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H S ASBIINEE & EXTENDING ZfngEo
RN IEERATLEER

HEE T EBSEHM2R
Yasuhiko Takehana

TTANT U . bkt M OSIIEE N 5 M D nonzero BRSINNRE & B
nonnzero ‘FHEI I ZFHF DO L ¥ N X essential A IMBETHBLES.
InEE M OERIINEE N M closed TH 3 L1E,N 1& M OFIZED essential ik
RERIZIZNEZICES. M DESINEE X A M OH T complement T3
CdM DBHBHEFIBEY BHo>T X R XNY =0BEDILDWAL M D
O THB L EICED. R<HENTVS K SICERDIEED complement
THAHT & closed THAZLIIAULTHS. N M OEEDOITSINEED
M D% BEFEFDH T essential TH 5 & ¥, ik M ' extending (H B\
M RBEREC, 2RD) THAHALMEND. BLASNTWAKLSIKETA
STRIMNEE L extending THB. T T THEGEHIRNERZ AU T extending
iz —RL LEET 2 EREDNRS.

1. INTRODUCTION

R FBATEFDIEAHIR TH R MBI unitary TH 3 &5 5%. Mod-R
&H RINBEL2EDZETHT IV -9 3. Mod-R DEFBEFORSEF %
AIBELES. #iiBE o KL 7, := {M € Mod-R|o(M) = M} LBEZ T,
DI o-torsion THBHEFD. Rz F, := {M € Mod-R|o(M) =0} &
& Fy DT o-torsion free TH B L ESH. RBE ¢ IXEEDONEE M KL
tH(M)) =t(M)E(M/t(M)) =0) M DIIDLEEE (BE) THBLES.

C CMod-R L § 5. CICBETAIRNIER (7,F) 2T CcC,TCCTHo
TROEM: (i) (i1) (i) 2572 TEDTH 3.

()EEDT T, FeFicxtL, WOTH Hompg(T,F) =0 WD IID.

(i) FED F € FIZN LU Homg(M,F) =0 TH3%5 M € T B IID.

(iif) D T € TIZH L Homg(T,N) =0 TH 545 N € F B IID.

tM)= YN (= NN ) ¢93¢T=T, RUF=F, BPRYIIL, &
TSNCM  M/NEF

St "EFREICKRS. S t "EFRETH S5 (T, ) RIENER
K%, EEDOINEE M L ZDEDIEE NIiTXH L o(N) = NNo(M) AR D 1L
DIFICTIRE ¢ XERETH B LV EEhBRIIESETHS. Ikt M
EZDERTHINEEN ITHLU M/N € T, D& E N % M D o-dense i ingt &
U3 .N I essential T o-dense 75 M DESINEED & ¥ N X o-essential 72 M
OEDINBELES. £2FDELE M I N D o-essential TR TH B L0



N Cpoess M TERTTLICTS. c IBSBETHS LT 5. Homp(M,-)
MNCeT, THHARTEHI0—- A - B—C - 0DTe2EERDEEM
BEMIZo-ASHTHDBELES. NEEMICHL M % essential 728 L L
TEOAHMBEEZBATR VWV E(M) TKY. E(M) 3EE LEEZERN
T—ENICRET 3.E,(M) & E,(M)/M := o(E(M)/M) TEHENS. o
ZIBETH BN S5 E(M)/E,(M) € F, TH 3. o THERDME M ITHL
E,(M) & o-ASHTHB T LD %.0 3EETHEH 5 M I3 E,(M) D
o-essential XERT I TH 3.

2. COMPLEMENT & CLOSED &84 hnEt

& M O H0EE B & M DOHIC o-essential AR Z L Tz E & B &
M D o-closed XA INBFETH B LES T LT 5. INEFD complement &
closed IR INEBEIZ—BT B D, ThEBRENERNICILTET 5. XROMER o
PMMEZEFED L = &2E X UL [2] D Proposition 1.4 DFRERIC K> TV 3.

BE 1 o 3ERLEEL TS, Bl M OB U B/B .= o(M/B)
LEBTD. TOLERDEZBEIFAETSHS.

(1) B i& B D closed %ERIMFETH 5.

(2) B & M D o-closed BRI TH 5.

(3) B 1& B D3 352 NEE D B IC 1T 5 complement TH 5.

