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Strichartz Estimate for Schrodinger
Equation of Fourth Order

with Periodic Boundary Condition
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Abstract

We show the L4 space-time integrability of solution for the Schrédinger
equation of fourth order with periodic boundary condition, that is, on
the one dimensional torus.
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1 Introduction and Main Theorem

We consider the following inhomogeneous linear Schrédinger equation of
fourth order on the one dimensional torus T = R/27Z.

u+Pu—0tu=f teR, z€T, (1)
u(0, z) = up(x), z € T. (2)

The Schrédinger equation (1) of fourth order appears as mathematical models
in various fields, for example, in plasma physics when the quantum effect is
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taken into account (see [5]) or in fluid mechanics when an isolated vortex
filament is embedded in an inviscid incompressible fluid filling an infinite
region (see [4]). |

In this note, we prove the space-time integrability of solution for (1)-(2),
which is called the Strichartz estimate. The Strichartz estimate of solution
to (1)-(2) is expected to be useful for the study of nonlinear evolution equa-
tions of the fourth order Schrédinger type such as the qauntum Zkakharov
equations.

Theorem 1.1. Let T > 0 and let 1/2 > b > 5/16. Then, we have

lull ze(-z,yx1) < CTY>T=°{ |l z2(m) (3)
+T1/2T—b||f”L4/3((—-T,T)xT)] ;

where T = min{T, 1} and C is a positive constant dependent only on b.

Theorem 1.1 is more or less known (for the Schrédinger equation of second
order and the linear KAV equation, see [1] and for the linear Boussinesq type
equation, see [3]), but there seems to be no literature which contains the
statement and the proof of Theorem 1.1 explicitly. Moreover, the problem in
the case of T has not been studied as well as in the case of R (for the results
about the R case, see, e.g., Segata [8] and Jian, Lin and Shao [6]). So we
present the proof of Theorem 1.1 in this note.

Remark 1.2. It is presumed that Theorem 1.1 may hold with the L* norm
replaced by the LP norm for some p > 4 on the left hand side of (3) for the
same reason as it is conjectured for the Schrédinger equation of second order
and the linear KAV equation (see [1]). The Strichartz estimate in the case
of T is more complicated than that in the case of R. For example, a sharp
necessary condition for the Strichartz estimate in the R case follows directly
from the scaling, but it is not the case with the Strichartz estimate on T.
The specific property of each equation only reflects on the lower bound of the
index b for the L* type Strichartz estimate (see, e.g., the proof of Proposition
2.2 in Section 2).

We now list notations which are used throught this note. For any a € C,
we put {(a) = 1+|a|. Let U(t) = e*%-%), Let f denote the Fourier transform
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of f in both the time and spatial variables. For T > 0, we put 7 = min{T, 1}.
For b, s € R, we define the Fourier restriction norms | - [|yss and| - ||ge. as

follows.

1/2
[ fllyse = {E;“;_oo S (k)2 (7 — k2 — k2| f(7, E)? dT} ,

1/2
I £llgs. = {E;”;_oo Jooo (kYo (r + B2 + k4| f (7, ) dT} -
We also define the spaces Y>* and. Y>* by the completions of C°(R x T) in

the norms || - ||ys. and || - ||gs.s, respectively.

2 Proof of Theorem 1

In this section, we describe the proof of Theorem 1.1. We begin with the
following lemma, about the estimate of the integral of the convolution type.

Lemma 2.1. Letb > 1/4 and 0 < e < 4b—1. Then, for any a € R, we have

/oo (a — z)2(z)® 4z < (a)®-1-¢

where C is a positive constant independent of a.

Proof. We denote the integral on the left hand side of the inequality by
I. We split the integral into two parts as follows.

I= / + / =L+ 1
|z|>lal/2  J|z|<l|al/2

When |z| > |a|/2, we have

0] b dt
Il < (1+[a]/2)%8-1-¢ f—oo (x—a)2b(z)—2b+1+e

o
< T
Since |z — a| > |a| — |z| > |a|/2 for |z| < |a|/2, we have

c o0 dt
IZ < (1+]a|/2)-T-¢ f_oo (x—a)—25+T+e (1)20

c
SWLT—:-
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Therefore, we obtain the desired inequality. O
We next prove the L* space-time estimate, which is a variant of the so-
called Strichartz estimate for the Schrodinger equation of fourth order.

Proposition 2.2. Let b > 5/16. Then, we have

I fllzamxT) < C|l fllyso,

where C' is a positive constant dependent only on b.

Proof. We follow the argument by Kenig, Ponce and Vega [7, the proof
of Lemma 5.2] (see also [10, the proof of Lemma 2.1]).
By the Parseval identity, we have

17 % F122 gy (4)
< CZI?;—oo fR(Ekl-i—kg:k fR If(T — T1,s k1)||f(71, k2)| dTl)2 dr
= C Vo Ja (Chr kot Jr 17 = 70, k)1 £ (71, ko)) dry)* dr

+C Jo(Chiskao fu lF(T = 0, k)| f(11, k2)| dy)® dr
= I1 + Iz.

