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Abstract

We propose a stochastic filtering model for limit order book in order to visualize the
activity of the market, in another words, selling or buying tendencies in the market. Stochastic
dynamics of the limit order book is modeled with a queuing system where incoming orders
and cancellations of existing orders arrive according to independent Poisson processes. We
suppose that the dynamics of the limit order book is driven by some unobservable latent
factor processes. Observing the history of the order book dynamics, the distribution of the
latent factor can be derived by solving filtering equation. For example, numerical results with
Nikkei 225 futures are presented.
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1 Introduction

Stochastic dynamics of the limit order book has currently addressed with the growing availability
of ultra high frequency data record. In fact, understanding the limit order book dynamics would
provide effective strategy to save the transaction costs for investors and also provide liquidity
at efficient price to market makers.

In this paper, stochastic dynamics of the limit order book is modeled with a queuing system
where incoming orders and cancellations of existing orders arrive according to independent
Poisson processes as proposed by Cont et al. [3]. In their approach, Cont et al. [3] assumed
the technical requirement that limit orders arrive in unit size. Subsequent paper of Huang and
Kercheval [6] generalized the model to allow various order sizes. These papers mainly address
the probabilities of mid price move which are theoretically captured as the first passage time of
the birth-death process.

In our approach, we are interested in drivers which may lying behind the observed order
flows. We suppose that the dynamics of the limit order book is driven by some unobservable
latent factor processes that represent the activity of the market, in another words, selling or
buying tendency of the market. It would be appear that a lot of market participants mount or
cancel their orders based on the knowledge of historical order flows including current state of
the order book. Therefore it would be supported to build the model within the framework of
the stochastic filtering; market participants update their belief about distribution of the latent
factors by use of observable data. This enable us to estimate the degree of market activities and
further the arrival rates of future market orders would be evaluated.

This paper is organized as follows. Section 2 introduces our model and states some termi-
nology to describe the stochastic dynamics of the order book. Most of Section 2 is devoted to



the appropriate modeling of the arrival intensities of the limit/market orders as a function of
the latent factors. In section 3, we derive the normalized filter via the linearization method.
Numerical calculation of the normalized filter is achieved by particle filter and the detail of the
algorithm is described in Section 4. Section 5 provides the numerical example for high frequency
order book data of Nikkei 225 Futures.

2 Model Setting
2.1 State of the Limit Order Book (LOB)

We formulate the stochastic dynamics of the limit order book in the context of a high-dimensional
queuing system as first introduced in Cont et al. [3]. In contrast to this paper, we do not impose
the restriction that all incoming and outgoing orders are of size one.

It is assumed that limit orders and market orders can be placed on a fixed price grid P =
{1,2,--- ,n} representing multiples of a price tick. Here we assume that the tick size of the
limit order book is denoted by é. For example, in case of the Nikkei225 Future, we pick up
the potential range of the prices {8000, 8010, 8020, - - - , 17980, 17990, 18000} and label these grid
points as 1,2, --- ,n. So the tick size is §=10 Yen. The upper boundary n is chosen large enough
so that it is highly unlikely that orders at prices higher than n will be placed within the time
frame of our analysis’. State of the order book at time ¢ is described by the continuous time (R"-
dim) stochastic process Z(t) = (Z1(t), Za(t), -+, Zn(t)), where the p-th element Z,(t) denotes
the time ¢ order size waiting for the future market order to be matched. If Z,(t) > 0 then Z,(t)
represents the size of limit sell orders and if Z,(t) < 0 then Z,(t) represents the size of limit buy
orders at time ¢ respectively.

The best-ask price at time ¢ is then defined by P (t) = inf{p € P|Z,(t) > 0} A(n+1) and
similarly the best-bid price is defined by Py (t) = sup{p € P|Z,(t) < 0} V 0. Furthermore, we
define the number of outstanding sell orders at a distance k (equivalently k- J in price) from the
best bid price as Q¥,(t) = Zp,, (+4s(t) > 0. Thus the quantity Q% (¢) indicates the number
of orders of best ask at time ¢. Similarly the number of outstanding buy orders at a distance k
from the best ask price is defined as Q’ggy(t) =Zp,(t)-ks(t) < 0.

