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On the Structure of Siphons of Petri Nets

Hideki Yamasaki *
(i F5ac)
Hitotsubashi University

Abstract

Siphons play an essential role for the analysis of the reachability of Petri nets.
In this paper we study the structure of siphons of Petri nets and show that every
siphon of a net is obtained by deleting some kinds of places in the net successively.

1 Introduction

In the study of Petri net, siphons play an essential role [4]. A siphon is a set of places P
such that any transition having arcs to a place in P, also have arcs from a place in P. So,
if a siphon P loses all tokens it never get tokens and all transitions having arcs from the
places in P become dead.

In this paper, we mainly study the structure of siphons of a free choice Petri net. A
pair of transitions is “in conflict” if they have a common input place, and a net is “free
choice” if every transitions in conflict has only one input place (1, 3].

Let P be a siphon of a free choice net, and T be a set of transitions having arcs to the
places in P. We show that

1. if P has an “end” place p that has no path to any other places, then P — {p} is also

a siphon, and
2. if P has two places p, ¢ that have arcs to a common transition, then P — {p} is also
a siphon.
Deleting the places satisfying above conditions one by one, we can obtain all siphons of a
given free choice Petri net.

Moreover, let R be a set of places not in P that has a path of length 2 to a place in
P. Then we show that for any R’ C R, there exists a siphon P’ such that P' 2 P and
P'N R = R. It means that concerning the inclusion relation, the structure of all subsets
of R is embedded in the structure all siphons containing P.

In order to make this paper self-contained, we also include some related results dis-
cussed in earlier papers [1, 3, 4], and present them with refined proofs. In section 2, we
give basic definitions of Petri nets using the notation of multisets. In section 3, we show
that any Petri net N is emulated by a Petri net in a regular form, i.e. whose arcs are
single weighted, has no loops, in(out)-degree of whose vertexes are less than 3 and is free
choice. In section 4, we introduce a preorder on transitions, and show that every transition
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sequence is rearranged without losing fireability to the sequence which is consistent with
the preorder. It means that we may concentrate the analysis to the strongly connected
Petri nets. In section 5, we study siphons of a Petri net and give the main results of the

paper.

2 Preliminaries

In this section, we give basic definitions and notations used in this paper. After giving
notation for multisets, we define Petri nets and reachability of their markings on the
framework of multisets.

2.1 Multisets and Strings

The notion of multiset is a generalization of the notion of set in which the finite multi-
plicities of elements are allowed. We use brackets [, | for multisets to distinguish them
from sets, and na to denote n-multiples of an element a. If no confusion occurs, we may
consider a set as a multiset whose multiplicities are less than 2. Hence, for example,
la,b,8] = [a,28] # [a,6] = {a, b}.

For a multiset A, |A| denotes the number of elements in A and A := {ala € A} is
called the underlying set of A. Thus, |[a,2b]| = 3 and [a, 2b] = {a, b}.

For a finite set X, the class X° of all finite multisets over X is defined by X° :=
{A]AC X and |4] < oo}. For A € X° and z € X, A(z) denotes the multiplicity of z
in A. That is, A € X° is identified with the function A : X — {0,1,2,---}.

Let A and B in X°. We define, AC B AUB,ANB,A— B,A+ B and A- B by

ACB if A(x)< B(),
(AUB)(z) := max(A(z), B(z)),
(AN B)(z) := min(A(z), B(z)),
(A= B)(z) = max(0, A(z) - B(z),
(A+ B)(z) = A(z)+ B(z),

(A-B)(z) = Alz)x Bz),

for any z € X, respectively. Note that AU B, AN B and A — B are sets if A and B are

sets. If B is a set, then A - B(x) = 64(96) iii Zg '

For an alphabet (finite set) X, X* denotes the set of strings of finite length over
X including the empty string e of length 0. For zz9-- -z, € X* (n > 0), we define
(172 Tp)® := 1, - - 2o2;. Note that ef =¢.

The Parikh map 9 : X* — X° is recursively defined by

{w(s) =0

P(zw) = [:;] +¢(w) for any z € X and w € X*.

Hence, ¥(z122 -+ z,) = [%1,%2,...,%y]). We also define z;1y -z, = Y(x122- - 2,) =
{z1,22,...,2,}. Moreover we define p(W) = {y(w)lw € W} for W C X*. Thus
(X)) = X°.
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2.2 Petri Nets

A Petri net (or simply a net) is a bipartite multigraph N = (Pn,Tn, Fx) where Py
is a finite nonempty set of places, Ty is a finite set of transitions, and Fy € (Py X
Ty U Ty x Py)° is a multiset of arcs. For £ € Py U Ty, we define postmultiset of z
by zV := [y|(z,y) € Fy] and premultiset of z by ¥z := [y|(y,z) € Fy]. Note that
tV Nt C Pg, for any t € Ty.

