. Moreover, for each 0 < u < T, the R? ® R?-valued process {D,X¢(¢); —r <t < T}

satisfies the equation of the form:
D, X¢(t)=0 (—r<t<O0ort<u),
. unt t
DXE() =€ / B(XE)ds + / VA(XE) D.XE ds
0 0

t d .
te / Y VB/(X) D, XE dW'(s) w<i<T),
0 =1

where V is the Fréchet derivative. For each s € [0,T], let Z8(-,s) = {Z(t,s); —r <t < T} be
the R? ® R4-valued process determined by the equation

Z8(t,s)=0 (-r<t<O0ort<ys),
t
Z8(t,s) =I; + / VAXE)ZE(-,s)du
. S
t d .
+ [ L VB Z ()W) (s<r<T),
S i=1
where Z5(-,s) = {Zf(u+ 0,s); —r < 6 < 0}. Then, we can compute
; unt
DXE() =¢ / ZE(1,5) B(XZ) ds, ©)
0
thus the associated Malliavin covariance matrix V(¢) can be obtained as follows:

Ve(r) = /0 ' 78(¢, 1) B(XE) B(XE)* ZE(2, )" d, 0

201



202

where the symbol K* indicates the transpose of a matrix K. As stated in Kusuoka-Stroock [4],
the condition (2) implies that the probability law of X¢(z) admits a smooth density p(z, y) w1th
respect to the Lebesgue measure on R,

Applying Corollary 1, the integration by parts formula and the Girsanov transform on W,

we can get
Theorem 2 Under the condition (2), it holds that
lim £21np®(¢,y) = -1(y), 8
Jim, np®(t,y) = —1(y) ®)
where I is the function introduced in Corollary 1.

Sketch of the proof. We shall prove the upper estimate only. See [3] as for the lower estimate.
Let 0 < ¢ < 1 be sufficiently small, and Ag € C5(R?; [0, 1]) such that

1 (|Z-)’| < O'),

As(z) =
0 (lz—y|>20).

Then, the integration by parts formula leads us to see that

PE(t,y) = E [Ly, 1) (X (1)) Isuppias] (X (1)) T(X®, A (X5 (r)))]

where I'(X¢, A5 (X€(2))) is the corresponding weight including the Skorokhod integral of X¢(z),
DXE&(t), Ag(X%(t)) and the inverse of V¥(¢). From Corollary 1, we can get

limsupe? InP[X%(¢) € Supp[As]] < — _inf  I(y).
e\0 yESupp[Aq]

On the other hand, under the condition (2), we have
E [(detVE(t))_p] < Cpe2M

for any p > 1. Taking the limit as ¢ \ 0 enables us to get the upper estimate. ]

3 Remark
Finally, we shall consider the special case:
A()=0, Bi(f)=Bi(f(-r),f(0) i=1,...,d), n(t)=x(-r<t<T),

where B,...,B, are the R%-valued smooth functions on R24 such that all derivatives of any
orders greater than 1 are bounded. Denote by p(t,y) = p%(t,y) | - Then, we have



Theorem 3 Suppose that the functions By, ... ,B, satisfy the uniformly elliptic condition: there
exists a positive constant Cs such that

‘ d
. . = 2
inf inf v-Bi(y,2))" > Cs. 9
veSd_ly,ZGRthI ( (y )) > ( )

Then, for each 0 <t < T, the probability law of X(t) has a smooth density p(t,y) such that
lim1 t,y) = —rl(y), 10
fim np(t,y) = —ri(y) (10)
where I is the function introduced in Corollary 1.

Sketch of the proof. The existence of the smooth density p(¢,y) on the probability law of X (¢)
can be justified, because of the uniformly elliptic condition (9) on the coefficients By, ..., B,.
On the other hand, since X(¢) = x for —r <t < 0, we have ‘

rd )
XE(r) =x+8/0 ;Bi(xs(s—r),xe(s))th(s)

rd )
:x+£/ Y B (x,X%(s)) dW'(s).
0 =1
- Similarly, since X (¢) = x for —r <t <0, we see that

elr d

X(e%r) = x+ /0 ;B,-(X(s—r),X(s))dWi(s)
rld .
—xte /0 Y. Bi(X(%s ), X(e25)) AW (s)
‘ rljl
=x+8/0 Zgi(x,X(e%))dWi(s),
i=1

where W = {(Wl(¢),...,W¥(t));0 < ¢ < T} is another Brownian motion starting from the
origin. In the second equality, we have used the scaling property of Brownian motions. Hence,
the uniqueness of the solutions yields that X (€2r) = X*(r), which implies

p(€’ry) = p°(r.y)-
As seen in Section 2, we have already obtained the asymptotic behavior of p%(r,y) as follows:
lim €% Inp*(r,y) = ~I(y).
lim £° In p*(r,y) )

Taking ¢ = 2r completes the proof.
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