(4) X I Bic #8173 B D complement THAEHIE Bl BICBIT5 X D
complement T3 %.

(5) B = E,(B) N M DD LD,

(6) B Dess X D B TH 575X X/B Cess B/B WD ILD.

(7) B=E(B)NB M HirD.

(8) MDD M, D K ThHb M/M; € F, TH5 M DFZIMEE M, K BH>
T Blix M; iILB}3 K D complement IC7% 5.

(9) M/X €T, T B C X Coos M THBMEEE X/B Cess M/B L7575,

§EBA. (2)—(1): Bd M To-closed THBLT35. BCeos HCBTH%
HIcHU H/BCB/B=o(M/B) €T, To3h5 H/BET, 53, &>
TBCooess HCMBEDIDS (2) XD H=BHMES.

(1)—(2): Bld BTclosed £95.BCprss NCM THBLEBCeys N
CN/BeT, CH%. TDL% N/BCo(M/B)=B/BTHBMS B Cess
N CBMEOILE (1) & B=N HES.

(2)—(6): B & M T o-closed TB Dess X 2 B&9 5. Y/B C B/B
TX/BNY/B=0¢95%. ZTDLEXNY =B &%3. X Cees BT
HBZ3NPE5B=YNX Ces YNB=Y &%%5%. Y/B=Y/(YNX) =
(Y+X)/XCB/X«B/BeT, THBHNSBCy_pss Y THB. BEIM
ICIBUWT o-closed THBH S5 Y = B W X/B Coye B/B B D ILD.
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(6)—(4): X i& BICHBWT B D complement £ 9 5. B' ld BicHlI5% B
238 X D complement £ 9%, D& ¥ (XoB)NB' =(XNB)®B=1HB
BPRESDT(X®B)/B)N(B'/B) =0 KD D.X®B Cess BTHBH
5 (6) &D (X ®B)/B Cess B/BTH%. (X®B)/B)n(B'/B) =0T
5h6 B =BWMNEZ35.

(4)—(3): Zorn DFE X D BIZ B @ complement WD THEETZH5
BHOMNTHS.

(3)—(2): B & B DERIEE K D B <51} % complement £ 3 3%. FD
$¥ BiZ BIZBWT closed TH3B. Bld M T o-closed TH3Z LER
B Coess BCMETE. FDEEBNB=BC,.s BNBL%3%.Bi&
BIZ BT essentially closed TH 25 5,8 = B'NB HES.

7, > B'/B=B'/(B'NnB) = (B'+B)/BC M/B=~(M/B)/o(M/B) €
Fo THBMS B = BHES.

(2)=(5): B Cy_oes E,(B)NM C M THBZME (2) &0 E,(B)NM = B
BHES .

(5)—(2): B Cpoess X CM LT3 ZDEE E,(B) = E;(X) BALY
MDD (B)IEED B =E,(B)NMHH5. BC X C E,(X)NM =
E,(B)NM =B TH5h5 X = BMiES.

(1)=(7): BCess E(B)NBC B T»%MHM5 B=E(B)NBMi>.

(7)—=(1): BCoo0ss XCB &95.FDLE E(X)= E(B)M¥¢5.BC
XCEX)NB=EB)NB=BThah5B=XNRHILD.

(2)—(8): Bld o-closed & M OFDIN#H LT 5. BDOERICLD M/Be F,
TH3.BIlcHlF5 B D complement # K £§ 5. ZOLERIASATY
BESICBOK Coos BTHD (BOK)/K Ceos B/K THB. LIEKDB
13T % complement T B ZELBHLD%ES. (BO®K)/K Cy_ess B/IK T
HBENE (BOK)/K Coess (LOK)/K THB. 2T L Ch_ess BTH
55 (2) Ik B=LHMES. ZNT B BB} 5 K O complement
TH5.

(8)—(2): K C My,M/M; € F, THY Bl M; I3V} % K D complement
THAEIT M O K, M, #EX 5. FDLE BlX M; IcBWT closed
TH5.BlE MICBWT o-closed THAT L ZBZEFWIZWB Cyess B C M
Y4B ZDLE B = BOM, Coss BINMi(C M) TH3.B & My icHT
closed THBEMNE B =B NM; WMiE>. £727, 2 By/B=B;/(BiNM;) =
(B; + My)/M; C M/M; € F, THBHh5 B, = BHRES.