Graphically, places, transitions and arcs are represented by circles, boxes and arrows
respectively. For example, Fig. 1 and 2 are graphical representation of Ny = (P, Th, F;) =
{pa, 7}, {1, u}, (2, 5), (82 2), (5 ), (67, (0, ), (), (w,p)]) and Ng = (Pa,Ta, Fa) =
({p}, {u}, [2(p, u), (u,p)]), respectively. Here, the label 2 of arc (p,u) of N, represents its
multiplicity Fy(p,w). Thus, u = [2p] and u™? = [p].

@B 2

®
1O ® OO

Fig. 1 Fig. 2

A marking of a Petri net N = (Pn,Tn,Fy) is a finite multiset over Py, i.e. an
element in Pg5. For a transition sequence 7 € T§, we recursively define the partial
function [r)y : Py — Py as follows.

pedy = p
ulir)y = {

(u=Nt+ "))y £Vt Cp

undefined otherwise fort € Ty and 7 € Ty

We say that T € T, is fireable at a marking p € Py of N if u[r)y € Py, i.e. is defined.
For a W C Ty, we define u[W)y := {u[r)n|7 € W}. The set pl*)n := u[T})n is called
the set of reachable markings of N from p.

We define "U := Y, .0 U(t) - ¥t and UY := 35,5, U(t) - t" for U € T, and
N .= Ny(1) and 7V := o(7)N for 7 € T¥. From the definition of [7)y, it is easy to see
that if u[r)y = v then v =pu+ 7V = N7

For example, [2p|[stu)n, = [p,q][tu)n, = [g,7][u)n, = [p], M (stu) = [2p,q,7] and
(stu)™ = [p, q,r].

The set @ of rearrangements of w € X* is defined by @ = ¥~ }((w)) = {v €
X*y(v) = Y(w)}. If p[r)y € P°, then p+ 7V D N7, pulr)y = p+ 7V — V7 and
plfin = {u+ 1" - N1}

The reversed Petri net of N = (Py.Tn, Fy) is defined by N~ := (Py, Ty.Fy') where
Fy! = [(z,9)|(y,z) € Fy], i.e. N7!is the net obtained by reversing the direction of all
arcs in N. Then it is easy to see that u[r)y = v if and only if V[TR)y-1 =



3 Emulation

In this section, we study the notion of emulation on Petri nets, and show that any Petri
net is emulated by the net which is ordinary (i.e. has no multiple arcs), pure (i.e. has
no loops), max-degree 2 (i.e. has no vertexes of in(out)-degree greater than 2), and free
choice (i.e. has no arcs from out-degree 2 places to in-degree 2 transitions).

Let Ny = (P, To, Fo) and Ny = (P, Ty, F1). For 7y € Ty and 7, € Ty, we denote
[10)ve = M), if plmo) e = pln)w, for any p € (Po N P1)°. Informally, [ro)n, = [1)w,
means that the firing effects 7 on Ny and 73 on N are equivalent.

We say that Ny = (P, Ty, Fo) is emulated by Ny = (P, T, Fy), if Py C P, and there
exists a homomorphism h : Ty — T3 such that [t)n, = [h(t))n, for every ¢ € Tp. For
example, N; of Fig. 1 emulates N, of Fig. 2 through h(u) = stu.

Lemma 1 If N; emulates Ny and N, emulates Ny, Ny emulates N.

(Proof) If Ny = (P, Ty, F1) emulates Ny = (P, Ty, Fy) through hy : Ty — Ty and
Ny = (P, Ty, Fy) emulates Ny through hy : T3 — T3, then N, emulates Ny through

A Petrinet N = (P, T, F) is ordinal if N has no multiple arcs, i.e. F C PxTUT x P.
Lemma 2 Every Petri net is emulated by an ordinal Petri net.

