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The Dynkin index and parabolic subalgebra of Heisenberg type
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B e

g B HFEHH Lie R L U, o =1 @ ZINEHE n” A Heisenberg (T H % BRI
8L F 5. AFTlE Dynkin index DN 5 FAR 1 AETTIC, Levi HBUY OFHHA 77V
M XORCEENEH B 2 DOER (1], p(1j") ZURIIICRT.

1 F

g = (H @ nfl ZHEMRE n¥ H Heisenberg (KB TH 2 EEAILE I RBE T 5. AROHMNIE Levi
A RE . DBEMA T TV SRS 555 2 DOER (1), p(If) TH LT, —#HER25Z5C
LTHB. b 2D0EM (1), (1) ZHIREIC T BN, FTEAREICONTHENS LT 5.

DRI EDEZRN DR S, g ZHEFEEM Lie X8 & 5. Cartan #8072 1 DEEL, A = A(g, b)
ZgDhlcHTBIL—FRET S, RIC Borel B b & 1 DY, MIET B EL— FRZ AT LEL.
a € AITHL, go 2 a DIL— FZERIE B KT = h B Dyens o T2pi=(1/2) X penr a L L,
N— by TEITEETS. B, % g DKilling BXREEEHE LD L L, WIET S h* LOWKE () &
<. By % EORICERILT 2MIE T ORICET. o € AITHL, llaf? = (a,a), ZLT o :=2a/||a|]?
LELTEETS.

HIS)— b A MU EDEFRILIC OV TIERS . ARETIES o € AT ITHL, TORM (C1)~(C5) Z
12Tk, Xo € ga, BEU H,eh B LS. '

(C1) & o€ ATH L, {Xo, Ha, X_o} i& sI(2)-triple. R, [Xo, X_o] = Ha.

(C2) B a,B€ ATHUT, [Ha, Xp] = B(Ha) Xp.

(C3) (-,-) I3 R-span{H, | o € A} ET positive-definite.

(C4) a € ATHL, By(Xa, X_0o) = 2/||a[*

(C5) o, B € AICHL, (Ha) = (B,a) = 2(8,a)/[|al]*.

7z By BERFEIL—F y D= bART MV X, ICHL, By(X), X)) = 1 &35 XS ERETZ. Thid
(C4) &0, (VWP =2LF5K3ERET BT L LFAETHS.

i BAHRELAS Heisenberg REL & 75 2 AR REL g = (T @nf IZDWTHBICERTS. &9
ad(X,) 13 g L TEEE -2, —1,0, 1, 2 5D, ZT T (k) ZIEHME k OEGFZER & U, Z OWEAZER 2 #
g = @j:_Qg(j) rELTLICTBE, qF = g(0) @ g(1) @ g(2) (& Levi #B B H M 1H =g(0), ZLT
EAREE nf AV nf = g(1) @ g(2) &R ZERMWELEARENCES . FIZ nfl = g(1) © g(2) & Heisenberg
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REOWEEFED. DED [nf 0] £ {0} THY, dime[n?, [0, nf]] = 1. FHLE, AB TR OMIE
BRI q" = g(0) © g(1) @ g(2) % Heisenberg MBI AMRB LS L LT 5. Fiz 9(0) = 14,
9(2) =g, THBHT M5,
H _ (H
" =1"ag(l) @9y
EEL T EL g ABTHNL, qff =b &40, 17 1H] = {0}, ¥ IH,1H] = {0} %2501
COBEICBBDOT, LA >T, ThEME, gid A, BITIRAVWEREL, 17, 1H] £ {0} £T 5.

INTRINDSAROERTHZEH (1), p(1FF) OHMICHES. Th51d Barchini-Kable-Zierau
& % —M Verma HBERIDME R Z BARRNC KT BRICRER LI DTHB. B8 (), p(1F) &—R
Verma ANBEHIOMERBIDBARIC DV T, [1] D Introduction, 7zid [6] DEFNEBBI Niz!

IND 2 DDBEMNT BREDERE LTUTOELBZERL THL. W ZEEMY Lie REOAR
RIEEBHTHZ L LI E, AW)EZDOV A bDOEEGLTE. £l AW)N\{0} cADEE, AH(W) =
AW)NAT, ZLTIW) = AW)NnTT &B<.

E#& 1.1. [1, Proposition 2.1] H ORBMATT7 IV [f LT, 3 c([JH) € CAMHEL, 2TD a €
A(g(1)), 6 € A(U) IcH LT,
Z <a76><6a > = C( )(a 5) (1)

BeA(s(1))

Zis7d
& 1.2. [1, Proposition 2.2 [1¥,17] DA 77 )VIc KB ERZ 1, 7] = @] 17 L5, ZOLE,

BEMAT 7V EICHUT, 5 p(1) e CHFEL, BTD X €g(1), Y € g(-1) IKH LT,

> IBIPIX, X_g), (X5, Y Zp )pr; ([X,Y]) (2)

BEA(g(1))
ZE1cg. TTTpry & [ H) S T AOHEEMETH 5.