(2)—(9): Bl& M D o-closed 5FinEEL §5. M/X € 7, TB C X Cess
M¥¥3 BCQCMT(X/B)N(Q/B)=087F3. B=QNX Ceus
QNM=QTHY Q/B=Q/(QNX)=(Q+X)/XCM/X €T, TH%
MO B Chss QC M TH%B. BlE M D o-essentially closed ix&RIN#E T
HBENE,B=QTHH,(Q/B)=0%,7%%. £>T X/B Cyess M/B &
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3.

(9)—=(2): BCpocss XCM LT3, B'lE MIZHI}S B D complement &
5. ZDLE BOB C,y M TH5. (9) £ (B®B')/B Cons M/B TH
5. BA(B'NX) =0THBHME B'NX = 0TH5. (BoB')/B)N(X/B) =
(B®B)NX|/B=[B® (B NX)|/B=0TH305 (X/B) =0 L75.

3. o-H CASTRIINEE

hnEE M DEED o-dense ZERINIEE N i3 LBIF Hompg(., A) DETE
50> N—M— M/N - 0DZ2UEZRFTHL X, INH AL o-M-A5
MTHBHLED. E/INBEM D o-BCAHNTH B DM B o-M-A5H
THBHLEICES. ROMEIL [1] D Theorem 15 Z—H{kd 3.

R 2. o WERSBREL TS, AR o-M-AFHNTH B DRBLEFSTF
1% Hompg(E, (M), E,(A)) DEEDTT f I L f(M) CABWDTERD
UDTETHB.

SEPR.(«): N & M D o-dense ZFEROMNBEL T 5. ROMARZEX 5.

0—-N - M—-M/N—-0
Ly lg
0—-A— E,(A)

f € Homg(N, A) & g € Homg(M, E,(A)) ICHIET ¥,

gld h €Homp(E, (M), E,(A) ICHERTE 3. [RELD g(M)=h(M)C A
BROILDDT f 1 hly € Homg(M, A) ICHERTES. &> T Ak o-M-
AHENCIE D,

(—): f € Homg(Es(M), E;(A)) KM U flpns-14 € Homg(MNOf~1(A), A)
THB. M/(MNfHA) = M+ fHA)/fHA) = (F(M) + A)/A C
E,(A)/Ae T, THBHSE M/(MNf1A) e T, Ths. ROKAZEZXS.

0—» MNfY(A)>M-M/MnNf1A)—-0
L 7
A

Al o-M-AENTHBH05 flMﬂf—l(A) & g € Hompg (M, A) ICHRRT &
5. (g—HMNfYA))=0TH2"5ker(g—f) 2 Mnf1(A)TH
5. 2€(g-f Y A xS5aec ADH>Tg(z)- fx) =a k’xBb. ZL
TEDELE f(x) =g9(x) —a € ATHBNSE ze f71(A) MBLENS. o
T(9- A S HADEDIULE MN (g~ f)~H(A) S MNf(A)C
ker(g— f)NEAB. blac At meMTa=(g9-f)(m)e(g—f)IMNA
ThH3E5me(g-f)laCMn(g— f) tACker(g—-f) £7%%5. &>
TEDEZEO=(g— f)(m) =a t’x%b. >T(g-fIMNA=0N
BoN3. A Ces E,(A) THZNS (9g— )M = 0DEENE. Ko T
f(M)=g(M)CABEENS.
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K& [4] D Johnson &Wong’s Theorem D—f{t.TH 3.

Corollary 3. o 3EFZL2EBE LT 5.

AL o-BEAGHM < f € Homg(E,(A), E,(A)) %&bld f(A) C A

ROFHRAIE [3] D Proposition 2.3 ZHLIRT 5.

HE4. A -BHOCAHMNT E,(A) =MaNTH34%5 A=(MNA)S
(N NA) DD ILD.

SERA. pupr(pn) BB R E,(A) "D M(N) \OIZHENSR LT3, TDL ¥k
Corollay 3 IC &Y py(A) CAEpN(A) CANKILTS. meM&neN
IKNfLA3a=m+ne M+N L §5L A>py(a) =pu(m+n)=meM
THsd. oTmeANMTHY, ARICne ANN EEDILD. £oT
AC(MNA)e(NNA) LD,

4. o-C;CONDITIONS

fnEE M H&E (C;) iz T ER TR TEL.