(PI‘OOf) Let NO = (P(),To, Fo)

Assume Fy(tg, po) = m + 1 for some m > 1. To construct a Petri net N = (P, T, F)
emulating Ny with F(tp,po) = 1, we add new places {p;|i = 1,2,...,m} to P, new
transitions {t;|i = 1,2,...,m} to Tp, and new arcs [(t;,p), (pi, t:), (ti1,23)|i = 1,2,...,m]
to Fy — [m(to,po)]. It is easy to see that F(tp,po) = 1 and the multiplicity of every
adding arcs is 1. Since N(totity---tnm) = [p1,02,...,pm] + Noto and (totity - - tm)N =
[mpo, 1,92, . .., pm] + t™ = [mpo], [t)n, = [totata - - tm)n-

Assume Fy(po,tp) = m + 1 for some m > 1. To construct a Petri net N = (P, T, F)
emulating Ny with F(po,t9) = 1, we apply the above process to the reversed Petri net
Ng' of Ny, and take the reverse of the resulted net.

Repeating the above processes, we eventually have Ny = (P, Ty, F1) emulating Ny
such that Fi(p,t) < 1and Fi(t,p) <lforallpe P, and t € T;. (Q.E.D)

A Petrinet N = (P,T, F) is pure if N has no loops, i.e. Yt NtY = for any ¢t € T..
Lemma 3 Every Petri net is emulated by a pure Petri net.

(Proof) Assume Ny = (P, Ty, Fy) is ordinal and {(po, to), (to,p0)} C Fo. To construct
N = (P,T, F) emulating Ny with V¢, Nt} = 0, we add new place p, new transition ¢ and
new arcs (%o, p), (p, t), (¢, po) to Po, Tp and Fy— [(to, po)], respectively. Clearly Vt,nt = 0.
Since N (tot) = Nto + [p] and (tot)N = [p, po] + 13 — [po], [to)n, = [tot)n. Repeating this
process, we eventually have the net Ny = (P, Ty, F}) emulating Ny and V¢ N ¢Vt = ( for
any t € Ti. (Q.E.D)

A Petri net N = (P, T, F) is maz-degree 2 if [v"¥| < 2 and [Nv| < 2 for any v € PUT.
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Lemma 4 Every Petri net is emulated by an ordinary pure Petri net of max-degree 2.

(Proof) Assume Ny = (Fo, Ty, Fy) is ordinary and pure.
Let pp° = [to,t1,...,tm] wWith m > 2. To construct N = (P,T,F) emulating Ny

such that |p)| = 2, we add new places {pi|i = 1,2,...,m} to Py, new transitions {s;|i =
1,2,...,m} to Ty, and new arcs [(p;, t;), (Pi-1, 8i), (s, Pi)|i = 1,2,...,m] to Fo—[(po, t:)|¢ =
1,2,...,m]. Then it is easy to see that [p{'| = 2, [v"], |V v| < 2 for every adding vertex v,

[to)ne = [to)n and [t;)n, = [s152 - - siti) v for every 1 < i < m.

Let tg°0 = [po,P1, - -, Pm] With m > 2. To construct N = (P, T, F) emulating Ny
such that |t)'| = 2, we add new places {g;i = 1,2,...,m} to Py, new transitions {t;[i =
1,2,...,m} to Ty, and new arcs [(t;, p;), (ti-1, @), (¢, t:)li = 1,2,...,m] to Fo—[(to, pi)|i =
1,2,...,m]. Then it is easy to see that [t)| = 2, [v"], [Nv| < 2 for every adding vertex v,
and [t0>No = [totl ce tm>N~

Other two cases where Mty = [py,p1,...,pm] and Mpy = [to,t1,. .., tm] With m > 2,
are processed similarly by considering the reversed net N; .

Repeating the above processes, we eventually have a net N; = (P;, Ty, F;) emulating
Ny and |[v™| < 2 and |My| < 2 for any v € PLUT. (Q.E.D)

A Petri net N = (Py, Ty, Fy) is a free choice net [1] if |pY| = 1 or [V¢| = 1 for any
(p,t) € En N (Py x Ty). A Petrinet N = (P, T, F) is in a regular form if it is ordinal,
pure, max-degree 2 and free choice.

Theorem 5 Every Petri net is emulated by a Petri net in a regular form.

(Proof) Assume Ny = (P, Tp, Fo) is ordinal, pure and max-degree 2.

Let [(p, s), (p,t), (q,t)] C Fy with p,q € Py and s,t € Ty. To construct N = (P, T, F)
emulating Ny such that (p,t) ¢ F, we add new places 7 to Py, new transitions u to Tp,
and new arcs (p,u), (u,r), (r,t) to Fy — [(p,t)]. Then it is easy to see that (p,t) € F and

[t e = [ut)n.
Repeating the above processes, we eventually have a net Ny = (P;, Ty, F1) emulating
Ny and |[p™| + [Mt| < 3 for any (p,t) € LN (P, x T1). (Q.E.D)

Considering the reversed net, we can show that any Petri net is emulated by a Petri
net Ny = (P, Ty, F) such that [u™| + [V1v| < 3 for any (u,v) € Fi. But, for the study
of siphons, it is enough to assume that a net is free choice.