2.2 Stochastic Dynamics of the Order Book

Uncertainty is modeled by a probability space (2, F,P) equipped with a filtration (F;):;>0 that
describes the information flow over time. We impose two additional technical conditions, often
called the usual conditions. The first is that F; is right-continuous and the second is that Fy
contains all P -null sets, meaning that one can always identify a sure event.

We slightly extend the model proposed by Cont et al. [3] by introducing the size of limit/market
orders. The stochastic dynamics of the order book is described as follows.?

e a limit sell order of j units at price level p > Py, (t) increases the quantity at price p as
Zp(t+At) = Zp(t) +J (1)
e a limit buy order of j units at price level p < P,y (t) increases the quantity at price p as

Zy(t+ At) = Zy(t) — g (2)

! As described in Cont et al. [3], since the model is intended to to be used on the time scale of days, this finite
boundary assumption is reasonable.
2Suppose that the small time interval At represents 20 millisecond, which is the unit time in our model.
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Figure 1: The shape of the Limit Order Book at time ¢

e a cancellation of an outstanding limit sell order of j units at price level p > Pyyy(t)
decreases the quantity at price p as

Zp(t+At) = Zp(t) —J (3)

a cancellation of an outstanding limit buy order of j units at price level p < Pyey(t)
decreases the quantity at price p as

Zp(t+At) = Zp(t) +J (4)

s

sell

a market buy order of j < Q° ,,(t) units decreases the quantity at the best ask price

Zpsell(t)(t +4t) = ZP.seu(t)(t) —=J (5)

It Qgell(t) <j< Qfgll(t)’ ZPsell(t)+5(t +At) = ZPsell(t)+5(t) -0- Qgell(t)) and mid price
goes up.

a market sell order of j < quy(t) units decreases the quantity at the best bid price
2Py, )t + At) = Zp, 1))+ ] (6)

If quy(t) <j< an‘iy(t), Zpbuy(t)+5(t + At) = Zpbuy(t)+5(t) - (- quy(t)) and mid price
goes down.
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Thus the time evolution of the order book is driven by the incoming flow of limit orders,
cancellations and market orders, each of which can be represented as a counting process with
mark, where the mark represents the size of orders.

Assumption 2.1. Filtrations generated by observed limit orders are denoted by G, = o(Z(s) :
0<s<t).

Furthermore we assume that the arrival rate of orders described above are modulated by
some latent factors®.
2.3 Latent Factor

Let X(t) = (Xseu(t), Xpuy(t)), representing the activity of the market, be a 2-dimensional un-
observable state process (signal process) governed by the next stochastic differential equations

dXsell(t) = —Cselleell(t)dt""UselldBl(t)a
deuy(t) = _cbquImy<t)dt+abuydB2(t)7
dBi(t)dBy(t) = pdt,
where Cseily Osell, Chuy, by € Ry, p € R, and Bi(t) and Bs(t) are P-Brownian motion. More

precisely, Xger(t) and Xy, (t) represent potential demands for selling and buying the security at
time t with respectively. Then we can translate the role of X (t) = (Xseu(t), Xouy(t)) as follows.

o Process X,;(t) represents selling tendency, i.e., increasing of X (t) would mean over-
heating of sell orders and cancelation of the sell orders are relatively low.

e Process Xy, (t) represents buying tendency, i.e., increasing of Xpy,(t) would mean over-
heating of buy orders and then cancelation of the buy orders are relatively low.

e If both increases the market is active while both decreases the market is quiet.

Remark 2.2. We defined F; = G vV FX and then X(t) is Fi-measurable while is not Gi-
measurable.

Thus the filtering problem with point process observations arise. That is, public investors
want to estimate Ay = Ep[MN(X (¢))|Gt], & = Ep[v(X(t))|Ge], and fiy = Ep[u(X(t))|G:] for ask side
and bid side.

