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Asymptotic stability of stationary solutions
to the Euler-Poisson equations
for a multicomponent plasma
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1 Introduction

This short paper is concerned with boundary layers of a multicomponent plasma which
consists of electrons and several positive ion species. The motion of the multicomponent
plasma i$ governed by the Euler equations for the ion density p; and the ion velocity w;
of the i-th component:

(pi)e + (pivi)e = 0, (1.1a)

m; 1 .
mi(ui)t-l-—2—(uf)x+~l)—_(pi(pi))x =€y, t=1,...,k, (1.1b)
i

coupled with the Poisson equation for the electrostatic potential —¢:

k

€O¢x:c = Zeipi - eOPO(d))' (11C)
i=1
The positive constants m; and e; denote the mass and the charge of the i-th ion, respec-
tively. In addition, € is permittivity. The pressure p; is assumed to be a function of the
electron density p; given by
pi(pi) = kTip;,
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where k is the Boltzmann constant and 7; is the temperature of the i-th ion. We assume
that the electron density po obeys the Boltzmann relation, that is,

po(d) = po+ exp (—%) )

where the positive constants po,, eo and T denote the reference density value, the charge
and the temperature of the electron, respectively.

We study an initial-boundary value problem to (1.1) over a one-dimensional half space
R, := {z > 0}, where the initial and the boundary data are prescribed as

(pi,u:)(0, ) = (pio, Uio) (), g}i_{glo(Pz’o, uio)(z) = (pir,uiy), i=1,...,k, (1.2)
¢(t7 O) = (bb" ) (13)

Here, p;1, u;y and ¢, are constants. We take a reference point of the potential ¢ at
T = 00, that is,

lim ¢(t,x) = 0.

In order to solve the Poisson equation (1.1c¢) in classical sense, the quasi-neutrality con-
dition is required:
' k
' Z eiPir — €opPoi = 0. (1.4)
i=0
The solution of this initial-boundary value problem is constructed in the region where
the positivity of the density (1.5) and the supersonic outflow condition (1.6) hold, that is,

inf p; >0 for i=1,...k (1.5)
z€ERL .
inf (muf — kT;) >0, supu; <0 for i=1,...k. (1.6)
zeRy z€R4

Therefore we suppose that the initial data satisfies the same conditions:

. . 2
wlél%{f; pio > 0, mler]}é (ym,-ui0 — &T;) > 0, :z:SEuRI:. uip < 0, (1.7)
piy >0, miuf+ —kT; >0, uyy <O0. (1.8)

Before we close this section, we briefly discuss about the physical background of our
problem and the related mathematical works. A boundary layer problem occurs in plasma
devices when the plasma contacts with a surface. Due to the difference of the mobilities
of electrons and positive ions, the surface has a negative potential with respect to the
plasma. The no_ﬁ-neutral potential region between the plasma and the surface is called a
sheath. The readers are referred to [4,5,7]. For the sheath formation, physical observation
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requires that the positive ions must enter the sheath region with a high velocity. Bohm
in [3] treated a simple case when the plasma contains electrons and only one component -
of mono-valence ions and derived the original Bohm criterion for the velocity u;:

KTy + k11 < mluf+, u+ < 0. (1.9)

By studying the stationary problem of the system (1.1), Riemann in [8] obtained the
generalized Bohm criterion for the multicomponent plasma. This criterion claims that

the velocity of positive ions should satisfy (1.8) and

ok 2 9 :
€; Pit+ €0Po+

B, :=— E < > 0. 1.10

i ~ mauf, — KT; + Ty (1.10)

Let us mention mathematical results which study the sheath formation and the original
Bohm criterion (1.9). Ambroso, Méhats and P.-A. Raviart in [2] showed the existence of
the monotone stationary solution to (1.1) with k = 1 under (1.9) over a one-dimensional
bounded domain. Later Ambroso in [1] numerically showed that the solution to (1.1)
approaches the stationary solution as time tends to infinity in the same setting as in [2].
Suzuki in [9] interpreted the sheath to be a monotone stationary solution to (1.1) with
k = 1 over a one-dimensional half space and showed that the Bohm criterion is sufficient
for the unique existence of the monotone stationary solution. In [6], the asymptotic
stability of the stationary solution is proved under (1.9). Consequently, these results
ensure the mathematical validity of the original Bohm criterion (1.9).