4 Preorder of transitions

For a relation R over a set A, we recursively define the relations

{ R = {(z,z)|]z € A},
R = {(z,2)|(z,y) € R" and (y,2) € R} for any n > 0.

Moreover we define R* := |J,5, R" and R™ := {(y,2)|(z,y) € R"} for n = *,1,2,---.
Since R* is the reflexive transitive closure of R, R* is a preorder (i.e. a reflexive transitive
relation) of A. For a relation R, we also define R(z) := {y|(z,y) € R}, and R(X) :=

Uzex R(2).



Let N = (Py, Ty, Fxn) be an ordinal Petri net. Since Fiy C Py x Ty UTy x Py, Fy is
considered to be a relation over Py U Ty, and Fy(z) denotes the set of vertexes (places
and transitions) that have a path from z in N.

For 7 € Tf; and T C T, 7|r denotes a homomorphic image of h : Tx — T* such that
h(t) = t ifteT
e ifteTy-T"
undefined for any marking u of N. Then we have the following lemma.

For 7,0 € T}, we write [T)y <X [o)n if p[7)n = plo)n or

Lemma 6 Let N = (Py, Ty, Fx) and T C Ty be a set of transitions such that Fy*(T)N
FN(TN - T) = Q) Then [T)N _‘f [(TIT)(TITN—T»N-

(Proof) IfT =0 or T = Ty, it is clear since (7|r)(7|ry-7) = 7. Assume § C T C Ty
and Fy'(T) N Fy(Ty — T) = 0. Note that (7|7)(Try-7) € 7

Let ¢t € Ty — T and p is a marking of N. Since t¥ x FR!(T) = 0, u x Fy(T) =
(n+tN) x FyY(T). Thus, if u[7)y is defined then u[r|r)y is defined.

Let t € T and p be a marking of N. Since Fy(Tw —T) x Nt =0, u x F'(Ty —T) =
(=) x Fy'(Tn —=T) and pu x Fy*(Ty = T) = (u—"o) x Fy'(Ty = T) for any o € T*.
Thus, if p[7)y is defined then p[7|r)N[7|ry-T)N = p[T)N- (Q.E.D)

A sequence g € X* is consistent with a preorder R of X if 0 € X*zX*yX™* means
(z,y) € Ror (z,y) € R7! for any =,y € X.

Theorem 7 Let N = (Py, Ty, Fy). There exists a rearrangement o of 7 € Ty consistent
with Fy and [7)y < [0)n.

(Proof) We will show that if 7 is not consistent with F, 7 has a rearrangement o such
that [T)y < [0)n. Assume T = TysTitT2 and (s,t) € Fy* — F}. We also may assume (s, u)
and (u, t) are not in Fiy* or in F}; for any u € ¢(n;). Let T := Fy*(t). Since F3'(T) =T,
FYT)NF(Ty —T) = (. Moreover s € Ty — T and F},(Ty —T) = T — T. It means
that ¥(sm) C Ty — T and [rosTit7e)n =X [TotsTiT2)n from Lemma 6. (QED)

Let N = (Pn, Ty, Fy). We define the following types of subnets of N.
N(P,T) := (P, T, Fy N (P x TUT x P)) for P C Py and T C Ty,
N(T) := N(Py,T) for T C Ty, and
N(1):= N(z) for 7 € Ty.
Informally, N(P,T) is the subnet of N obtained by deleting vertexes not in PUT. N(T)
and N(7) are the subnet of N obtained by deleting transitions not (appearing) in 7" and
T respectively.
Then the following proposition is clear from the definition.

Proposition 8 Let N = (Py,Ty, Fn). For any 7 € Ty, [T)n = [T)n(r)-

From Theorem 7, it is easy to see that for any 7 € Ty, there exists a rearrangement
0 = 0103+ 0% of T such that o; (1 <i < k) is a set of transtions in a strongly connected
component of N(g; - - - o) that has no input arcs from any othe trasitions.

