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1 Introduction

In this short note, we consider the approximation of common fixed point, that is, the
problem to find a sequence converging to a point z € X such that z = T;z for every
i € I, where {T;} is a given family of mappings defined on a metric space X.

We will focus on the following iterative method proved by Takahashi, Takeuchi,
and Kubota [10], which is called the shrinking projection method.

Theorem 1 (Takahashi-Takeuchi-Kubota [10]). Let H be a real Hilbert space and C
a nonempty closed convexr subset of H. Let T be a nonezpansive mapping of C into
itself such that F(T) = {z € C : z = Tz} is nonempty. Let {a,} be a sequence in
[0,a], where 0 < a < 1. For a point x € H chosen arbitrarily, generate a sequence
{zn} by the following iterative scheme: x, € C, C; = C, and

Yn =— OnTp + (1 - an)Tzna

Cot1={2€C: |z —yull < llz —znl} N Cy,

Tpy1 = PC-,—.+1$
for n € N. Then, {z,} converges strongly to Priryz € C, where Pk is the metric
projection of H onto a nonempty closed convex subset K of H.

We remark that the original result of the theorem above deals with a family of
nonexpansive mappings. This method has been generalized to the setting of Banach
spaces; see also Kimura, Nakajo, and Takahashi [7], Kimura and Takahashi [8].



Recently, the author proved the following result for a nonexpansive mapping defined
on a Hadamard space [6]:

Theorem 2 (Kimura [6]). Let X be a Hadamard space and suppose that a subset
{z € X : d(v,2) < d(u,2)} is convex for every u,v € X. Let T : X — X be a
nonezxpansie mapping such that the set F(T') of fized points is nonempty. Let {e,}
be a sequence of nonnegative numbers and ¢ = lim SUP,,_yo0 €n- FOT given points
zo € X, z1 € X and Cy = X, generate a sequence {z,} as follows:

Cnt1 ={2€ X : d(Tzp,z) < d(zpn,2)} N Ch,
Tp+1 € Cpy1 such that d($0,$n+1)2 < d(.’l)o, Cn+1)2 + 631—!—1!

for each n € N. Then,
limsup d(zp, Tz,) < 2¢.
n—>o0
Moreover, if ¢¢ = 0, then {r,} converges to Pp(1)yZo, where Pp(r) is the metric
projection of X onto F(T).

This result shows that the iterative sequence generated as above approximates a
fixed point in a certain sense even though we do not require for error terms to converge
to 0.

In this paper, we study an iterative scheme generated by a modified version of the
shrinking projection method for a finite family of nonexpansive mappings defined on a
Hadamard space. We consider an error for obtaining the value of a metric projection
and show that the sequence still has a nice property for approximating a common
fixed point of the mappings. See also the related results [3, 4, 5, 6].

2 Preliminaries

Let X be a metric space with a metric d. For z,y € X, a mapping c: [0,]] = X with
! > 0 is called a geodesic with endpoints z,y if ¢(0) = =z, c(l) = y, and d(c(t), c(s)) =
|t — s| for t,s € [0,1]. If a geodesic with endpoints z,y exists for every z,y € X, then
we call X a geodesic metric space. In what follows, we assume that a geodesic is
uniquely detarmined for every z,y € X. The image of a geodesic with endpoints z, y
is called a geodesic segment joining = and y, and we denote it by [z,y]. A subset C
of X is said to be convex if [z, y] is included in C for any z,y € C.

A geodesic triangle with vertices ,y,z € X is a union of geodesic segments [z, y],
[y, 2], and [z,]. We denote it by A(z,y,2). A comparison triangle A(Z,7, Z) in R?
for A(z,y,2) is a triangle in the 2-dimensional Euclidean space R? whose length of
each edge is equal to that of the corresponding edge. A point 5 € [Z,7] is called a
comparison point for p € [z,y] if d(z,p) = |T — P|g.. If for any p,q € A(z,y,z) and
their comparison points 7, € A(T, ¥, Z), the inequality

d(p,q) < [P — Qlge
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holds for all triangles in X, we call X a CAT(0) space. A complete CAT(0) space is
called a Hadamard space.

For z,y € X and t € [0, 1], there exists a unique point z € [z, y] such that d(z, z) =
(1 — t)d(z,y) and d(z,y) = td(z,y). We denote it by tz & (1 —t)y. By using the
CAT(0) inequality, we have that

d(z,t:r: b (1 - t)y)2 < td(z,x)2 + (1 - t)d(zay)2 - t(l - t)d(may)2

for every z,y,z € X and t € [0, 1].

A mapping T : X — X is said to be nonexpansive if d(Tz,Ty) < d(z,y) holds
for every z,y € X. The set of all fixed points of T is denoted by F(T'), that is,
F(T) = {z € X : Tz = z}. We know that F(T) is closed and convex if T is
nonexpansive.

Let C be a nonempty closed convex subset of a Hadamard space X. Then for each
x € X, there exists a unique point y, € C such that d(z,y.) = infyec d(z,y). The
mapping z — y is called a metric projection onto C and is denoted by Pc. We know
that Pc is nonexpansive.