By the Schwarz inequality and the Minkowski inequality, we see that when
b>1/4,

L <O fREG-{(rlr—m =k — k)~
s~ K = Ky dn)
X (Jo{m — 11 — k2 — kD)2 f(1 — 71, k1) |2
x(r — k3 — k82| f(r1, —ky) 2 dm)*})? dr
hS C[EE;—OO{IR Jo{T—m—k - k)2 f(r —m, ki)|?
x (1 — k3 — k52| f (11, —ky)|? dTldT}1/2]2
< Cllf o0

Next we suppose that

§(r, k) =h(1,k) =0 (r€R, k<0).
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Then, for the estimate of [;, it suffices to show that

S0 S (Trsoc /R 5 — k)R, k)| dn) e (5)
< C||g||%,,,,0||h||§,b,o,

~ 7 2
o Jr (ks kri /R 3(r — 71, k)| |R(m, ko)| dm)® dr (6)
< CliglZsollbliZss

for b > 5/16. In fact, if we write f = f + fo with fi(7,k) = f(r, k) (k > 0)
and fo(7,k) = f(r,k) (k <0), the L*(T) norms of (f1)?, fifz and (f)? can
be evaluated by virtue of the above estimate (5). Because we have by the
Parseval identity and the fact that }:(T, k) = f(-1,—k),

1(f2)2ll 2y = ()2l e2msry = |(f2)™ * (F2) ™l r2rxcmy,s (7)
I fifall 2y = | fifellzzmxry < |[IFil * |(F2)~ |||L2(RxT), (8)

where (f2)™(7, k) = fo(—7,—k) and f  § denotes the convolution in both 7
and k of f and §. Here, we note that if f € Y**, then F~1(f)~, F-1(f)"| €
Y®* where , F~1f denotes the inverse Fourier transform of f. Therefore,
the right hand side of (7) can be estimated by (5) and the right hand side of
(8) can be estimated by (5) and (6).

We only show the estimate (5), since (6) can be proved in the same wasy
as (5). We denote the left hand side of (5) by J and we have by the Schwarz
inequality

J < szgﬁ fR (E’;cl:lf:z:ok fR<7' -7 — ki — k‘f)—%
x(r — k% — k3)~% dn)

X (Xky ket Jr(T = 11 — K = KD 2|G(T — 70, k) 2
X<T1 - kg - kg>2blil(7'1,k2)|2 dTl) dr
< CM||gli3sollBll3s.0,

where

M= SUP(r,k)eRx(2Z\{0}) [Z’%*‘k’:"?):é" fR<T - -k — k)
1) 2_
X {1 — k2 — k3)~2% dTl].



Consequently, for the proof of (5), it suffices to show that M < co. A simple
computation and Lemma 2.1 yield

M<C (9)

X SUD(7,k)eRx(Z\{0}) Zk1+k2=k<7' —(k—Fk)?— (k—kp)*
k1,k2>0

+k% + kil>—4b+1+5

for any € with 0 < e < 4(b—1/4)

For each (7,k) € R x (Z\ {0}), we consider the following algebraic equa-
tion with respect to ki, which corresponds to the formula inside the brackets
on the right hand side of (9).

k(4k3 — 6kk? + 2(k* + 1)k — k(1 + k%)) + 7 =0. (10)

We denote three roots of the algebraic equation (10) with respect to k; by «,
B and 7, respectively. Since (10) is a cubic equation, one of the three roots
is necessarily real, which is denoted by «. If the two other roots are real, we
write 3 and -y for those real roots. If the two other roots are complex, that
is, if 8 = 4 and B # 0, then we simply use the same notation 8 and + for
the real part of 5 and . In either case, there exist at most 12 k;’s such that

k1 —a| <2, |ky —B| <2o0r |k —v| <2,
and we can choose 7 > 0 so that for the other k,’s,
K3 — 3kK2 + L(k? + 1)ky — 36(1+ £2) — %

> |(k1 — a)(ky — B) (k1 — )|
> k1 — a) (k1 — B) (k1 — ).

