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An (N — 2)-dimensional surface with positive principal
curvatures gives an /N-dimensional traveling front in
bistable reaction-diffusion equations
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Abstract

This paper is a preliminary report of the forthcoming paper [21]. This paper
studies traveling fronts to the Allen-Cahn equation in RY for N > 3. We consider
(N — 2)-dimensional smooth surfaces as boundaries of strictly convex compact sets in
RY-1 and define an equivalence relation between them. We prove that there exists
a traveling front associated with a given surface and that it is asymptotically stable
for given initial perturbation. The associated traveling fronts coincide up to phase
transition if and only if the given surfaces satisfy the equivalence relation.
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As a preliminary report of the forthcoming paper [21] we briefly state the results. We
study the following reaction-diffusion equation
0
u(z,0) = uo xz € RV,
Here A = Z;V:I Dj; with D; = 8/0z; and Dj; = (0/8z;)> for 1 < j < N. Now N > 3isa
given integer, and ug is a given bounded and uniformly continuous function from RY to R.
The assumption on f is as follows.

(A1) f e C'~1,1] satisfies (1) =0, f(—1) =0, /(1) <0 , f/(~1) < 0 and
/1 f(s)ds > 0.
-1

(A2) There exists a, € (—1,1) such that

f(s) <0 for all s € (-1, —a.),
f(s)>0 for all s € (—a,,1).



f(s)

Figure 1: The graph of f.

See Figure 1. Equation (1) is called the Nagumo equation [15] or the unbalanced Allen-
Cahn equation [1]. For this equation, multi-dimensional traveling fronts have been studied
by many mathematicians. Two-dimensional V-form fronts are studied by Ninomiya and
myself [16, 17], Hamel, Monneau and Roquejoffre [8, 9] and Haragus and Scheel [10] and so
on. Cylindrically symmetric traveling fronts in RY are studied by [8, 9]. Traveling fronts
of pyramidal shapes and convex polyhedral shapes are studied by [18, 19, 13, 20]. See [14]
for a related work. Traveling fronts associated with strictly convex compact domain in
R? with a smooth boundary are studied for the Allen-Cahn equation in R?® in [20]. The
purpose of this paper is to show that a strictly convex compact set in RM-1 with a smooth
boundary gives a traveling front in the Allen-Cahn equation in RY by using a clear and
concise argument. Since the Allen-Cahn equation is one of the simplest reaction-diffusion
equations, the argument in this paper might be useful for studies on other reaction-diffusion
equations or reaction-diffusion systems that admit comparison principles.

The profile equation of a one-dimensional traveling front with speed k is given by

—®"(y) —k®'(y) - f(®(y)) =0  —o0<y< o0, @)
®(—o00) =1, ®(00) = —1.
It is known that (2) has a solution ® under (Al) and (A2), and it is unique up to translation.
One can refer to [2, 3, 11, 12, 6, 4] for instance. See Figure 2. Now (Al) gives k£ > 0.
Especially one has k = v/2a, and ®(z) = —tanh(x/v/2) when 0 < a. < 1 and f(u) =
—(u+1)(u+a)(u—1).
The Allen-Cahn equation by a moving coordinate system with speed c toward the zy-
direction is given by
(Dy— A —cDy)w— f(w) =0 z RV t>0, (3)
w(z, 0) = ug(x) x € RV,
Here we assume ¢ > k. We denote the solution of (3) by w(z,t;ue). The profile equation
of a traveling front in RY is given by

(A —cDy)v— f(v)=0 x € RN, (4)
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Figure 2: A one-dimensional traveling front .

Here we put ' = (z1,...,zy-1) € RV and & = (', zy).

We extend f as a function of class C*(R) with f(s) < 0 for |s| > 1. Setting
1, ,
§ = Lmin {~f'(-1), (1)} >0,
we choose d, € (0,1/4) with

—fi(s)>p if|s+1| <20, 0r|s—1| < 20..

In this paper we assume ¢ > k. Let

M = /
Jax |f'(s)l >0,
m, = B

and define 0, € (0,7/2) by

tan 6, = m,.

Let n > 2 be a given integer and let{a;}7_, be a set of unit vectors in R¥~! with a; # a;

for i # j. Then a; = (aj,... ,aj.v_l) satisfies

N-1
la;|* = 2(02)2 =1 forall1 <j<n.
i=1

Here we put @' = (z1,...,zy-1) € RVl and z =

= (2',zy) = (z1,...,2n) € RN with
/| = /iy 2? and |ee| = /3L, 2

i1 T2, respectively. For ' € RV~! we set

hj (.’DI) = My (a’j7 :L'/), (5)
h(z') = max hj(z') = m. lléljas.)%(aj,:c’). (6)
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Here (a;, ') denotes the inner product of vectors a; and &’. In this paper we call {(z',zn) €
RV | zy > h(x')} a pyramid. Setting

Q; = {z' e R !|h(z') = hy(z')}

for j =1,...,n, we have
N-1 _
R = U719

We denote the boundary of ©; by 0€2;. Now we put
S;={x eRY |zy = hj(z') for z' € Qy}
for each 7, and call U}S; C RY the lateral faces of a pyramid. We put
Iy ={x eR" |zy = hj(x) for «' € 8y}
for j =1,...,n. Then U}_,I; represents the set of all edges of a pyramid. For y >0 let
D(y) = {=| dist (&, U}, [;) >~}

Now we define v(x) by

u(z) = d (ém - h(m'))) — max @ (%(mN _ hj(m'))) .