ETERTHZ2ER (W), p(Iff) ZHA LT, RIZNEZ EDK S ICEEMITRI AN, SH
Dynkin index & FEHENZEBRD NN SEZRBEEZ. TN TR T TERERERD 3 T TORMTRHN
X FEiEEDLEZ L ETE. AR COFEZEIDE AW THRINS. 95 _HTW Dynkin
index IZDWTEET 5. T OHITI Dynkin index DEZRDAMIC Kumar-Narasimhan-Ramanathan 12 &>
THZ 6N (ARXLRBD) Dynkin index DLRICHND (M8 2.3). £l ONNICFEMZ, FL
DEMICIES K5I L DEEN - BEHET LONE=MOENTHS. W & OFRITERRL Lizk
&, B IHITHL, 20 TINT &N/ Dynkin index] % K (I, W) £ £ T L &% (EH3.1). HUFTIE
COK) ZRV, FRHRELT, (), p(d) EENEN () = K(17;9(1)), p(1FF) = K 17) L&
ENB T EZRY (EH 4.1, 4.4).

BBEARIBEORL [6) DERZEZLDINTHS. RIGEHDZL BENTHEDT, iAEZFL
SHIDT2WAR [6) ZBRE N 202

2 The Dynkin index

C O TIIEEICZA Dynkin index IZDWTHEET 5. ISR WIRD AT TED-iLE, FHRIL%E
FOEEMANBETE LT B, £9 Dynkin index DEBENSHENT 3.

11}, (6] $hic, HIEAEM /ifEXFK (conformally invariant systems) £FHEN 2 HBMAMEHZEORIC DOV TEM TV B 1
&, PRIy b IS ERINEY. AL TR E KR Verma MBEHC DV T 2] ZBIE N0,
2Z DA, [6] Tld Heisenberg RUMMIAIRMEE 9 =1 o'l BBIC q=1gn” EEIMNTVBZ LICERI NV,




EH 2.1. [4, Section 2] g1, go % 2 DDEHRHH LieREETS. &L ¢: g1 — 92 & Lie RBDEREE
B3, BB my cCHEFHELT, RTD XY € g1 ITHLT

By, (6(X), ¢(Y)) = myBg, (X, Y)

EElzd. TTT B, () EHiEEE U & S ICEREE NIz g; x g £D Killing B THZ. TO8my 2
¢ l<HIF B Dynkin index EFES.
Dynkin index (& 1950 AT EZEHH Lie AED B Lie #0E 2 583 B BRI Dynkin IZ X > TER

iz HLZ R ZBBE N, AR TRIITHNT 2581758 O Dynkin index IZ DWW T EICEE
95.

FH 2.2. [4, Section 2] V ZHEHH Lie R g DBRITERIE TS, COLERRV IEXNT B Dynkin
index my % Lie REXDMERBIE G
¢:g9—sl(V)
I3t B Dynkin index EPEER, TTTsl(V) & R L—RN 0D HCHEREIBEBROKT Lie WTHS.
O V ICxd % Dynkin index ICB8 L C, Kumar-Narasimhan-Ramanathan I & > TROBKZEN RN
DD DT EARENT NS,
#RE 2.3. [7, Lemma 5.2] my ZHBRTTERER V ICHT B Dynkin indez & LTz & R D 1L D:
1
my =5 Y dim(Va) (A7) (3)
ACA(V)
CTTAR g OREL—FTHY, Vi 3V xA P NCHTE V OV FEMTSHS. FC, FFEERE
(97 a‘dv g) LC;(TJ. L/, lﬁ(ﬁﬁi D ﬁj
Mad = Z <Oé,’)/>2 = 2(1 + <p.,y\/>) (4)
aEAT

T T Mg = 2(1+ (p, ")) Dz (3) ZHLVFIC Dynkin IZ &> T Kumar-Narasimhan-Ramanathan
XDEBCEZENTNS T EEW>TIHL ([4, Theorem 2.5)). 721+ (p, ") (& g D dual Cozeter number
EEINEETHB. (F213 [5, Section 6.1 and Exercise 6.2] ZZHDT &)

KETER (4) FWRAEL, RAOEMIZIHES FBICT 5.

C O T Dynkin index ICBIT 3R (4) ZTTIC, K(I; W) £V HEERZEDS. TOERK(1; W)
W e(d), p(U) ZBIRINCRS OB L 5. EAEI LU RHIHISBOIRD, fls, ERIBFFHITE
Wizt DEHEETS.