Assumption 2.3. For gwen state X (t) = (Xseu(t), Xouy(t)) at time t, the events such that the
arrivals and cancellations of the limit/market orders are modeled with conditionally independent
ezponentially distributed inter arrival times.

2.4 Detailed Descriptions of the Dynamics of Order Book
2.4.1 Arrivals of the Limit Sell Orders (ask side)

We first model the stochastic dynamics of Z,(t) > 0, which are the state of the ask side of the
order book. We assume that the arrival rate of limit sell order of size j to the price p, where
D > Poyy(t), at time t is given by

)\ask(jap lX(t)) = Xask( p—- Pbuy(t)7Xsell(t),Xbuy(t) ) X JgSk(j ‘ Xsell(t)aXbuy(t) ) (7)

3The shape of the LOB are renewed at random times which are modeled by a compound Poisson process.
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Here the function Ags @ Z; x R? — R, represents the arrival rate (arrival intensity) of limit sell
order and the function J/‘\“k( - |z1,22) : Z4+ — R, represents the conditional probability that
the incoming limit sell order has j unit of amounts given that the limit sell order is posted to
the price level p at time t. Both the arrival intensity and conditional probability of the order
size depend on the latent factor X (t) = (Xseu(t), Xouy(t)).

Functional form of A, According to empirically observed facts presented in Zovko and
Farmer [10] and Bouchaud et al. [1], order arrival rates depend on the distance to the bid/ask
in such a way that most orders are placed close to the current price. In addition, frequency of
incoming limit sell orders would get higher in selling pressure market and then Agsx should be
the increasing function of X¢;(t). Next we consider whether Aask i an increasing function or a
decreasing function of Xy, (t). If investors who wish to sell, come to recognize that the buying
tendency is high in the market, they may place limit sell orders with the expectation of smooth
execution, or they may hold on their attitude with the expectation to sell at a higher price
catching the bull market consensus. In this study, we assume that the arrival rate of the limit
sell orders Agsx could be an increasing function of Xpuy, but its impact(sensitivity) is smaller
than that of X,.. This is achieved by the inequality 8 > « in definition of arrival intensity

bellow.
exp(fBz1 + vyz2)

—as ea = T sa s My .

A k:( $1,i132) (g/d)a )y & ﬂ’7>0 (8)
Thus Agsk (E, X (t)) determines when the next limit sell order of price level at a distance ¢ ticks
from the best bid will occur and Jx( j | X(t)) determines the order size of this limit sell order.

Functional form of J,‘\”k In general, limit orders tend to arrive with the minimum unit or
at most severalfold, and huge amount of limit orders rarely come with one shot*. Therefore,
we assume that the conditional probability Jy(j) is a monotonically decreasing function with
respect to j for fixed X (t) and here we take J/‘\‘Sk( j) o< ge™97 as a candidate of the functional
form (see Figure 2). More explicitly, we choose

) ge‘g'j
J(G) = s o 920 9)
=1

with some g, which will be defined later as a function of X (t) — Xpuy(t). When the net selling
tendency gets large, that is, Xy (t) — Xpyy(t) gets large, it would be appear that the amount of
the limit sell order would increase. On the other hand, when X,e;(t) — Xpuy(t) gets small, the
amount of the limit sell order would decrease.

In order to determine whether the function g is increasing function or decreasing function
with respect to Xge;(t) — Xpuy(t), let us consult the Figure 2. For example, when g = 0.12, the
shape of the function j — ge™97 is shown by the solid line and g = 0.03 case is plotted by the
dashed line. When the net selling tendency Xe;(t) — Xouy(t) is relatively large, the amount of
the limit sell orders would increase and then such a situation corresponds to the dashed line in
Figure 2 rather than the solid line. Thus we can conclude that it should be better to consider
that g is a decreasing function of Xe(t) — Xpuy(t). Put it all together, we assume that

ask __9(z1 — z2) exp(—g(z1 — 72) - J) 10
YA (]liL‘l,.’IIg) = k)’ ( )
2k 9(z1 — 22) exp(—g(z1 — x2) - k)

*In fact, big investors tend to mount their limit orders of relatively large size but round number of order such
as 500 or 1000, and so on. In this paper, we consider such phenomena as an irregular event and do not pay
special attention to this. One of the typical technique to take account this phenomena would be a mixture of two
distributions as proposed in Kato, Takada and Ogihara, “Empirical analysis of limit order books and power laws
in financial markets” also appear in this RIMS Kékyiroku.
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Figure 2: The shape of the function j — gexp(—gj) for ¢ = 0.03 and 0.12.

where the function g : R — R, is decreasing with respect to z. In practice, we simply chose
g(z) = goexp(—g1 - x), go, g1 € Ry for tractability.

