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Abstract

The purpose of this paper is systematically to survey several nonlinear mappings and
to classify the implications concerning to them. Also, we suggest several examples of
nonlinear mappings which are comparable each other and we finally raise some open
questions.
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1 Introduction

Let $X$ be a real Banach space with norm $\Vert\cdot\Vert$ and let $X^{*}$ be the dual of $X$ . Denote by $\rangle$

the duality product. Also, we denote by $\mathbb{N}$ and $\mathbb{R}$ the set of natural numbers and the set of
real numbers, respectively. Let $T:Carrow C$ be a mapping. We denote by $F(T)$ the set of all
fixed points of $T$ , namely,

$F(T)=\{x\in C:Tx=x\}.$

Recall that the mapping $T$ is said to be Lipschitzian if

$\Vert Tx-Ty\Vert\leq L\Vert x-y x, y\in C,$

where $L:=L_{T}$ denotes the Lipschitz constant of $T$ . Obviously, it is equivalent to the following
property: for each $n\in \mathbb{N}$ , there exists a constant $k_{n}>0$ such that

$\Vert T^{n}x-T^{n}y\Vert\leq k_{n}\Vert x-y x, y\in C$ . (1.1)

For a Lipschitzian mapping $T$ , we say:

$\bullet$ $T$ is uniformly $k$ -Lipschiztain if $k_{n}=k$ for all $n\in \mathbb{N}$ ;

$\bullet$ $T$ is nonexpansive if $k_{n}=1$ for all $n\in \mathbb{N}$ ;

$\bullet$ $T$ is asymptotically nonexpansive [3] if $\lim_{narrow\infty}k_{n}=1.$

The first non-Lipschitzian mapping was introduce by Kirk [10]; we say that $T$ is a mapping
of asymptotically nonexpansive type if

$\lim\sup_{ynarrow\infty}\sup_{\in C}(\Vert T^{n}x-T^{n}y\Vert-\Vert x-y \leq 0$
(1.2)
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for every $x\in C$ , and $T^{N}$ is continuous for some $N\geq 1$ . In 1993, Bruck et al [2] introduced
the stronger definition than (1.2), namely, $T$ is said to be asymptotically nonexpansive in the
intermediate sense [2] provided $T$ is uniformly continuous and

$\lim\sup_{xnarrow\infty}\sup_{y\in C}(\Vert T^{n}x-T^{n}y\Vert-\Vert x-y \leq 0$ . (1.3)

Note that if we define

$c_{n}:= \sup_{x,y\in C}(\Vert T^{n}x-T^{n}y\Vert-\Vert x-y \vee 0,$ (1.4)

where $a \vee b:=\max\{a, b\}$ , then (1.3) ensures that $c_{n}arrow 0$ and

$\Vert T^{n}x-T^{n}y\Vert\leq\Vert x-y\Vert+c_{n}$ (1.5)

for all $x,$ $y\in C$ and $n\geq 1$ . 0bviously, (1.5) implies (1.3) in case $c_{n}arrow 0$ . Therefore, we
summarize:

Proposition 1.1. (1.3) $holds\Leftrightarrow(l.5)$ holds for some sequence $\{c_{n}\}$ with $c_{n}arrow 0.$

Definition 1.2. We say that $T$ is gradually nonexpansive whenever (1.5) holds for some
sequence $\{c_{n}\}$ with $c_{n}arrow 0.$

For the purpose of unifying nonlinear mappings mentioned above, Alber et al [1] introduced
a new notion, namely, $T$ is said to be total asymptotically nonexpansive [1] if there exist two
nonnegative real sequences $\{\alpha_{n}\}$ and $\{\beta_{n}\}$ with $\alpha_{n},$ $\beta_{n}arrow 0,$ $\tau\in\Gamma[0, \infty$ ) such that

$\Vert T^{n}x-T^{n}y\Vert\leq\Vert x-y\Vert+\alpha_{n}\tau(\Vert x-y +\beta_{n},x, y\in C, n\geq 1,$ (1.6)

where $\tau\in\Gamma[0, \infty$ ) if and only if $\tau$ : $[0, \infty$ ) $arrow[0, \infty$ ) is strictly increasing, continuous on $[0, \infty$ )
and $\tau(0)=0.$

Remark 1.3. In view of Definition 3.1 of [12], we also say that $T$ is generalized asymptotically
nonexpansive in case that $\tau(t)=t$ for all $t\geq 0$ in (1.6).