(C1) M DEEOHDINEED M Db SEMEATDH T essential TH 5.

(Cy) M DEFMAFICFE L M OFSIMEE M OENERFTH 5.

(C3) M DENRTF X, Y TXNY =0THHLDIHLT XY & M
DEMEFICKS.

C1 &1z 9 InEE X extending (HBWE CS) EMEND. C; & C; ZHGRE
9 A I0# L quasi-continuous (BH B Wid w-injective) TH B EFHNSB. C)
& C, Z1m/R 3 A INEEIE continuous THBHLEDLNS. FLIWE 5] &ZD
BEXE BRI N,

Rick (C) ZENERZRAWTEASC LICT 5.

NCo M TNIEMOEMAFTHRLEZERITLICTS. ROMEIR
[5] D Proposition 2.1 ZILIET 5.

i 5. o-BCAFHINEIERD 2 DOZMZMIZT.

(0-C1)(:o-extending) {EED M D o-dense FAMEIE M DOH 5 EMEF
DT essential TH 3. ,

(0-Co)M/AE T, A= A; Co M DL E A Ce M AR ILD.

BEFR. M & o-BECASNWMEL T 5.

(0-C1): N I M O o-dense RENIIF L §T5. ROFEZLFIZEZEZ 5.
0 - M/N — E,(M)/N — E,(M)/M — 0. 7, & extension TEHUTW
3205 E;(M)/N € T, BEDILD. EHIK T, I factor TRAL T2 H5
E4(M)/E,(N) € T, W DILD. E,(N) X o-AHHHTHBHh 5 E, (M) D
okt EBMEELTE,(M) = E,(N)®E LB 5. #HE84EZAVTM =
(MNE,(N))®(MNE)WME6N5. ZDELE N Cyess (MNE,(N)) Ce M.

(0-Ca): M 1% o-M-ASHNTH%. M/AcT, A=A Co M EF3. X
DODEXZEZ 5.
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0—A 5 M— M/AM/AET,)

Iy
A Cg M,

,TCThiZANDS A "DEREBBHTHY i X A5 M D inclusion
TH3. MIo-BCAFHNTHZHN DS fi=h BT f: M - M HBEE
TB. A Co M THD hEAMTHBNE i B oplit T5. koT AR M
DENHFTHS.

RiC C3 DMz 2 B ICHIRT 5.

(0-CL): My Co M, My Co M THY My, M/M, € T, TH>T MiNMp =
0LdD. ZDLEM @M Co M E15.

(0‘-03) My Cg M, My Cog M Thh M/(M1 @Mz) € T, TH-oT
Ml an =0 &3‘% %o)k% M1 @MZ g@ M 2:7:::5

ZDLE (0-C3) = (0-C)) BHLITH 5.

ROEREA [5] D Proposition 2.2 ZHET 5.

R 6. B M B (0-C2) DREZFEITED M & (0-C) DFERAELHE
19

EEPR. M, CoaM,MaCog M TbHh M, M/M; € T, TH->T M NMy =
0&93. M & MOEMAFTHE05H2I50MEE M| BEFEELT
M=MeoM EIS. n2M=Mae&M — M{®D projection &
9 %. modular law KD RVBEYIID. MO M, = MN (M, © M) =
(Mo M)N (M & M) =M &M NM &M)). XoT 1 (M) =
n (M@ M) = n(MeMNMeM))) = Mn M e M)#H
MILT 3. £oT M &My, =M®©&n (Mg) THY n (Mz) - M{ yail5
DILD. FEDLE kern My =kern NMy = MiNM, =0TH3M5
My My —» 1 (M)(C M)REETHS. M{/n (M) ~ M/M; €T,
THO M/M|{ ~ M, € T, THEINLROEZEFIOHRROEFEN T, ILH 5.
0—- Mj/n (My) » M/n (My) > M/M{ - 0. &oTn (M) g M®D
o-dense ZEIMBFETH 5. Ko T (0-Co) DEHEZRNT 1 (M2) Ceg M
MESNS. o TMILHAHIMBEXDBEELTM =X 1 (M) &
7%%. modular law IC KD M] = (XN M) & n (M) DD, £oT
M= M1®M{ = Ml@(XnM{)EB n (Mg) = (Ml@ n (Mz))EB(XﬂM{) =
Mi®oMy®d(XNM]) THY,R>T M &M Ce M BRELNS.