EE 3.1. [6, Definition 4.1] | ZHEEHK Lie {235, TOLXHREXT NEEW, BXT 1 OHlA
FTIVGITRL, K(1j; W) ZRICED B3

1
K(3 W) = e ST dim(Wa)(A,§)
JI xeaw)
CTTWAEWOYzA P ACHTZY 21 FEBTHY, 7263 [; ORFEL—FTHB,

3[6] O Definition 4.1 T (7,7) = 2 £ EMMEEMEE HVEELMEL TERL TV A0, AMOERLETED C 2ICHE
BENEW. AETREIC (v,7) =2 ZRELZBOREZRIC L LTS,
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ERBED, =k THRINE K1) =0TH%. j =k DFA, RHVKHILD.
#BRE 3.2. [6, Lemma 4.2] p(1;) := (1/2) Dacarq)a L E
K(13: ) = 2(1+ {p(1), §))- (5)

FHT maa(ly) %2 (1;,ad, ;) IZ09 % Dynkin indez & 30U, K(1;;1;) = maa(ly).

i 2.3 &0,

1
§mﬂd =1+ <P7 7)

PO ILD. K1) I L TERURGERDE DD L ZRL, TOEZKRAZ L ETS.

8 3.3. (6, Proposition 4.4] g = @, __, g(k) ZHFEHH Lie B L b-, g=1&n=g(0)® P, c0(k) &
5. DL 1=g(0) DBMATT7IV I ITHL,

S )+ 37 K5 a(k) = 1+ (p,7)
k=1

MDD, T 2T 1k g DB — b

% 3.4. ! & Heisenberg "R ME o =17 @ g(1) @ g, D Levi BB 7 OHSlA TV T

5. 2DkLE .

SE (0 + K (G a(1) = 1+ (p7") (6)

AR}
MDD,
AL E9ME 33 KD, 9(2) =g, THBIEMND,
1
FEEU) + K (6 9(1) + K (11 g5) = 1+ (p,7Y)

BROVD. TTTH FZOERKD I = g(0), DED ad(H,) DO BEFEMTHS. Fc ¢, Ly o

TEH31ED, K(;9,) =0. LT (6) BEHILD. O
4 FHER

COMTBERBRELT, c(f) = K (156(1)), BET (1) = K (G 7) MDD L2RT. I
(1) = K(17;9(1)) BB L LT 5.

R 4.1. [6, Theorem 5.1] g & Ay BT OEREM Lie RE L L, oF =17 @ g(1) ® g, & Heisenberg %!
HEBME TR LTS, (2 7 OHMATTIVET R L&

(i) = K(1f';9(1)) (7)
MWD ALD.
TEHE 4.1 OFERAEN, Aot e LTI Braden D ([3, Lemma 1.3)) BXUZ Dtk EZ BT, &
#1131 KOEE (E0)=H:0) Zrd. #FLLIE (6] 28I iz

RIC () ZHWT, p(lJH) = K(;1) %289, ThZ/R9 T Heisenberg MBI I ¢F =

700

7 3g(1) @ g, T ZROME, MENNNTL S,
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flif8 4.2. [6, Lemma 5.2] RDOFEXHEK D 37 D:

dim(g(1)) + 4.

1+ (p,7") = 5

#iR8 4.3. (1, Proposition 3.1] XRDOFXA LD 17D:
Sp(1) + o) = TR E L

2, A3 BEA, TADS p(IH) = K(U, 1) BRT T LT B,
EH 4.4. g% A BITHWEERM Lie (L U, of = (H @ g(1) ® g, & Heisenberg BIER IR 7K
Beds. coLE i ORMATTIVIFIIHL,

p(51) = K1) (8)

A AIRVASN

FFEH. 234 &0 )

SEHE) + K (G5 0(1) =1+ (p,77)

MES. —ATamrE4.3 &b,
1 dim(g(1)) + 4
o)+ (i) = L >
RO YLD, Rk 4.2 XD
1
§K([j;[j) + K(l;;9(1))
LMo T () &b, (8) MEENS. O

Il

Il

N

=
—~
S
+

o
—~
=

BE R

[1] L. Barchini, A.C. Kable, and R. Zierau, Conformally invariant systems of differential equations and
prehomogeneous vector spaces of Heisenberg parabolic type, Publ. RIMS, Kyoto Univ. 44 (2008), no. 3,
749-835.

2l

, Conformally invariant systems of differential operators, Advances in Math. 221 (2009), no. 3,
788-811.

[3] H.W. Braden, Integral pairings and Dynkin indices, J. London Math. Soc. 43 (1991), no. 2, 313-323.

[4] E.B. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc. Transl., Ser. II 6
(1957), 111-244.

[5] V.S. Kac, Infinite-dimensional Lie algebras. third edition, Progress in Mathematics, Cambridge Uni-
versity Press, Cambridge, 1990, xxii+400 pp.

[6] T. Kubo, The Dynkin index and conformally invariant systems associated to parabolic subalgebras of
Heisenberg type, Osaka J. Math. 51 (2014), no. 2, 359-373.

[7] S. Kumar, M.S. Narasimhan, and A. Ramanathan, Infinite Grassmannians and moduli spaces of
G-bundles, Math. Ann. 300 (1994), 41-75.

[8] D.I. Panyushev, On the Dynkin index of a principal sly-subalgebra, Advances in Math. 221 (2009),
1115-1121.