Now it is natural to consider more stronger one than (1.6).

Definition 1.4. $T$ is said to be square total asymptotically nonexpansive if (1.6) can be
replaced by

$\Vert T^{n}x-T^{n}y\Vert^{2}\leq\Vert x-y\Vert^{2}+\tilde{\alpha}_{n}\tilde{\tau}(\Vert x-y\Vert^{2})+\tilde{\beta}_{n}$ , (1.7)

for all $x,$ $y\in C$ and $n\geq m_{0}$ , where $m_{0}\in \mathbb{N},$ $\tilde{\alpha}_{n},$
$\tilde{\beta}_{n}arrow 0$ and $\tilde{\tau}\in\Gamma[0, \infty$ ).

Remark 1.5. Note that the property (1.6) with $\alpha_{n}=0$ for all $n\geq 1$ reduces to (1.5) with
$\beta_{n}=c_{n}$ ; moreover, if we take $\tau(t)=t$ for all $t\geq 0$ and $\beta_{n}=0$ for all $n\geq 1$ in (1.6), it is
reduced to (1.1) with $k_{n}=1+\alpha_{n}.$

The purpose of this paper is systematically to survey several nonlinear mappings and to
classify the implications concerning to them. In section 2, we introduce classes of various non-
linear mappings and suggest their implications. In section 3, we give some counter examples
for their implications and some open questions are finally added.

2 Implications of classes

For summarizing the connections between the classes of nonlinear mappings considered above,
we use the following notations:
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(N) $=$ the class of nonexpansive mappings

(L) $=$ the class of Lipschiztian mappings

(UC) $=$ the class of uniformly continuous mappings

(UL) $=$ the class of uniformly Lipschiztian mappings

(AN) $=$ the class of asymptotically nonexpansive mappings

(GN) $=$ the class of gradually nonexpansive mappings

(GAN) $=$ the class of generalized asymptotically nonexpansive mappings

(TAN) $=$ the class of total asymptotically nonexpansive mappings

(STAN) $=$ the class of square total asymptotically nonexpansive mappings

(ANIS) $=$ the class of mappings which are asymptotically nonexpansive

in the intermediate sense

(ANT) $=$ the class of mappings of asymptotically nonexpansive type

We say that $T$ is AN, GN, GAN, TAN, STAN, ANIS and ANT, in abbreviated forms,

whenever $T$ belongs to its corresponding classes (AN), (GN), (GAN), (TAN), (ANIS) and
(ANT). Then, there hold the following implications:

Proposition 2.1. (i) $(N)\subset(AN)\subset(UL)\subset(L)\subset(UC)$ .

(ii) $(GN)\cap(UC)=($ANIS) $\subset$ (ANT).

(iii) (AN) $U$ (GN) $\subset$ (GAN) $\subset(TAN)$ .

Proposition 2.2. Let $C$ be bounded. Then:

(i) (GN) $=$ (GAN) $=(TAN)=($STAN) .

(ii) (AN) $\subset($ANIS) .