In this short paper, we briefly study the rigorous justification of the generalized Bohm
criterion (1.10). More precisely, we introduce the existence and the stability theorems
on the stationary solution to the system (1.1) for the multicomponent plasma. For the
detailed discussion on this research, please see the paper [10].

2 Unique existence of the stationary solution

This section is devoted to the discussion on the unique existence of the monotone

stationary solution. The stationary solution (py, 1, ..., dy, ik, @) is a solution to (1.1)
independent of the time variable t. Hence, it verifies
(Pitis), =0, (2.1a)
m;, . kT, . ~ )
f(uf)z—l—-—:&(pl)m :éi¢x1 1= 1,...,k, (21b)

)

k ~
- . e
E0Ppy = E eif; — €oPoy €XP <—n_07%) (2.1c)

i=1



and the conditions (1.2)—(1.6):

x&%(ﬁﬂh o Pl T ) () = (P14, Uigs -+ oy Pt Ukt ) (2.2a)

$(0) = ¢, lim §(z) =0, o (2.2b)

inf g; >0, inf (m@} —«T}) >0, sup@ <0, i=1,...,k (2.2¢)
(L'ER+ z€R + .'L‘EIR+

The key of the proof of the existence theorem is reduction of the system (2.1) to a
scalar equation for ¢. Assuming the existence of the monotone solution satisfying

(1 ns -, Pry W) € C'(Ry), & € C(RY)NCH(Ry) - (23)

to the stationary problem (2.1) and (2.2), we drive the scalar equation which ¢ satisfies.
Integrating (2.1a) over (z,00) gives

~ Pit Uit
ui(z) = for i=1,...,k. 24
i(z) = 5.(0) (2.4)
Substitute (2.4) in (2.1b), divide the result by g and then integrate over (z,00) to obtain
e:d(z) = fi(p(x)) for i=1,...,k, (2.5)
where f; is defined by
UEY e T T A PrLuiy “2+
fi(pi) = KTylog py +mi=o=* — kTilog piy. —mi—-.

i
By restricting the domain D(f;) into (0, p;4 M;4], where M2, = myu?_/kT;, we see that f;
is invertible. Then it holds that

(@) = [ (esid(x)) for i=1,...,k (2.6)

Substitute (2.6) in (2.1c), multiply the resultant equation by ¢,, integrate the result over
(z,00) and then use the condition (2.2a) and lim, . ¢,(z) = 0 to obtain the scalar
equation for ¢:

%)(&z)z =V(¢) / Zezf (ein) — eopo €Xp ( eg:z)) dn, | (2.7)

where V is called as the Sagdeev potential in plasma physics. This equation requires the
‘necessary condition V(¢) > 0.

On the other hand, if the problem (2.7) and (2.2b) has a monotone solution ¢ €
C(R4)NC*R,), then we can easily check that

5. T Y IV N Ey 1, 1\ _Pr+Ui+
(pl’ul)"'wpkvuka(b) o= (fl (61¢),f1_1(61(5)’.”,fk (ek ) fk1(6k¢),¢)
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is a monotone stationary solution to (2.1) and (2.2). The uniqueness of the monotone
stationary solution to (2.1) and (2.2) also follows from the uniqueness of the solution to
(2.7) and (2.2b). ‘

Hence, it is sufficient to show the unique solvability of the problem (2.7) and (2.2b).
We can solve this problem by virtue of the standard ODE theory. The unique existence
theorem is as follows.

Theorem 2.1. Let the asymptotic state (P14, Ui+, .- -, Prt, Ukt) Satisfy (1.4) and (1.8).

(t) Suppose B, > 0. Then there exists a certain positive constant & such that if
|#s| < 8, the stationary problem (2.1) and (2.2) has a unique monotone stationary solution
(B, Tty - - - By T, B) verifying (2.3).

(17) Suppose By = 0. Then there exists a certain posztwe constant & such that if
|po] < & and V(¢y) > 0, the stationary problem (2.1) and (2.2) has a unique monotone
stationary solution (B, 1, . . . , Py, Uk, §) verifying (2.3).

(143) Suppose By < 0. If ¢p # 0, no stationary solution verzfymg (2.3) exists. If
¢y = 0, a constant sate (pl,ul,...,pk,uk,qS) = (014, Utsy - Pkt) Uks, 0) is the unique
stationary solution. -

The author in [9] constructed non-monotone stationary solutions for the case k = 1. Thus
the monotonicity is necessary to show the uniqueness.