On the other hand, the condition k; > 0 and k — k; > 0 implies that £ >
k; > 0. Furthermore, we can choose € > 0 so small that 4(4b—1—¢) > 1.
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Therefore, the right hand side of (9) is bounded by the following:

1
C'sup(r pyerx(z\(0}) Zkkl:,gzgok (k(k1—a) (k1 —=B) (ki —7)) B~ 1~¢
k#0

1
< CZleZ ((Je1|+1) (k1 —a) (k1 —B) (k1 —7))4>—1-¢

1
< 0(12 + Z%ii:ggg (k1)4b-—l—c(k1_a)4b—1—e(k1_ﬁ)4b—l—s<k1_1)4b-—1—e)
lk1—v|>2

1/4 1/4
<C {12 + (Eklez zlwfb—l—)) (Zlkl—odzz m?-l—))

. 1/4 . 1/4
X (Zlkl—ﬂlzz Wm) (z|k1—’7|22 <T1—W446——1—>) } < 0,
since 4(4b—1 —€) > 1. This inequality shows that M < oo and so the proof

is complete. O

Remark 2.3. (i) We use Lemma 2.1 to show (9) in the above proof of Propo-
sition 2.2. Therefore, we need to assume that b > 1/4, which corresponds to
the Sobolev embedding in the time variable: H°(R) C L*(R) (b > 1/4).

(ii) For H > 0, we consider the Fourier restriction norm || - || 2.+ with
the Fourier restriction wight (1 — k% — k*) replaced by (7 — k? — Hk*) in
the definition of the norm || - [|ys.. This Fourier restriction norm || - ||zs.s is

related to the following equation (see [5]).
i8tu+03u—H0§u=f, teR, zeT. (11)

Proposition 2.4 also holds with || - ||ys.s replaced by || - || z+.». Because in that
case, the algebraic equation(10) is changed to

k(4HK? — 6HK? + 2(2HK? + 1)k; — k(1 + HK*)) + 7 =0,
which causes no trouble to the proof of Proposition 2.2.

The following corollary is an immediate consequence of Proposition 2.2.

Corollary 2.4. Let T > 0 and let 1/2 > b > 5/16. Then, we have
U (ol Leq-r,myxT) < CT*T||uo| L2 (1),

where C is a positive constant dependent only on b.



Proof. Let ¢ be a time cut-off function in C§°(R) such that ¢(t) =1 for
|t| <1 and ¢(t) =0 for |t| > 2. We put @r(t) = ¢(t/T) for T > 0. We note
that or(t)U(t)ue € Y®? for any b € R, since a simple computation yields

orU(-Juo = TG(T (1 — k* — k*))do(k),
where * denotes either the Fourier transform in the time variable or the

Fourier coefficient in the spatial variable. Furthermore, for b > 0,

(r?*=(1+ T‘1|T7'|)2b < T72(TT)%.

Therefore, for 1/2 > b > 0, we have by the change of variables

lo7U (-)uol|3s0
= S [ R~ KYBITR(T(r — K2~ K))ao(R)? dr

< (S5 lo()P) (J2, TT-2(r)2(3(r)]? dr)
< CTT*||uolZ2m)-

Therefore, Proposition 2.2 implies Corollary 2.4. O
We are now in a position to show Theorem 1.1.
Proof of Theorem 1.1. Lemma 1.1 without external forceing f is
reduced to Corollary 2.4. When ug = 0, it is sufficient to prove that

”/OtU(t—T)f(T) dr

where C is a positive constant dependent only on T'. Because we can easily
prove the estimate (12) on (—7,0) in the same way. From the Christ-Kiselev
lemma (see [2] and [9, Lemma 3.1 on page 2179)), it follows that the proof
of (12) is reduced to that of the following inequality.

”/OTU(t—T)f(T) dr

where C is a positive constant dependent only on T. Then, Corollay 2.4
yields that

—2b
LA((0,T)xT) <CTT" ”f”L4/3((0 T)xT)> (12)

< COTT- 2b”f”L4/3((0 nxt)y  (13)

L4((0,T)xT)

|/ v -nser) ar (14)
= “U fo f(r) dr

< CTV2T-b ” JTU(=7)f(r) dr

L4(0,T)xT)

L4(0,T)xT)

L3(T)
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Furthermore, we have by the Fubini theorem, Hélder’s inequality and Corol-
lary 2.4

|5 U= f(r) dryo)| = | (£7), Ur)e) ar] (15)
< 1 fllzsrago,myxm 1U () vl 40,1y xm)
< CTYV* T2 fll persomyxylvllzeery, v € L*(T),

where (-,-) denots the L?(T) saclar product and C is a positive constant
dependent only on b. Accordingly, inequalities (14), (15) and the duality
argument imply (13), which completes the proof of Theorem 1.1. O

Remark 2.5. (i) When we use the Christ-Kiselev lemma to derive (12) from
(13) in the above proof of Theorem 1.1, we can see explicitly how the right
hand side of (12) depends on T and T (see, e.g., [9, Lemma 3.1 on page
2179)).

(ii) We consider the equation (11) with parameter H > 0 instead of (1).
In that case, Theorem 1.1 also holds for any H > 0, because the introduction
of parameter H gives rise to no change in the above proof as long as H is
positive (see Remark 2.3 (ii)).
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