Proof. (i) Since (TAN) $=($STAN) is obvious, we claim: (TAN) $\subset$ (GN). Assume $\delta:=$

$diam(C)<\infty$ . If $T$ is TAN, then

$\Vert T^{n}x-T^{n}y\Vert \leq \Vert x-y\Vert+\alpha_{n}\tau(\Vert x-y +\beta_{n}$

$\leq \Vert x-y\Vert+\alpha_{n}\tau(\delta)+\beta_{n}$

$= \Vert x-y\Vert+c_{n}, x, y\in C, n\geq 1,$

where $c_{n}$ $:=\alpha_{n}\tau(\delta)+\beta_{n}\deltaarrow 0$ . Hence $T$ is GN. It follows from (iii) of Proposition 2.1 that
(GN) $=$ (GAN) $=(TAN)$ . Moreover, since (AN) $\cup$ (GN) $=$ (GN), we have (AN) $\subset$ (GN).
Then it follows from (i) and (ii) of Proposition 2.1 that (AN) $\subset$ (ANIS). Therefore (ii) is
obtained. $\square$

Definition 2.3. Let $f_{n},$ $f$ : $C(\subset X)arrow C$ be mappings. We say that $\{f_{n}\}$ converges
uniformly to $f$ on $C$ if

$\Vert f_{n}-f\Vert:=\sup_{x\in C}\Vert f_{n}(x)-f(x)\Vertarrow 0$

as $narrow\infty$ . Further, we say that $T^{n}x$ converges uniformly to a point $p\in C$ on $C$ whenever
$\{f_{n} :=T^{n}\}$ converges uniformly to the function $f$ on $C$ , where $f(x)=p$ for all $x\in C$ , that
is,

$\sup_{x\in C}\Vert T^{n}x-p\Vertarrow 0$ as $narrow\infty.$
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Lemma 2.4. If $T^{n}x$ converges uniformly to some point $p\in C$ on $C$ , then $T$ is $GN.$

Proof. Let $c_{n}:= \sup_{x,y\in C}\Vert T^{n}x-T^{n}y$ Then $c_{n}arrow 0$ since

$0 \leq c_{n}=\sup_{x,y\in C}\Vert T^{n}x-T^{n}y\Vert\leq\sup_{x\in C}\Vert T^{n}x-p\Vert+\sup_{y\in C}\Vert p-T^{n}y\Vertarrow 0$

as $narrow\infty$ . Rom the construction of $c_{n}$ it easily follows that

$\Vert T^{n}x-T^{n}y\Vert\leq c_{n\rangle} x, y\in C, n\geq 1,$

which immediately implies (1.5). Hence $T$ is GN. $\square$

Remark 2.5. However, the converse of Lemma 2.4 does not hold in general; see Example3.9.

3 Counter examples

As counter examples of (i) in Proposition 2.1, it is not hard to see that if $Tx=2x$ for
$x\in C=\mathbb{R}$ , then $T\in(L)\backslash (UL)$ . Furthermore, if $Tx=\sqrt{x}$ for $x\in C=[0, \infty$ ), then $T\in$

$(UC)\backslash (L)$ . For an example of $T\in(UL)\backslash (AN)$ , see Example 3.7. Also, the following example
of $T\in(AN)\backslash (N)$ is originally due to [3] in $\ell^{2}$ spaces.

Example 3.1. ([7]; see Example3.13). Let $B$ denote the unit ball in the space $X=l^{p}$ , where
$1<p<\infty$ . 0bviously, $X$ is uniformly convex and uniformly smooth. Let $T$ : $Barrow B$ be
defined by

$Tx=(0, x_{1}^{2}, \lambda_{1}x_{2}, \lambda_{2}x_{3}, \ldots)$

for all $x=(x_{1}, x_{2}, x_{3}, \ldots)\in B$ , where $0<\lambda_{n}<1$ for all $n\geq 1$ and $\prod_{n=1}^{\infty}\lambda_{n}=\frac{1}{2}$ . Then:

(i) $T$ is Lipschitzian, i. e., $\Vert Tx-Ty\Vert\leq 2\Vert x-y$ $x,$ $y\in C$ ;

(ii) $T$ is AN, i.e., $\Vert T^{n+1}x-T^{n+1}y\Vert\leq 2\prod_{i=1}^{n-1}\lambda_{i}\Vert x-y$
$x,$ $y\in C,$ $n\in \mathbb{N}$ ;

(iii) $T$ is not nonexpansive.