RO [5] D Proposition 2.4 Z—f{L 9 5.

R 7. B M D (0-C)) ZHiTzT T L &, closed T o-dense %% M DER%
IEED M DERETTH2 T LIXAERRETHS.

SEBA. =): N & M D closed T o-dense ¥ Mt L §5. M/NeT, T
HEDPENCor_ees XCMTM=X0Y BEDILD. NIZX M T closed
THENE N=XMEoN3. E>TM=NaY Li%.
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«): NI& M ® o-dense B IIEEL 5. X I M KBTS N D com-
plement £§%. Y & M ICHFS X D complement T,Y & N ZELHD
£93B. FOLEY ldclosed THB. YIINEZELHSY IZ M D o-dense
TESIETHS. RCEBIKEDY I M OEMRFTHS. N Cooess Y
ZRLUIZW. NIZY T essential ThlFTHUL, Y D THRWVESDINEE H
MH-o>T NNH=0,%3. Nn(XoH)>n=z+hne N,z € X,
he Ht93. ZDOLEx=n-heXNY=0TH5h5z=0 K>
Tn=heNNH=0>TNN(X®H)=0"MEENE X DEHA
"o X=X0HTHW>TH=0MEFE5NE. LT NRY B
T essential THB.M/N D Y/N THBHNEY/N € T, BV IULD. £>T
M/NET, DEE M DEIMBEY BB >T Y Dy—ees N THD M Do ¥
&b,

R 8. Al M OEHMBEL TS, Ak M OERMRTFDOH T o-closed %
i S5 A & M OFT o-closed TH 5.

SEBR. M I M = MioMy ERfEENTWT Al M; To-closed THB L
T3, 7l My ® My —» My DREHEMIE projection £ 35, A Cy_ess BC M
£9%. TDLEA=mn(A) Comess M(B) € My EKVILD. AE M T
o-closed THEIDNS n(B)=ACBTH5. >T(1—7)(B)CBTH5.
(1=m)(B)YNA=0THY AC,.. BTHBMSE (1 —m)(B) = 0 BFIT
5. &2TACy_ess B=7(B) C M.AlZ M IZHBWT o-closed TH B H
5 A=B M,

iR 9. LM =A®B TMDK,; 2 ATHB%E5,K=ADHED
D,

BEBA. modular law iIC& D K = A® (KN B) AEIZL AN(KNB) = 0 B
T3 ACes K THANO KNB=0HKOIUBbK=A0(KNB)=A
ES.

DEDMMEL [5) D Theorem 2.8 Z—Mk{t3 5.

B 10. RDEM (1)(2)(3)(4) IcH L (3) © (4) = (1) = (2) BRILT 5.
&L kerf € T, MEED f € Endp(E,(M)) KX UKILT %% 5 (2) = (3)
AR ILD.

(1) M ZRME (0-Cy) & (0-Cs) ZHET2T

(2) X,Y i& M D o-dense ZERD BT, X XY D M DHTD complement
TYWE X DMDHFTD complement THBEEM=XY HDEHID.

(3) EEDEEIT f € Endp(E,(M) I LT f(M) C M B DILD.

(4) Eo(M) = ®c1E; DL E M = @ic;(M N E;) B DIID.

EEBR. (1) = (2): X,Y i& M @ o-dense HEBDMBEET,X XY O M OFT
® complement T,Y I& X ® M O TD complement THB LT 3. X &
Yid MIiZBNTclosed THED5,(0-C1) &0 X &Y I M DEFMEFT
BB, TOEEX DY Covs M THENE (0-C3) LD X DY IE M D

155



BNAFTHS. Ko TM=XOYDZ ey (XBY) THBENDZ =0
BRAM=XoY Lix3.