2.4.2 Cancellation of the Limit Sell Orders

We assume that the limit sell orders of size j at the price p > Py, (t) are canceled with rate
Vask(j»p IX(t)) = Vask (P - Pbuy(t)a Xsell(t)a Xbuy(t)) X JSSk( J l Xsell(t)a Xbuy(t)) (11)
and D, 1s assumed to be

Uask(£, 1, T2) = exp(}lz/wg)j 7:62), a>0,k>0. (12)

Functional form of J2** Next, we formulate J2**(j), which represents the conditional prob-
ability that j unit of the limit sell orders are cancelled given that the cancellation is placed to
the price level p.

he hJ

L*0) = s
K=y heTE

(13)

Here we suppose that the amount of the limit sell orders waiting at the price p just before the
cancellation is K units. By the similar argument of the previous subsection, we assume that

Jask |2y, 2 - h(xl - .1‘2) exp(_h(ml — 'T?) : .7) 14
o0l m) iy h(z1 — 22) exp(—h(z1 — z2) - k) (4

and conclude h is a increasing function with respect to Xgey(t) — Xpuy(t). In practice, we take
h(z) = hgexp(hy - ), ho, h1 € R, for tractability.

Remark 2.4. If g = —h then J3*k = Jook.
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2.4.3 Execution of the Market Buy Orders

As many practitioners are confronted (facing), one can hardly distinguish the two events; (i)
execution of the market buy orders and (ii) cancellation of the limit sell order placed in the best
ask price by observing the time series of order book combined with the executed price tick data.
Hence, in our study, we assume the following.

Assumption 2.5. Decrements in Qge”(t) 1s the consequence of the execution of the market buy
orders.5

Under the above assumption, we assume that the execution of market sell order of j unit
occur with rate

ll'ask(j IX(t)) = 5\bid(lo’)(sell(t)a)(lmy(t)) X Jgid(j I Xsell(t)aXbuy(t))v (15)

where Ayiq and J,\”’d would be described explicitly in the next section formulating the arrival rate
of the limit buy order.

2.4.4 Arrivals of the Limit Buy Orders (bid side)

Next we model the stochastic dynamics of Z,(t) < 0, which are the bid side of the order book.
We assume that the arrival rate of limit buy order of size j to the price p, where p < Py (t), at
time ¢ is given by

Mid(3 2 1X (1) = Mid( Pouy(t) — Py Xoeu(t), Xouy (t) ) x J3( 5 | Xseult), Xouy(t) ),  (16)

where Mg : Z4 x R2 — R, represents the arrival rate (arrival intensity) of limit buy order and
defined as ( Bi2)
< exp(yr1 + Oxg

. = EA T e/ . 17

Noid (€, T1, T2) @oa o,B,7>0 (17)

And the function J&%( - |z1,79) : Z4 — R, represents the conditional probability that the

incoming limit buy order has j unit given that the order is posted to the price level p. Thus we

e (22~ 1) exp(~ul(zz — z1) 5)
Jbz'd .(E,:E _ U(To — T1)exXpl—ulTg — 1) -7 ’ 18
A (.7' 1 2) ch;l ’U,((I}z _ m1)exp(——u(1‘2 — xl) . k) ( )

with u(x) = ug exp(—u; - ), ug,u1 € Ry, decreasing function of z.