Thus we can concentrate our study on strongly connected Petri nets.
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5 Siphons

5.1 Basic Facts about Siphons

Let N = (Pn,Tn, Fn). A set of places P C Py is marked at a marking u of N if PNy # 0.
P is a siphon of N if Fy'(P) C Fx(P) # 0. A siphon P of N is minimal if it properly
contains no siphons of N [3].

We define N[P] := N(P, Fy'(P)) for P C Py. N|P] is the subnet of N consisting
places in P, transitions having arcs to places in P and arcs connecting them. Since N[P]
plays an essential role in the study of siphon, we call N[P] a siphon net when P is a siphon.
A siphon P of N is strongly connected if the siphon net N[P)] is strongly connected.

Let N = (Pn,Tn, Fn) be strongly connected. From the definition of a siphon, for any
set P of places, a siphon R O P of N is constructed by the following nondeterministic
algorithm. ( See [2] for the linear time algorithm.)

R := P;
repeat

for t € Fy'(R) — Fn(R), add some 7 € F5'(R) to R;
until Fy'(R) C Fn(R);

Since N is strongly connected, Py is a siphon of N. Hence, the above algorithm eventually
stops and gets a siphon.

Note that Fy'(P) is the set of transitions which marks places in P, and Fy(P) is the
set of transition that needs marks in P to fire. Thus, if P is unmarked at a marking p of
N, then transition in Fy(P) are dead, i.e. not fireable at any marking in u[*)x.

Proposition 9 Let N = (Py,Tn, Fy) , P C Py, and p is a marking of N.
1. If a siphon P is unmarked at p, then it is unmarked at any marking in p(*)y and
pl¥)n = p[(Tv — Fn(P))*)nv = %) N(Tw-Fy (P)-
2. If no transitions in a nonempty set 7' C Tl are fireable at u, then N(T) has a siphon
unmarked at p.
3. If p[r) N is defined, then any siphon of N(7) is marked at p.

(Proof)

1. If a siphon P is unmarked at y, then no transitions in Fy(P)(2 Fy'(P)) are fireable
at p. Thus, at any marking v € u[Tn)ny = u[Tny — Fn(P))n, P is unmarked and no
transitions in Fy(P) are fireable. Repeating this argument, P is unmarked at any
v € pTy)v = pl(Ty = Fn(P))")N.

2. Let N(T) = (Py,T, F) and P := {p|u(p) = 0}. Since, no transitions in T # @ are
fireable at p in N and N(T), F(P) =T 2 F~!(P).

3. It is clear from 1 and 2. (Q.E.D)

5.2 Structural properties of siphons

In the previous section, we have seen that siphons play an essential role in the reachability
analysis. In this section we study the structural properties of siphons.

Proposition 10 Let N = (Py, Ty, Fx) and P C Py.
1. Every siphon of N[P] is also a siphon of N.



2. If |P| > 2 and N|[P)] is strongly connected, then P is a siphon of N.

(Proof) Let N[P| = (P,Fy'(P),F). Since F N Fy!'(P) x P = Fy N Fy'(P) x P,
F1Q) = F5*(Q) for every Q C P.
1. If Q C P and F~Y(Q) C F(Q), then F3(Q) = F~1(Q) C F(Q) C Fx(Q).
2. If |[P| > 2 and N[P] is strongly connected, F~*(P) C F(P) # 0. Thus P is a siphon
of N[P] and N from 1. (Q.E.D)

Note that if N[{p}] is strongly connected, then F({p}) = 0 since N has no loops. Thus,
the condition |P| > 2 is essential in the statement 2 of the above Theorem.

Proposition 11 Let N = (Py,Tn, Fx) and F C Py x Ti.
1. Any siphon of (Py, Ty, Fv — F) is a siphon of N.
2. If (Fy — F)(P) = Fn(P), then P is a siphon of N if and only if P is a siphon of
(Pn,Tn, Fy — F).

(PI‘OOf) Since F C PN XTN, (FN—F)QTNXPN = FNﬂTNXPN. Thus (FN—F)_I(P) =
F5(P) and (Fy — F)(P) C F(P) for any P C Py.
1. If P is a siphon of (Py,Tx, Fx — F), i.e. (Fx — F)7(P) C (Fx — F)(P) # 0, then
Fy'(P) = (Fv — F)7'(P) C (Fv — F)(P) C Fn(P) #0.
2. If P is a siphon of N, since (Fy — F)"}(P) = Fy'(P) C Fy(P) = (Fx — F)(P), P
is a siphon of (Py,Tn, Fx — F). Thus the result follows from 1.

