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Regularity of Iterative Hairpin Completion of crossing words.
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1 Introduction

The mathematical hairpin notion introduced in [5] is a word in which some
suffix is the mirrored complement of a middle factor of the word. This operation were
introduced which are very similar in nature to it. Mirrored complementary sequences
occur frequently in DNA and are often found at functionally interesting locations such
as replication origins or operator sites. The most basic question about hairpin
completion is “given a word, can we decide whether the iterated hairpin completion of
the word is regular?” The situation is very complicated. In the special case when the
word is non-crossing, some results were given ([1],[3]). In section 3, we add some
results in the case when the word is crossing.

2 Preliminaries

We assume the reader to be familiar with basic concepts as alphabet, word,
language and regular expression (for more details see [2]).
Words together with the operation of concatenation form a free monoid, which

is usually denoted by Z* for an alphabet Z. Repeated concatenation of a word w with
itself is denoted by w' for nonnegative integer i. The length of a finite word w is the
number of not necessarily distinct symbols it consists of and is written by |w].

Let 6 be an antimorphic involution,i.e. 6 : * — X" is a function, such that for
0(0(a)) =aforalla e Z, and O(uv) = O(v)O(u) for all u,v € =*. Then,wis a
(0-)pseudopalindrome if w = 6(w). To make notation cleaner, we write & for 6(u),

when 0 is understood.
Throughout this paper, let k be a fixed integer. For a word w=yoffx for some

aeXfand y,BeX’, we define right (k-)hairpin completion yofdy of w=yofci
(with respect to o). By the notationw —, u (or w ,—, u), we mean that u is right

(k-)hairpin completion of w . The left hairpin completion is defined analogously. By
the notationw —, u, we mean that u is left (k-)hairpin completion of w . The relation

of hairpin completion — is defined as —, or —,. By -7, —>: and —>t , we denote

the reflexive transitive closure of —, —, and —,, respectively.
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For a language L ¢ X', we define the right (k-)hairpin completion of L by
RH,(L)={yxfay | yofaie L,y eZ*,Be X" and |« |=k} and the left (k-)hairpin
completion of Lby LH, (L)={yofdy | ypftie L,ye X" ,BeX latl=k}.The
(k-)hairpin completion of Lis H,(L)=RH, (L) LH (L) . And we define the iterated
(right or left) (k-)hairpin completion H,(L) (or RH (L) or LH,(L)) of L, inductively
as follows:

H(L)=H,(L), H{*(L)= H,(H; (L)) and H,(L)=|, H; (L),

RH{(L)=RH, (L), RH}"(L)= RH (RH} (L)) and RH,(L)= UmRH,:(L) ,

LH{(L)= LH,(L), LH;"(L)= LH,(LH}(L)) and LHy(L)=|J_ LH}(L),

3 Iterated hairpin completion of crossing words

A word w € X7 is an (m, n)- @ -word (or simply (m, n)-word) if the numbers of
occurrence of o and & in w, are m and n respectively. We say that an (m, n)- o -word
w is non- o -crossing if the rightmost occurrence of o precedes the leftmost
occurrence of o on w. Otherwise, the word is « -crossing.

Let weoZ NX'B and | =l Bl= k . By one-step hairpin completion with
respect to aand f3, we get two words w’ e BE NEZ'B and w” e 02" NXT'@.
Regularity of the iterative hairpin completion of w is depend on those of H,(w”) and
H,(w”) . Our problem in this paper is “for a given word w , whether the iterated
hairpin completion of w is regular?” In the rest of this paper, we may assume that the
word w isin o2 NX'@ .

Let w be a crossing (m, n)- o -word. Then we have m,n>2.

The following example shows that the iterated hairpin completion of a (3, 2)-«
crossing word is not always regular ([4]).

Example 1. (Kopecki) We consider a crossing word w = abadiocd . Let u=ba,

v=oabd and R=wu*vii*wi'w. Then, RN H,({w})= {wu'vit'wit’w | r 21} . Therefore,
the iterated hairpin completion of a word is not always regular.