Proof. Noticing that, for $x=(x_{1}, x_{2}, \ldots)\in B,$

$T^{n}x=( \hat{0,..,0},\prod_{i=1}^{n-1}\lambda_{i}x_{1}^{2},\prod_{i=1}^{n}\lambda_{i}x_{2},\prod_{i=2}^{n+1}\lambda_{i}x_{3}, \ldots)n..$

Thus we have $\Vert T^{n}x-T^{n}y\Vert\leq 2\prod_{i=1}^{n-1}\lambda_{i}\Vert x-y\Vert$ for all $n\geq 2$ . 0bviously, since 2 $\prod_{i=1}^{n-1}\lambda_{i}\downarrow 1,$

$T$ is AN. On the other hand, since $\Vert Tx-Ty\Vert=\frac{3}{4}>\frac{1}{2}=\Vert x-y\Vert$ for $x=(1,0,0, \ldots)$ and
$y=(1/2,0,0,$ . . $T$ is not nonexpansive. $\square$

Remark 3.2. Consider either $\lambda_{n}:=1-\frac{1}{(n+1)^{2}}$ or $\lambda_{n}:=\exp(\frac{1}{2n}-\frac{1}{2n-1})$ to get a sequence

satisfying that $0<\lambda_{n}<1$ and $\prod_{n=1}^{\infty}\lambda_{n}=\frac{1}{2}$ . Indeed, for the second case, since $0<$

$\exp(-x)<1$ for all $x>0$ , we must find a sequence $\{\alpha_{n}\}$ such that

$\prod_{n=1}^{\infty}\lambda_{n}=\prod_{n=1}^{\infty}\exp(-\alpha_{n})=\exp(-\sum_{n=1}^{\infty}\alpha_{n})=\frac{1}{2}.$

This is equivalent to

$\sum_{n=1}^{\infty}\alpha_{n}=\ln 2=\sum_{n=1}^{\infty}(\frac{1}{2n-1}-\frac{1}{2n})$
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because

$s_{n} := \sum_{k=1}^{n}(\frac{1}{2k-1}-\frac{1}{2k})=\frac{1}{n+1}+\frac{1}{n+2}+\cdots+\frac{1}{n+n}$

$= \frac{1}{n}\sum_{k=1}^{n}\frac{1}{1+k/n}arrow\int_{0}^{1}\frac{1}{1+x}dx=\ln2.$

Furthermore, since $1-x\leq\exp(-x)$ for all $x\in(O, 1)$ , we observe

$\sum_{n=1}^{\infty}\alpha_{n}=\infty \Rightarrow \prod_{n=1}^{\infty}(1-\alpha_{n})=0$

for all $\alpha_{n}\in(0,1)$ since

$0 \leq\prod_{n=1}^{\infty}(1-\alpha_{n})\leq\prod_{n=1}^{\infty}\exp(-\alpha_{n})=\exp(-\sum_{n=1}^{\infty}\alpha_{n})=0.$

As a direct consequence of Lemma 2.4, we introduce three non-Lipschitzian mappings $T\in$

$($ANIS) $\backslash (AN)$ .

Example 3.3. ([5]). Let $C:=$ $[- \frac{1}{\pi}, \frac{1}{\pi}]$ and $0<|k|<1$ . For each $x\in C$ , let $T:Carrow C$ be

defined by

$Tx:=\{\begin{array}{ll}kx sin \frac{1}{x}, if x\neq 0;0, if x=0.\end{array}$

Then $F(T)=\{O\}$ and $T^{n}x$ converges uniformly to $0$ on $C$ (hence $T$ is $GN$ by Lemma 2.4).

Since $T$ is clearly uniformly continuous, it follows from (ii) of Proposition 2.1 that $T$ is
ANIS. However, $T$ is not Lipschitzian; see Example4.3 of [5] for the proof. Therefore $T\in$

$($ANIS) $\backslash (AN)$ .