(2)—(3): TTTRAEBDESIT f € Endg(E,( M) ICH L Tkerf € T, T
BB LERETD. AL = MOf(E,(M)), Ap = MN(1—f)(E,(M)) &1k
B ZTOLEHSHIC ANA; =0 ThH3. TEDEET f € Endr(E,(M))
iU E,(M) = f(E,(M))®kerf TH5.

M/A; ~ (M + f(E;(M)))/ f(Eo(M)) C E;(M)/f(E;(M)) = kerf € T,
THEM5 M/A; € T, £7%%%. B A M DPTEIT A, Z28L A D
complement &9 %. By ¥ M DFRTEXT A2 ZEL B; O complement &
T35 FOLERELEOM =B ©®B £%%. 1B ®By, » B D
{E¥EM 7T projection £ 9%, RICMN(f— n)(M)=0%7Y. z,ye M
T(f-n)z)=y &5 ZDLE f(z)=y+ 1 () e M THBHH
f(z)e A 7%, EBIC (1-f)(z) e M THBME (1~ f)(z) € A2 k7%
5. -T a:=f(a:)€B(1—f)(:z:) €A A, C By @Bz:M—Z"‘EZ). b
1@ =n1{@)+1 Q- = (z)+0TH305y=01485n%.
XoTMA(f— n)(M)=02%%. M Ceps E,(M) THBDS (f — 1
)(M) =0HPEN f(M)=n (M)C M kixs.

(3) = (4): E;(M) = @i E; £ 9 5. FASGHIC M D @i (M N E;) &Y
MDD MEMCE,(M)=ie1E; £T%. DL E I OFRIHMTESE FH
H-oTme BierE; x5, EG(M) = (@ieFEi)GB(@iej_FEi) LEL #
DL EEREET f; € Endg(E,(M))(i € F) B%>TE; = fi(E,(M)) &
5. [RELD filM)C M THBA3HEm= Bicrfi(m) € Gier(M N E;)
TH3. XoTMCBier(MNE) %D M =®;c/(MNE;,) B35N 3.

(4) > (1): Al M D o-dense xBHIMBEL T 5. ROEFR2HEE X
5.0 M/A— E,(M)/JA - E;(M)/M — 0.7, I3 i extension TEHL
TW3hHS E,(M)/A € T, M350 %. E,(M)/A - E,(M)/E,(A) T
HBM5 E,(M)/E,(A) € T, £15%. £5T 0 - E,(A) —» E, (M) —
E;(M)/E,(A) Esplit 5. . o>THARTMBEENHH>T E,(M) =
E,(A)®E b5, ELXD M = (MNE,(A) ® (MnE). "35h3.
(MNE,(A)/ACE;(A)JA€ T, THAIND ACocss MNE,(A) Co M
MDD, &oT M X (0-C) DERBZWETZT.

RIT (0-C3) DRERTRT. My & My i3 M ODEFARFTMNM,; =0T
HBLDLTB. TDLEM/(MOM,) € T, \ZBHLNTHB. ROEZES
BEZB. 0— M/(My®M,) - E,(M)/(M; ® My) — E,(M)/M — 0.7,
& extension TEAUTWADS E,(M)/(My & M) € T, £75%. £oT
E5IC E,(M)/(Eo(My) ® E;(Ms)) € T, BKILT B. E, (M) @ E,(Ma)
& - ASNEP S ROEFRLINITET S. 0 - E, (M) © E,(M3) —
E,(M) — E,(M)/(Es(M:) ® E;(M)) — 0. &>T E,(M) OB INAEE
EB%>T E,(M) = E,(Mi)®E, (M) ®E ¥%55%. ZTOLERELD
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M= (MOE,(M))® (MNE,(M))®(MnE) £%5%. M &M OER
KT T M; Cess MNEL(M;) THRHSHEI KD M; = M N E,(M;) 'K
UTB EoTM=M®dMod(MNE)HBERILTS.

(4) = (3): Endgp(E,(M)) OFEhoBER f L5, ZOLEAIHD
NTWBESIC E,(M) = (Imf) @ (kerf) £7%25. EoTREXD M =
(MNImf) ® (Mnkerf) BKILT 5. o T M DEEDTTmEz € MNImf
EyeMnkerf BbHo>Tm=z+y s, TDEE f(m)=fz)+fly) =
z+0e M THBEMNH f(M)C M HBEDILD.
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