1<j<n

Speed C

Figure 3: The graph of a level set of a pyramidal traveling front ([18, 19])

Pyramidal traveling fronts are stated as follows. See Figure 3. For the proof see [16] for
n =2 and see [13] for n > 3.



Theorem 1 ([16], [13]) Let h be given in (6). Let V be defined by
Viz) = tlim w(x,t;v)  for allx € RY.

Then V satisfies
(~A—cDy)V—f(V)=0 xeR" (7)
with

lim sup [V(z) - ()| =0,
77 2eD(y)

—-l<ylz)<V(®)<1l  forallzeRYN.

Speed C

Xy

Figure 4: The graph of a level set of U.

Cylindrically symmetric traveling front U(r, z) satisfies

N —
(_D"'T' - _T%DT - Dzz - ch) U- f(U(T, Z)) = 07 for r > 0’ z € R’ (8)

U.(0,2) =0 for z € R,
U(0,0) = 0.

Here D,U = 8U/d¥, D,,U = 8*U/dr?, D,U = 8U/dz and D,,U = 8°U/d2*. See Figure 4.

The following is the main assertion in this paper.

Theorem 2 ([21]) Let g € C?(SV=2) satisfy g(€) > 0 for all € € SN2, Assume that
Dy = {r€|0<r < g(€),& € SV} is a convex compact set in RN~! and all principal



Figure 5: The graph of a level set of U.

curvatures of D, = {g(€)€|€& € SN2} are positive at every point of dD,. Then there

~

exists a unique solution U to

(—Zaa—;-ca%>z7—f(ﬁ):o in RV, (9)
i=1 N
U(z)— min U(lz' - g(£)&l,zn)| = 0. (10)

Hm sup (in,

970 | 25

Let g; satisfy the assumption stated above and let ﬁj be the associated solution for j = 1,2,
respectively. One has

~

(72(331, o @n-1,2n) = Ui(2y, . ZN-1, 28 — () (11)

for some ¢ € R if and only if g1 ~ g2.

Let G be the set of all g that satisfies the assumption of Theorem 2. Let Dy be as in
Theorem 2 for g € G. We define an equivalence relation in G. Roughly speaking, we define
g1 ~ g7 if and only if one can expand D,, with a constant width and the expanded one
equals Dy, or one can expand Dy, with a constant width and the expanded one equals Dy, .

See Figure 6.
Let g € C?(SN—2?) satisfy g(€) > 0 for all £ € SV~2. We set

C, = {9(&)€|ge s Y,
D, = {r€|0<r<g(),€e SV,



and have C; = 8D, C RV~1. For some neighborhood of g(£)€ € C, with £ € S¥~2 we
write Cy as (y,%(y)) with ¢(y°) = 0 and V¢ (y°) = 0, where y = (v1,...,yn—2). Here we

put g(§)€ = (y°, ¥ (y°)) with y° € RV~2.
Let v(y) be the unit normal vector of C, at (y,%(y)) pointing from D, to RYN~1\D,.

We have
l/( ) — 1 (——szz(y))
VI wemPE. 1)

where

Vi(y) = (D1¥(y), .. ., Dn-2¥(y)).

The eigenvalues x1(y°), ..., kn-2(y°) of the Hessian matrix
_Dzw(yo) == (Dijw(yo))gi,jSNﬂ

are the principal curvatures of C, at (y°,1(y°)). We take the basis of RV~ as the eigen-
vectors of the Hessian matrix. Using this principal coordinate system, we have

~D*p(y°) = diag (k1(y°), - - -, iv—-2(¥°))

and
Djl/i(yo) = Hi(yo)dij 1 S Z,_] < N —2.

We define G by
{g € C*(SN~2)| g > 0,all principal curvature of C, are positive at every point of C,} .
For any g € G and a > 0 we define g; = 7,9 by
Cy = {2’ € C,U (RV"1\D,) | dist(z,Cy) = a}.

See Figure 6.
Then we have the following lemma.

Lemma 1 For any a > 0, 7, is a mapping in G. Moreover one has

7o (Tag) = Torag (12)
foranya>0,b>0andge€q.

Now we define an equivalence relation g; ~ g5 for g1,92 € G. We define g; ~ g» if and
only if one has either g, = 7,95 or go = 7,9; for some a > 0. We will show that G/ ~ gives
a traveling front of (1).

Theorem 2 says that each element of a quotient set G/ ~ gives an N-dimensional
traveling front U in the Allen-Cahn equation. Figure 5 shows the graph of a level set
{z eRY|U(x) = —a.}.

We choose n > 0 large enough such that we have

1
> max max
17 <N gesn2 ki (&)



. ¢

Figure 6: The graphs of Cy and Cy,.

and Dy is included in the closure of a circumscribed ball of C, at g(€)€ with radius 7 for
every £ € SV=2. Let v(€) be the unit normal vector of C, at g(£)¢€ pointing from D, to
RY-N\D, for £ € SN2,

Now we define a weak subsolution v(x) as

v(@' zy) = (ax, U(lz' — g(€) € +nv(€)|,zy + msn)  forall (z',zy) € RN,  (13)

The stability of U is as follows.

Corollary 3 (Stability [21]) Let v and U be as in (13) and Theorem 2, respectively. Let
a bounded and uniformly continuous function ug satisfy

lim sup |uo(x) — U(z)| =0,
R=jal>R

v(e) <up(x) <1 for all x € RN,
Then one has _
lim sup |w(,t;up) — U(x)| =0.

t—00 peRN
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