Example 3.4. ([9]). Let $X=\mathbb{R}$ and $C=[0$ , 1$]$ . For each $x\in C$ , let $T:Carrow C$ be defined
$by$

$Tx=\{$ $\frac{\alpha_{\alpha}}{\sqrt{1-\alpha}}\sqrt{1-x},$

$x\in[\alpha$ , 1 $],$

$x\in[0, \alpha]$ ;

where $\alpha\in(0,1)$ . Then $F(T)=\{a\}$ and $T^{n}x=\alpha$ for all $x\in C,$ $n\geq 2$ ; hence $T$ is ANIS as in
Example 3.3. However, $T$ is not Lipschitzian; see Example 3.9 of [9] for the proof. Therefore
$T\in($ANIS) $\backslash (AN)$ .

Example 3.5. ([4]). Let $X=\mathbb{R}$ and $C=[0$ , 1$]$ . For each $x\in C$ , let $T:Carrow C$ be defined
$by$

$Tx=\{\begin{array}{ll}(\sqrt{2}-1)\sqrt{\frac{1}{2}-x}+\frac{1}{\sqrt{2}}, if 0\leq x\leq 1/2;\sqrt{x}, if 1/2\leq x\leq 1.\end{array}$

Then $F(T)=\{1\}$ and $T^{n}x$ converges uniformly to 1 on $C$ ; hence $T$ is ANIS as in Example 3.3.
However, $T$ is not Lipschitzian; see Example 1.2 of [4] for more details. Therefore $T\in$

$($ANIS) $\backslash (AN)$ .

A mapping satisfying the property (1.3) do not always guarantee its non-Lipschitz. The
following two examples are uniformly Lipschitzian ANIS mappings.
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Example 3.6. ([8]). Let $X=\mathbb{R}$ and $C=[O$ , 1$]$ . For each $x\in C$ , let $T:Carrow C$ be defined
$by$

$Tx=\{$ $\frac{k_{Xk}}{o^{2k-1}}(k-x)$ , if $1/2\leq x\leq k$ ;
if $0\leq x\leq 1/2$ ;

if $k\leq x\leq 1,$

where $1/2<k<1$ . Then $F(T)=\{O\}$ and $T^{n}x$ converges uniformly to $0$ on C. 0bviously,
$T$ is uniformly continuous. It follows from Lemma 2.4 and (ii) of Proposition 2.1 that $T$ is
ANIS. Furthermore, $T$ is uniformly Lipschitzian. Indeed, if $0\leq x\leq 1/2$ and $1/2\leq y\leq k,$

then $T^{n}x=k^{n}x$ and $T^{n}y= \frac{k^{\mathfrak{n}}}{2k-1}(k-y)$ . Therefore, we see that

$|T^{n}x-T^{n}y| = |k^{n}x- \frac{k^{n}}{2}+\frac{k^{n}}{2}-\frac{k^{n}}{2k-1}(k-y)|$

$= |k^{n}(x- \frac{1}{2})+\frac{k^{n}}{2k-1}[(k-\frac{1}{2})-(k-y)]|$

$\leq k^{n}|x-\frac{1}{2}|+\frac{k^{n}}{2k-1}|y-\frac{1}{2}|$

$\leq \frac{k^{n}}{2k-1}|x-y|\leq\frac{k}{2k-1}|x-y|.$

The remaining cases are obvious. Hence $T$ is uniformly $\frac{k}{2k-1}$ -Lipschitzian.

The following example of $T\in(UL)\cap($ANIS) $\backslash (AN)$ is originally due to Example 1.3 (with
$k=4)$ of [4].