3 Asymptotic stability of the stationary solution

Before stating our stability theorem, let us mention difficulties of our stability analysis.
For notational convenience, we introduce the perturbation from the asymptotic state

(P14 Ur4y - -5 i, Uk, 0) &S

Vi = pi— Piy, Mi=uU— Uy, =1,..k,
o:=¢—¢.

Linearizing the system (1.1) around the asymptotic state gives

Vit + Uit Yiz + Pit iz = 0, (3.1a)
K1 e; ) .
Nit + Uit Niz + ;{i';::%x = #,-Ux’ i=1,...,k, "~ (3.1b)
e2p i
€oP0
£00zz — —2#0 = ; ei;. (3.1c)

Notice that the real part of all spectra of this system is zero under the assumption

Uy = Uy = 0 » = Uk (32)



This causes our problem to be difficult since standard methods are not applicable. For
overcoming this issue, we employ the weighted Sobolve space with a weight function

(1+Bz)* or €.

We briefly discuss about effectiveness of the weighted Sobolve space in our analysis
under the criterion (1.10). Multiply (3.1) by €%*/? and introduce new unknown function
P, := P2, Q; := /2y, and R := eP%/20. Moreover, rewriting the system (3.1) for P,
@; and R gives

Py + uiy Pip + pit Qiz — -g-(UHPi + pirQ;) =0, (3.3a)
KZTO ﬁ K)Tg €; ﬂei R
i i+Qiz + ——Fiz — = | ui+ Qs ) = —R, — —R, =1,...,k,
Que s Qo + MiPi+ 2 <u Het ipi+P> miRw 2m; .Z ’
(3.3b)
p? €3P0+ _ u
€0 (me - ﬂQz + z’ - KJ—%Q = ; eilji- (330)

By applying spectral analysis to the system (3.3), we have

Proposition 3.1. Let the asymptotic state (p14, Uit - - -, Pkt, Uks) Satisfy (1.8) and (3.2).
Then the following two conditions are equivalent:

(¢) The real part of all spectra of (3.3) in the whole space R is negative for sufficiently
small G > 0. '

(1) The generalized Bohm criterion (1.10) holds.

Although our problem is the boundary value problem, Proposition 3.1 implies that
the weighted Sobolve space is useful in our stability analysis. The stability theorem is
summarized in Theorem 3.2. The proof is based on the combination of the weighted
energy method and Fourier analysis. ‘

Theorem 3.2. Let the asymptotic state (p14,Ui+,-- -, Pk+, Ukt) Satisfy the conditions
(1.4), (1.8), (1.10) and u14+ = -+ = "Up- .

(1) Suppose that e**/?(py — p;) and e®/*(uy — @;) belong to the Sobolve space H*(R;)
fori=1,...,k, where a is some positive constant. Then there exist positive constants

B(< a) and § such that if

k
|86+ > 11”2 (pio — 5,), €%/ (wio — )|z < 6,

i=1
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the initial-boundary value problem (1.1)=(1.3) has a unique solution (py, us, ..., Pk, Uk, P)
satisfying

2
(72(ps = £1), €(ws = @) € [1CU([0,00) H') for i=1,....k,
§=0

2
e’/ (¢~ §) € ﬂ ([0, 00); H).

Moreover it verifies the decay estimate

sup '(pl - ﬁl;ul - ﬂ'l) <o Pk ﬁkauk - ’&ka ¢ - &)(t)l < Ce—"/t’
zeR4 .

where positive constants C and «y are independent of the time variable t.

(1) Let X and v satisfy A > 2 and v € (0, \]. Suppose that (1 + az)’\/ %(pio — p;) and
(1+az)M?(uip — @;) belong to the Sobolve space H*(Ry) fori=1,...,k, where a is some
positive constant. Then there ezist positive constants 8(< a) and 5 such that if |

k
(el + D II((1 + a2 (pio = 5), (1 + a) 2 (wio — )| 2 < 6,

i=1
the initial-boundary value problem (1.1)—(1.3) has a unique solution (p1,uy, ..., Pk, Uk, d)
satisfying
2
(14 az)M(p; = ;), (1 + az)M?(u; ﬂ ) H* ) for i=1,...,k,

(1+az)M?(p— @) € ﬂ ([0, 00); H*9).

Moreover it verifies the decay estimate

sup |(p1 - ﬁlaul - ala sy PE— ﬁk)uk - ﬁk,(ls; &)(t)l < C(l +/8t)_/\+c

zeR4

for an arbitrary { € [v, A], where the positive constant C is independent of the time variable
t.
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