Remark 2.6. If g = —u then J;Sk - J/\bid_

2.4.5 Cancellation of the Limit Buy Orders

We assume that the limit buy orders of size j at the price p < Py (t) are cancelled with rate
Vid (3, 1X (t)) = Doia(Pseu(t) — 2, Xseu(t), Xouy (£)) x JE4( 5 | Xoeu(t), Xouy(t)),  (19)
where ;g : Z4 x R? — R, represents the arrival rate of cancelation and defined as

exp(yz1 — KZ2)

UL , @,7,K > 0. (20)

Upig(£,T1,22) =

5In order to eliminate the simultaneous events in our model formulation.
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And the function J%4( - |21,23) : Z4 — Ry represents the conditional probability that the
amount of the cancel has 7 unit given that the cancelation is occurred to the price level p.

’U(‘ZQ — 331) exp(——’ti(lﬂz - 331) 'j) (21)

‘]bid(j l IL'1,CL'2) = )
g Eszl v(ze — z1) exp(—v(z2 — x1) - k)

with v(z) = vg exp(v1 - ), vp, v1 € Ry, increasing function of z. Here, K denotes the amount of
the limit sell orders just before cancellation.

2.4.6 Execution of the Market Sell Orders

For essentially the same reason as Assumption 2.5, we assume the following.

Assumption 2.7. Increments in quy(t) is the consequence of the execution of the market sell
orders.

Under the above assumption, we assume that the execution of market sell order of j unit
occur with rate

:u'bid(j IX(t)) = /_\ask (6» Xsell (t)a Xbuy(t)) X J,(\wk( .7 | Xsell(t)a Xbuy(t))‘ (22)

Remark 2.8. If u= —v then Jo'* = J%, and If h = —v then J¥*F = Jbi.

Above discussions are summarized as bellow.

. _exp(Bz1 +7x2) g(z1 — zp)e—9(@1—22) 3
Aask(J, plz1, 22) = R T
g(xz) = goexp(—g1-z),
, _exp(—kKx1 + 7T2) h(z1 — zp)e~ME1=22)d
Vask(]’plml, 372) = ((p — Pbuy)/é)a X zzo:l h(wl — xz)e—h(zl-zﬂ‘k’

hz) = hoexp(hi-z),

u(zy — x1)eWT2 )7

Bask(J,PlT1,22) = exp(yz1 + Bz2) X 2221 u(ze — xl)e—u(:cz—zl).k’
u(z) = wugexp(—up - x),
: exp(yz1 + fz2) u(zg — z1)e"HE2—21)
)\ ) y 3 = X ,
bid(J: plT1, T2) (Pouy — p)/0)* 2 u(zy — z1)e—wz2—z1)k
y _exp(yz — KZ2) v(zg — ) V@2 —T1)d
Vpia(J, plz1, z2) = CTEDIHEE S (2 = 2y TG
v(z) = wvpexp(v1-z),

(o1 — ag)e~sleren)s

Zszl g(z1 - xg)e-g(m1~z2).k'

thid(J, plz1, x2) = exp(Bzy +yz2) X

3 Non-linear filtering

Filtrations generated by observed limit orders are denoted by G: = o(Z(s) : 0 < s < t),
which is available to market participants. Gloval history is denoted by F; = G; V F;* where
FX = o(X(s) : 0 < s < t). We suppose that X(t) is not directly observable for market
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participants and that the available information is specified by the filtration G = (G;)+>0 generated
by the history of Z(t). Thus the filtering problem with counting process observations arise. The
next aim is to estimate

A = Ep[A(X (£)IGe], D¢ = Ep[v(X(1))IG:], and f: = Eplu(X (¢))|G:] (23)
for both ask side and bid side in a recursive form.
Definition 3.1. We define the observation processes (counting processes) as follows.

o Y®k(jit) counts the number of times that the size j limit sell order arrived during the
time interval [0, t]

o YY(j:t) counts the number of times that the size j limit buy order arrived during the time
interval [0, t]

o Y2k(j:t) counts the number of times that the size j limit sell order canceled during the
time interval [0, t]

o Y2(5:t) counts the number of times that the size j limit buy order canceled during the
time interval [0, ¢]

. Y;Sk(j; t) counts the number of times that the size j market sell order executed during the
time interval [0, ]

. Ylfid( J;t) counts the number of times that the size j market buy order executed during the

time interval [0, t]

Assumption 3.2. For given state X (t), the limit/market orders form conditionally independent
ezponentially distributed inter arrival times. More precisely, expressions of the counting processes
for limit sell/buy order, cancellation of limit sell/buy order and market sell/buy order are given
as follows.