Example 3.7. ([4]). For any $k>0$ , let $\{a_{n}\}$ be a sequence of positive numbers such that
$a_{n}\downarrow 0$ and $\prod_{n=1}^{\infty}(1+a_{n})=k$ . Set

$b_{n}:= \frac{1}{2^{n+1}(1+a_{n})}, n\geq 1.$

Let $T:Carrow C$ be defined by

$Tx=\{\begin{array}{ll}(1+a_{1})x+1/2, if x\in[0, b_{1}];1/2+1/4, if x\in[b_{1}, 1/2 ]\end{array}$

and

$Tx=\{\begin{array}{ll}(1+a_{n})(x-\sum_{i=1}^{n-1}\frac{1}{2})+\sum_{i=1}^{n}\frac{1}{2}, if x\in[\sum_{i=1}^{n-1}\frac{1}{2}, \sum_{i=1}^{n-1}\frac{1}{2}+b_{n}];\sum_{i=1}^{n+1}\frac{1}{2^{*}}, if x\in[\sum_{i=1}^{n-1}\frac{1}{2^{l}}+b_{n}, \sum_{i=1}^{n}\frac{1}{2}], n\geq 2\end{array}$

and $T1=1$ . Then $F(T)=\{1\}$ and $T^{n}x$ converges uniformly to 1 on C. Since $T$ is continuous
on $C,$ $T$ is also uniformly continuous on C. It follows from Lemma 2.4 and (ii) of Proposition
2.1 that $T$ is ANIS. Furthermore, $T$ is uniformly $k$ -Lipschitzian. Note that if $k>1$ , we
conclude: $T\in(UL)\cap($ANIS) $\backslash (AN)$ .

Proof. It suffices to show that $T$ is uniformly $k$-Lipschitzian. Indeed, (i) if we take

$x:= \prod_{i=1}^{n}b_{i}=\frac{1}{\prod_{i=1}^{n}2^{i+1}\cdot\prod_{i=1}^{n}(1+a_{i})}, y:=\frac{b_{n}}{\prod_{i=1}^{n-1}(1+a_{i})}$

for each $n\geq 1$ , then, since

$T^{n}x= \prod_{i=1}^{n}(1+a_{i})x+\sum_{i=1}^{n}\frac{1}{2^{i}}, T^{n}y=\sum_{i=1}^{n+1}\frac{1}{2^{i}}$
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and $\prod_{k=1}^{n}(1+a_{k})y=b_{n}(1+a_{n})=\frac{1}{2^{n+1}}$ , we obtain that

$|T^{n}x-T^{n}y| = | \prod_{i=1}^{n}(1+a_{i})x+\sum_{i=1}^{n}\frac{1}{2^{i}}-\sum_{i=1}^{n+1}\frac{1}{2^{i}}|$

$= | \prod_{i=1}^{n}(1+a_{i})x-\frac{1}{2^{n+1}}|$

$= | \prod_{i=1}^{n}(1+a_{i})x-b_{n}(1+a_{n})|=\prod_{i=1}^{n}(1+a_{i})|x-y|.$

(ii) if we replace $y$ with a point $p\in[b_{1}$ , 1/2$]$ in the case (i), then $T^{n}p= \sum_{i=1}^{n+1}\frac{1}{2^{t}}$ . Now use
$1/2^{2}=(1+a_{1})b_{1}$ and $\prod_{i=1}^{n}(1+a_{i})x=1/(\prod_{i=1}^{n}2^{i+1})$ to derive

$|T^{n}x-T^{n}p| = |T^{n}x-T^{n}b_{1}|$

$= | \prod_{i=1}^{n}(1+a_{i})x+\sum_{i=1}^{n}\frac{1}{2^{i}}-\sum_{i=1}^{n+1}\frac{1}{2^{i}}|$

$= | \prod_{i=1}^{n}(1+a_{i})x-\frac{1}{2^{n+1}}|=\frac{1}{2^{n+1}}-\frac{1}{\prod_{i=1}^{n}2^{i+1}}$

$\leq \frac{\prod_{i=2}^{n}(1+a_{i})}{2^{2}}-\frac{1}{\prod_{i=1}^{n}2^{i+1}}$

$= \prod_{i=1}^{n}(1+a_{i})b_{1}-\prod_{i=1}^{n}(1+a_{i})x=\prod_{i=1}^{n}(1+a_{i})|x-b_{1}|$