We have some results for the iterated hairpin completion of a (2, 2)- o crossing
word.

Proposition 1. Letwe oX NXI'@ be (2, 2)- o -crossing-word such that w = xvy

where x and y are (1,1)- -words in oX'@ and veX". If x and y are pseudo-
palindromes, then H,(w) is regular.
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Proof) Let R={x(vx) (vy(mx)*(vx)")' vy(¥x)'} and L={(yv) xv((y»)" (5¥) xv) ()" y} .
Since these languages are regular and H,(w)= H,(xvyvx)U H; (yvxvy) U{w} , we show
that H,(w)=RULU{w}. First, we prove that H,(xvyvx)=R.
We show that H,(xvyvx) D R. Let R, = x(vx) (vy(vx)*(vx)")"(vy)(¥x)* for every
nonnegative integer n. Then it is obvious that R= Un20 R, . We show that
R, c H,(xvyvx) by induction on n>0. Itis clear that R, = x(vx) vy(vx)" < H, (xvyvx)by
the following:
xvyvx = x(vx) vy(ix) =7 x(vx) vy(vx)™* .
Suppose that R, = x(vx)" (vy(¥x)" (vx)")"(vy)(¥x)* is contained in H,(xvyvx) for some
nonnegative integer n. Every word w in R, is written by the form
x(vx) vy(vx)™ (v ) - - vy(Fx)™ (vx )= vy(vx)* where m,,--,m,, >0, t,--+,t,, 20, and
r,s 20. We show that the word w, = xvy(vx)™ (vx)" ---vy(vx)™ (vx) vy(vx) is in
H, (xvyvx).
(1)  When m, >z, ,let w = xvy(vx)™ (vx)"---vy(vx)™ (vx)" vy(vx) . We have
w’ = xvy(Vx)™ (vx)t - vy(Fx) ™ (vx) " vy(vx) =T xvy(Tx)™ (vx)" - - vy(Tx) ™ (V) vy(vx) ™
=xvyv (xV ) - x (V)™ (v ) - ovy(Vx) ™ (V) vy (D) ™
—>, XVYV (V)™ - x ()™ (ux )1 <o vy(B) ™ (vx) " vy (V)™ - (vx) T vy = w,
Since w’ is in R, it is contained in H,(xvyVx). Then the word w,is also in H,(xvyvx).
(2) When m, <r1,,,,let w”=xvy(vx)™ (vx)?---vy(Vix)™ (vx) vy(vx) .
We have
w” = xvy(Vx)™ (vx)" - - vy(vx)"™ (vx) ™ vy(x)
=7 x(vx)" vy(x)™ (vx)" - vy(Vx) " (vx )= vy(vix)
= x(vx)" vy(¥x)™ (vx)'2 - vy(vx) ™ (ve) = ()™ vy(vx)
—, Xy (7)™ x(vx) - vy()™ (vx)2 - vy ()™ ()T (vx) T vy(Bx) = w,
Since w” isin R,, it is contained in H,(xvy¥x). Then the word w,is also in H,(xvy¥x).
It is clear that we H,(w,) c H,(H, (xvyvx))= H,(xvyvx). We proved that
H ,: (xvyvx) DO R.
To prove that H,(xvyvx) C R is easy. For a nonnegative integer 7, suppose that
H;(xvyvx) c R . Then we have H;*(xvyvx)=H,(H}(xvyvx)) c H(R) CR.
As the proof of H,(yvxvy)= L is similar, we omit it. a|

The following example is that the iterated hairpin completion of a (2, 2)- o
crossing word w which is not satisfies the condition of Proposition 1, that is w = xvy

such that y# y , is not always regular.
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Example 2 We consider a (2, 2)- & -crossing wordw = ablcad® where a,b,c,d€ X,
aza,b=b,c#¢,d#dand a=aa.For integers i,j >0, suppose a word
w, ;= xcy(C X)'(cx)' ¢y € x where x= b and y=0dd is in H,(w). Since w= xcy

appears only one time as a factor of w, ; , we have w, ; € RH NOF

i,j?
We have w =abdicadd=xcy —" ablicodd - (Cab @)™ =xcy- (T x)™ =, xcy-(€x)™" or
xcy(T x)™ - (ex)'cyc x where m>0and m2s5>0.Let S=xcy(c x) (cx) cycx. Itis

easy to see that H,(w) n S =RH,(w) N S={xcy(¢ x)'(cx)’cycx|i2 j20}. Since S

is regular and H,:(w) N Sis not regular, H,:(w) is not regular.
We have the following corollaries by the proof of Proposition 1.