VR (5) = N7 (| Aask(G £s=), X (5=))ds),
| Nuialg,€(5), X (5-)ds ),
| et t(5-), X (5-)yas),
t

| vt ts-), X (5))as),
/ pask (G, X (s=)ds),

0

| hnali, X (s=))ds),

where NI(t) are mutually independent P-Standard Poisson process which are independent of
X(t). Assume that Agsk, Mvid, Vask, Vbid, Bask, Hbid GTe measurable functions.

Assumption 3.3. (i) The total intensity A(j; £, T) = Aask (53 4, ) + Aoia(J; €, T) + vask (45 £, ) +
Vid (734, ) + pask (75 %) + peia(d; ) is uniformly bounded from below and above.

(i) Partial derivative of total intensity A(j;€,x) with respect to x, and partial derivatives of
JrandJ, with respect to x are bounded and continuous in x.



We introduce an equivalent measure Q under which processes Y‘”k( Jit), szd( 3st), Ysk(jit),
b (j:1), Y“Sk(j t) and Yb’d(] t) are all Standard Poisson. Let us define L(t) as

L) =1 + ;/O Pask(G; £(s=), X (s=)) — 1 L(s=)(dY* (5; 5) — ds)
oy Dhiali €s), X(5-)) — 1E(s=) (V34 ) — ds)
+ ;/Ot[vask(j;f(s—),X(sk)) — 1) L(s=)(dY2**(j; s) — ds)
| ialGi 5-), X (52)) = L (sm) (@Y 5) — )
+ ;/Ot[ﬂask(jQX(S_)) — 1) L(s=)(dY2** (j; 5) — ds)

# 30 [ s X(6)) = 1B )@0559) ~ ). en

The solution of the above SDE can be represented by

~Ilew ] 108 N -, X (6D (55) ~ [ D350, X (5)) — 1
‘ as b ) 0 a ’ k)
X Hexp / log Apia(J; €(s—), X (s—))d bld(j s)— /t[)\bid(j;f(sﬂ),X(SA)) — 1]ds>

xﬂexp< / log vaae(J £(5-), X (s=))¥ (is) = [

t

i Vask (3 £(s—), X (s—)) — 1Jd8)
/ log i (5; £(s—), X (s—))dY,(j; 5) —/t[Vbid(j;f(s—),X(s—)) - 1]d5)
0 0

/O log pask(J; X (s —))dY,fSk(j;S)—/O [uask(j;X(s—))*lldS)

. bid ; ‘ : d
Xl;[exr)(/o log pvia(j; X (s—))dY, (J;S)—/O [pia(J; X (s—)) — 1] 8)-

Here we define the new probability measure Q as
dP
L(t) = —
0 =33l,

then one sees that under Q, the counting processes Y% (j;t), YY(j;t), Y,25%(5; 1), Y2(j;¢),
Y“Sk(], t) and szd( J;t) are Standard Poisson and furthermore we can choose Q so as to these
six processes are independent of X ().

3.1 Un-normalized filter

Definition 3.4. For an arbitrary bonded function f, let p,(f) be the conditional expectation of
FX()L(t) given FY as follows.

pe(f) = Eq[f (X (1) L(t)| 7]
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We derive filtering equation via reference measure approach as in Zeng [11]. Applying inte-
gration by parts, we have

FX()L(E) = F(X(0)L(0) + / L(s-) / f(x + (), Ll

where [, -], denote the quadratic covariation process. Since we assumed that X (t) and Y (¢)
are independent under P, which implies f(X(t)) and L(t) have no simultaneous jumps with
probability 1, it then follows [f(X), L], = 0. Let M/ be a (P, F)-martingale specified with

t
M = (X (1) - F(X(0)) /0 AF(X(s))ds. (25)
Then from (24)® and (25), we have

t t
FOEOILE) = FXO)LO) + [ Ls-1aM + 3 [ (X5 (MG K(s-) - 1) Lls-)aY (i)

- L(s—){Af(X(s)) - 2j;f<x<s>)(Au~;X<s—>> -1) }ds.