$\leq \prod_{i=1}^{n}(1+a_{i})|x-p|.$

The remaining cases are obvious. We conclude that

$|T^{n}x-T^{n}y| \leq\prod_{i=1}^{n}(1+a_{i})|x-y|, x, y\in C, n\geq 1,$

which ensures that $T$ is uniformly $k$-Lipschiztian since $\prod_{n=1}^{\infty}(1+a_{n})=k.$ $\square$

Remark 3.8. (i) Since $1+x\leq e^{x}$ for all $x\in \mathbb{R}$ , we easily find a sequence $\{a_{n}\}$ of positive
numbers such that $a_{n}\downarrow 0$ and $\prod_{n=1}^{\infty}(1+a_{n})=k(>1)$ . Indeed, since the sequence $\{\mathcal{S}_{n}\},$

$\mathcal{S}_{n}$ $:= \prod_{k=1}^{n}(1+a_{k})$ , of its nth partial sums is strictly increasing and

$\prod_{n=1}^{\infty}(1+a_{n})\leq\prod_{n=1}^{\infty}e^{a_{n}}=e^{\Sigma_{n=1}^{\infty}a_{n}}=e^{\ln k}=k,$

it suffices to find $a$ (convergent) geometric series replaced with $a_{n}$ $:=r^{n},$ $0\leq r<1$ such that

$\sum_{n=1}^{\infty}a_{n}=\sum_{n=1}^{\infty}r^{n}=\frac{r}{1-r}=\ln k$

$\Leftrightarrow r=\underline{\ln k}$

$1+\ln k.$

(ii) Note that if we take $a_{n}\equiv 0$ in Example3.7, then $T$ is clearly nonexpansive.
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As a slight modification of Example3.7, we shall give an example of a uniformly Lip-
schitzian ANIS mapping defined $a$ (unbounded) closed convex subset $C$ on which is not
converges uniformly.

Example 3.9. Consider $C:=[0, \infty$ ) $\subset \mathbb{R}$ . Let $T$ be defined on $[0$ , 1$]$ as in Example 3.7
and define $Tx=x$ on [1, $\infty$). Since $T^{n}x$ converges uniformly to 1 on $[0$ , 1 $]$ , setting $c_{n}$ $:=$

$\sup\{|T^{n}x-T^{n}y| : x, y\in[O, 1]\}arrow 0$ , then it is not hard to see that

$|T^{n}x-T^{n}y|\leq|x-y|+c_{n}, x, y\in C, n\geq 1.$

Therefore $T$ is $GN$. In view of Example 3.7, $T$ is uniformly $k$ -Lipschitzian. Therefore, $T$ :
$Carrow C$ is ANIS. However, note that $T^{n}x$ does not converge uniformly to a point $p\in C$ on
$C.$

Proof. We claim : $|T^{n}x-T^{n}y|\leq|x-y|+c_{n}$ for all $x,$ $y\in C$ and $n\geq 1$ . Consider the case
of $x\in[0$ , 1$]$ and $y\in[1, \infty$ ). Then

$|T^{n}x-T^{n}y| \leq |T^{n}x-T^{n}1|+|T^{n}1-T^{n}y|$

$\leq c_{n}+|1-y|\leq|x-y|+c_{n}$

for all $n\geq 1$ . The remaining cases are obvious. $\square$

The following example of $T\in$ (UL) $\backslash (ANT)$ is also interesting.

Example 3.10. ([6]). Let $X$ $:=\mathbb{R},$ $C$ $:=$ $[- \frac{1}{k}, 1]$ , where $1<k<2$ . Define a mapping
$T:Carrow C$ by

$Tx:=\{\begin{array}{l}-kx, if-\frac{1}{k}\leq x\leq 0;-\frac{1}{k}x, if 0\leq x\leq 1.\end{array}$

Then:

(i) $T^{2}x=x$ for all $x\in C$ $(hence, T^{2n-1}=T for all n\geq 1)$ ;

(ii) $T$ is uniformly $k$ -lipschitzian;

(iii) $T$ does not satisfy (1.2); hence it is not ANT.