Corollary 1. Letwe o’ NX'@ be (3, 3)- o -crossing-word such that w=xvyv X

where x and y are (1,1)- o -words in oZ'@ and ve £'. If x and y are pseudo-
palindromes, then the iterated hairpin completion H;(w) of w is regular and H,(w)=

x(vx) (vy(vx)" (vx) ) vy(ix)* .

Corollary 2. Let we o' NX'@ be (2, 2)- o -crossing-word such that w = xvy where

x and y are (1,1)- o -words in oX’¢ and ve X . If x,y and v are pseudo-palindromes,
then the iterative hairpin completion H,(w) is regular and H,(w) = {w} u
x(vx) (vy(vx) Y vy(x)t U ) () xv) () y -

The following theorem is proved by the similar way of Proposition 1.
Theorem 1. Let w be (2, 2)- & -crossing-word such that w=xX" N X'y where x and y

are (1,1)-r-words in 0" N X'@ . If x and y are pseudo-palindromes, then H,(w) is
regular.

k4

Proof) If |w|>|x+|)|, then we already proved in Proposition 1. If [w| <|x|{+|)—2|/
then w is non-crossing. We may assume that |x|+|)—2|&] <|w|<|d +]J] . Since &
overlaps with « , there exist factors u,ve X" of o such that a=vu , da=uwu=uvu
and w=vx,vy,y Where x=vx,v, y=vyyv, X0,Yp €Z -

Let R=(vx,) (vy,(vx,)") vy, (vx,) v and L= v(ygv)* xv((yov)* xov) (yov)" . Since
Hy(w) = H;(vx,vy,vx,v) U H, (vy,vx,vy,v) U {w} , to prove the theorem we show that
R = H,(vxgvy,vx,v) and L= H,(vy,vx,vy,V) -
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First, we prove that R = H, (vxyvyvx,). Let R, = (vxy) (vy,(vxo)") vy, (vx,)v for
every nonnegative integer n. Then it is obvious that R = Unzo R .

We show that R, c H, (vx,vy,vx,v) by induction on n>0. Itis clear that
Ry = (vx,) vy, (vxy)'v < H, (vxavy,vx,v) . Suppose that R, = (vx,) (v, (vx,)" ) vy, (vx,) v is
contained in R, < H,(vx,vy,vx,v) for some nonnegative integer n. Every word w in
R,,, is written by the form (vx,) vy, (vx)™ -+ vy, (vx, )™ vy, (vx,)’v Where m,,---,m,,, >0
and r,s >0 . We show that the word w, = vx vy, (vx,)™ -+ - vy, (vx, )™ vyy (v, )V 1s in
H, (vxgvyvxyv) .
Let w’ = vx vy, (vxy)™ -+ vy, (vxg)™ vy, (vx, )v . We have
W =XV, (VXG)™ -y (VX )™ Yy (VX )V =77 vy (Vg )™ - vy (VX )™ vy (Vg )™ v
= VXV, - (VX )Xo vy, (v )™ vy (v )™ v
=, VXV (VX )™ vy (VX )™ vy, (VX )™ vy vx v = w,
Since w’ isin R , it is contained in H,(vx,vy,vx,v). Then the word w,is also in
H, (vxyvy,vx,v) and then R  Hj(vxgvy,vx,v).
On the other hand, for a nonnegative integer n, suppose that H; (vx,vy,vx,v)
C R, then we have H,(H (vxyvyvxyv))=H (H} (vxavy,vxgv)) € Hy(R) C R.
As the proof of H,(vy,vx,vy,v)= L is similar, we omit it. o
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