For more details of these notions, see [1].

We need the following lemma for the main theorem, which can be easily deduced
from the result in [2].

Lemma 1 (Kimura [2]). Let X be a Hadamard space, {Crn} a sequence of nonempty
closed convez subsets in X, and Co = (\pey Cn- If Co is nonempty, then {Pc,x}
converges to Pg,x € X for every x € X, where Pk is the metric projection onto a
nonempty closed convex subset K of X.

3 An approximate sequence to a common fixed point

In this section, we show the main result of this work, which shows convergence of an
iterative sequence generated by a modified version of the shrinking projection method.
We consider a calculation error for each step, and give an upper bound of the limit
of the distance between a point in the sequence and its image of the mappings.

Theorem 3. Let X be a Hadamard space and suppose that a subset {z € X : d(v,2) <
d(u,z)} is conver for every u,v € X. Let {T; : j = 0,1,...,k — 1} be a family
of nonezpansive mappings such that F = ﬂ;:é F(T;) is nonempty. Let {en} be a
sequence in [0,00[ and let g = limsup,,_,, €n. For a given point u € X generate a

sequence {z} as follows: £, =u, C; = X, and

C"n.+1 = {Z €eX: d(T(n mod k)xn’z) < d(xna Z)} N Cn’

Tny1 € Cnp1 such that d(u, Tni1)? < d(u, Cny1)® + €241,

for each n € N. Then
lim sup d(zn, Tjzn) < 4€o

n—>00
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for every j € {0,1,...,k — 1}. Moreover, if g = 0, then {z,} converges to Prxy,
where Pr is the metric projection of X onto F'.

For the proof, we employ the technique used in [6]. For the sake of completeness,
we give the whole proof.

Proof. We first prove that {z,} is well defined by showing that each C,, is nonempty.
Since d(T;z,z) < d(z,z) for every z € X, 2 € F,and j =0,1,...,k—1, we have that
F c C, for all n € N. By assumption F' is nonempty and so is Cy,. Thus the sequence
{zn} is well defined. By the continuity of the mertic d, we have that C, is closed.
Since C,, is convex by the assumption of the space, we can define the metric projection
Pg, of X onto Cy. Let p, = Pg,u for all n € N. Then, by Lemma 1, {p,} converges
to po = Pc,u, where Co =~ Cy. Since z,, € Cy, and d(u,Cy) = d(u, p,), we have
that
d(u,zn)? < d(u,pn)* + €2

for every n € N. We also have that
d(pn,u)? < d(ap, ® (1 — @)zp,u)?
< ad(Pn,u)? + (1 — @)d(zpn,u)? — o1 — @)d(pn, z,)?
for a € ]0,1[, and hence

ad(pn,a:n)2 < d(zn,u)2 — d(pn,u)2 < ei.

Tending o« — 1, we have that d(p,,z,)? < €2, that is,

d(pns wn) < €n

for every n € N. Since p, € C,,, we also get that

d(T(n mod k)xnapn) < d(mn,pn) <é€n

for every n € N.
Let j € {0,1,...,k — 1} and n € N. Then there exists : € {0,1,...,k — 1} such
that
(n 4+ i) mod k = j.

Then we have that

A(Tn, Tjzn) < d(Tn, Prti) + A(Pnti, Titnti) + d(Tjnti, TjTn)

A(Tn; Prti) + A(Onti, TjTnti) + d(Tnyi, Tn)

(%, Prti) + A(Pryis T{(n+i) mod k)$n+z‘) + d(Zpyi, Tn)
d(Zn, Prti) + A(Prtis Tnti) + ATntis Tn)

d

(xnyp'n—}-i) + €nyi + d(xn+'i7 xn)-
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On the other hand, since

d(xm pn+i) < d(znapn) + d(pnapn+i) <eéep+ d(pnapn+i)

and

d(xn+i, xn) < d($n+iapn+i) + d(pn+i,pn) + d(pna xn)
S €Enti + €n + d(Pn+i,pn)a

it follows that
d(xmrimn) < 2(fn + €nti t+ d(pn+i1pn))

for every n € N. Since i can be taken only a finite number of values, we have that

lim sup d(zn, Tjz,) < 4¢o.

n—00

For the latter part of the theorem, suppose that ¢ = 0. Then

lim sup d(zy, pn) < limsupe, = 0.

n—ro0 n—oo
It implies that lim,_,o0 d(Zn,prn) = 0 and thus {z,} converges to po = Pc,u. We also
have that {T;z,} converges to po for each j € {0,1,...,k — 1} since

0< linn_l)inf d(zn, Tjzn) < limsupd(z,, Tjzn) < 460 = 0.
o0

n—o0

Since a nonexpansive mapping 7} is continuous, we have that
Tivo = T; (im, ) = Jim, Tyzn = o,
that is, po € F = [\;y F(T}). Since F C Co, we get that

po = Pc,u = Pru,

which completes the proof. O

We remark that there are a number of examples of the spaces satisfying the as-
sumptions in the main theorem, such as nonempty closed convex subsets of Hilbert
spaces, those of real Hilbert balls, and others. See, for example, [1, 9.
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