Now we show that some kinds of places in a siphon can be deleted preserving the set
siphon, and any siphon of a strongly connected net is obtained by this way.

Proposition 12 Let N = (Py,Tn, Fn) be in a regular form and Py be a siphon of N.
1. For any place p € Py, any siphon of (Py — {p}, Twn) is a siphon of N.
2. If Ff(p) = 0, then Py — {p} is a siphon of N.
3. If |F5'(Fn(p))| > 1, then Py — {p} is a siphon of N.

(Proof)

1. Let F = FyN((Py—{p}) x TnUTN x (Pxy —{p})) be the set of arcs (Py —{p}, Tn).
Then for any P’ C Py — {p}, Fy*(P') = F~Y(P') and Fy(P') = F(P'). Thus, any
siphon of (Py — {p},Tn) is a siphon of N.

2. Since Fj%(p) = w, FN(p) N FJGI(PN) = (2) Since Fﬁl(PN) g FN(PN), Fﬁl(PN) C
Fy(Py)~Fn(p) C Fn(P—{p}). Thus, Fy'(Pv—{p}) C Fy'(Pn) C Fn(Pv—{p})-

3. Since N is in a regular form, |Fx(p)| = 1 and Fy(Py) = Fn(Py — {p}). Thus,
Fg'(Px — {p}) € Fy'(Px) € Fy(Px) = Fi(Px — {p}). (QED)

Theorem 13 Let N = (Py, Ty, Fiv) be a Petri net in a regular form and assume that Py
is a siphon of N. Every siphon of a N is obtained by repeating the following operation.
1. Delete a place such that FZ(p) = 0 and arcs from/to p.
2. Delete a place such that |Fy'(Fx(p))| > 1 and arcs from/to p.
3. Take some strongly connected components from disjoint union of them.
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(Proof) Let P be a siphon of N. Any arcs outside into N[P] is in Py x Ty and can be
deleted by the operation 1.

Consider the out-going path m from N[P]. If = ends some siphon net N[P’] containing
more than 1 vertexes, we can delete the arc of m into N[P’] by the operation 1. Thus we
may assume 7 has an end vertex. Then we can delete all places in 7 by repeating the
operation 2.

Let N’ be the results of the above operations. Then we can get N[P] as a finite union
of strongly connected components of N'. (Q.E.D)

Finally, we give a theorem concerning about the inclusion structure of a siphons of a
given net.

Theorem 14 Let P be a siphon of a strongly connected Petri net N = (Py,Tn, Fy),
and R := {r € Py — P | Fy(r) = Fn(p) C Fy'(P) for some p € P}
1. For any R’ C R, there exists a siphon P’ D P such that P N R=R'.
2. The structure of all subsets of R under the inclusion relation is embedded in the
class of siphons including P.

(Proof)
1. Letr € R, F:= FyN((R—{r}) x F5*(P)) and N’ := (Py, Ty, Fy — F). Since N is
strongly connected, there exists a path from a place in P to r in N'. Thus applying
the sihon constructing algorithm in 5.1 to N’, we have a siphon P, 2 P U {p} of N’
such that P, N R = {p}. P, is also a siphon of N from Propsotion 11. Repeating
this process, for any R’ C R, we can obtain a siphon P’ O P such that PNR=R'.
2. It is clear from 1.

(Q.E.D)

5.3 Example

We give an example of Theorem 13 and 14.

O M O SN O,
]

Ol O e

Fig. 3

Let N be the Petri net represented in the Fig.3. N is strongly connected and
{a,b,c,d, e, f}is asiphon of N. By the operation 2 of Theorem 13, {b, ¢, d, ¢, f}, {a,c,d, e, f},
{a,b,c,d, f}, {a,b,c,d,e}, {b,c,d, [}, {b,c,d,e}, {a,c,d,f} and {a,c,d,e} are siphons
of N. Then by the operation 1 of Theorem 13, {b,c,e, f}, {a,b,d, e}, {b,¢c, f}, {c, f},
{b,d, e}, {b,c,e}, {b,e}, {a,d, e} and {a,d} are siphons of N.
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Among the siphons of N, siphon nets of {a,b, ¢, d, ¢, f}, {a,¢c,d, f}, {b,c,e, f}, {a,b,d, e},
{a,d}, {b,e} and {c, f} are strongly connected, and {a,d}, {b,e}, {c, f} are minimal
siphons of N. The strongly connected siphons including {b,e} are {b,e}, {b,c,e, f},
{a,b,d,e} and {a,b,c,d, e, f}.
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