Indeed, it suffice to show: $T$ is not ANT. To this end, for each $x\in C,$

$\lim\sup_{ynarrow\infty}\sup_{\in C}\{|T^{n}x-T^{n}y|-|x-y|\}$

$\geq \sup\{|Ty|-|y|:y\in[-1/k, 1]\}$

$= \sup\{(k-1)|y|:-1/k\leq y\leq 0\}$

$= (k-1) \frac{1}{k}=1-\frac{1}{k}>0.$

Now we introduce a discontinuous mapping $T\in$ (GN); see Example 1.6 of [11].

Example 3.11. ([11]). Let $X:=\mathbb{R},$ $C:=[0$ , 1$]$ and $0<k<1$ . Define a mapping $T:Carrow C$
$by$

$Tx:=\{$ $0kx,$ $if \frac{1}{2}<x\leq if0\leq x\leq\frac{1}{z,1’}.\cdot$

Then $T$ is not continuous at $\frac{1}{2}$ but $T^{n}x$ converges uniformly to $0$ on C. By Lemma 2.4 we
readily see that $T$ is $GN.$

Finally we raise the following questions.
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Question 3.12. Find examples of the following mapping $T$ :

(i) $T\in$ (ANT) $\backslash ($ANIS) .

(ii) $T\in$ (ANT) $\backslash ($ANIS) .

(iii) $T\in$ (GAN) $\backslash (GN)$ .

Question 3.13. Find the corresponding analogue examples in infinite dimensional spaces.

References

[1] Ya.I. Alber, C.E. Chidume and H. Zegeye, Approximating fixed points of total asymp-
totically nonexpansive mappings, Fixed Point Theory and Appl. 2006 (2006) article ID
10673, 20 pages.

[2] R.E. Bruck, T. Kuczumow and S. Reich, Convergence of iterates of asymptotically non-
expansive mappings in Banach spaces with the uniform Opial property, Colloq. Math. 65
(1993) 169-179.

[3] K. Goebel and W.A. Kirk, A fixed point theorem for asymptotically nonexpansive map-
pings, Proc. Amer. Math. Soc. 35 (1972), 171-174.

[4] C.S. Hu and G. Gai, Convergence theorems for equilibrium problems and fixed point
problems of a finite family of asymptotically $k$-strictly pseudocontractive mappings in
the intermediate sense, Comput. Math. Appl. 61 (2011), 79-93.

[5] T.H. Kim and J.W. Choi, Asymptotic behavior for almost-orbits of non-Lipschitzian

mappings in Banach spaces, Mathematica Japonica 38 (1993), 191-197.

[6] T.H. Kim and K.M. Park, Some results on metric fixed point theory and open problems,

Comm. Korean Math. Soc. 11 (1996), 725-742.

[7] T.H. Kim and H.J. Lee, Strong convergence of modified iteration processes for relatively
nonexpansive mappings, Kyungpook Math. J. 48 (2008), 685-703.

[8] T.H. Kim and D.H. Kim, Demiclosedness principle for continuous TAN mappings,

“Nonlinear Analysis and Convex Analysis” W. Takahashi and T. Tanaka, eds., RIMS
K\^oyk\^uroku 1821, 2013, p. 90-106.

[9] G.E. Kim and T.H. Kim, Strong convergence theorems of total asymptotically nonexpan-
sive mappings, Proceedings of the $7^{th}$ International Conference on Nonlinear Analysis

and Convexx Analysis (Busan, Korea, 2011), 1-12.

[10] W.A. Kirk, Fixed point theorems for non-Lipschiztain mappings of asymptotically non-
expansive type, Israel J. Math. 17 (1974), 339-346.

[11] D.R. Sahu, H.K. Xu and J.C. Yao, Asymptotically strict pseudocontractive mappings in

the intermediate sense, Nonlinear Anal. 70 (2009), 3502-3511.

[12] N. Shahzad and H. Zegeye, Strong convergence of an implicit iteration process for a finite

family of generalized asymptotically quasi-nonexpansive maps, Appl. Math. Comput. 189
(2007), 1058-1065.

27