By taking conditional expectations with respect to the reference measure Q given the filtration
FY on both sides,

Eo[f(XW)LE)|FY | = FXO)LO) + ) _Eq [ / ") (A X (8-) — 1) L(s-)aY (G5 9| FY }

/ t L(s—){Af(X(s)) - Y FX () (AU X (s-) - 1) }ds‘fty }
J

With the same arguments developed in the Appendix A in Zeng [11], we can exchange the order
of integration and expectation of the last term as shown bellow.

Eo[ /XL = SXOLO) + [ Bl 05 (A5s X (6 = 1) Lis)| 7 v )

+ /0 'Eq [L(s-){Af(X(s)) - Z X)) (AG X (s-)) = 1) }| 7 Jas

+ Eg

5In a SDE form,

dL(t) = 3 ook (3; £(t=), X (t-)) = UL(=) (@YX (G ) ~ dt)
+ 3 PoaGs €(t-), X (t-)) — YLE=)(AYR (s ) — dt)
+ i[uasko;eu—),xa—)) — 1L(t=)(dY™ (5 1) - dt)
+ i[vw(j; £(t-), X (t-)) — YL(t-)(dY,* (4;t) — dt)
+ i[pask(j;X(t—)> ~ 1L(t-)(dY,r** (js 1) — dt)

+ 2 lia(Gs X (t-)) = 1L{E=) (@Y (5 ) — de).
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Then we can conclude

wfy =)+ 2 [ pee(FAG) = D)aY G

+ [ (400 - X AOWGs) ~1)de (26)

In the full notation, (26) is

pi(f) = polf) + /Ps Af) ds+§;/ps Mok — D) AYE () — do)
+Z/ po—((Msia(g) = 1) F)(dY¥*(5; 5) — ds)
> [ o) ~ 1)@ i) - o
# 30 [ o lmats) ~ 0130 09
>y o (ask(3) ~ DIYE (G 3) - ds)
3 o (mals) — D)X 5) — ds),

where Agsk(7) = Aask(J; p, ) and so on.

3.2 Normalized filter

Definition 3.5. For an arbitrary bonded function f, let m:(f) be the conditional expectation of
f(X(t) given FY.
m(f) = Ep[f(X ()| F/]

By the Bayes formula, one sees that

Eolf ( (L) F]
EoIL(t)F]

Ep[f(X(t)|F] =

implying that 7,(f) can be obtained by normalizing p(f) with p;(1). Our next aim is to derive
the equation governing the evolution of m(f).

Theorem 3.6 (Kushner-Stratonovich equation). Let A be the infinitesimal generator of the
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process X (t). Then my(f) is the unique solution of the following SDE.

mm=mm+[mMWs
il
+Z£_(%m% o

)| (a¥54 (i) = mo(ask () ds)

(d (j;8) — s /\bzd(J))ds)

(V25 (53 5) = mo(vask(5))ds)

j (Vask
+Z/[ — (Vbia( ) (dY,,b’d(],s)—ws(de(]))ds)
(Has J)f) wehr .
+Z/[ ﬂa:k(J —me-(f) (dYM k(J’S)“Ws(Nask(J))dS)

szd

. Z/ [ (mbia(d)f) Ws—(f):l (dY,fid(j; s) — Ws(libz'd(j))ds) (27)

Proof. The proof of the theorem follows in the same way as Zeng [11], applying Ito’s formula to
FX,Y) =% with X = p,(f) and Y = py(1). m]

In the short notation, (27) is expressed as

m(f) = mo(f) + /mM®+Z/[ =00 i

And this equation can be split into following two equations corresponding to whether the new
limit/market order arrived or not at time ¢.

(4 (G5 5) - m(A())ds).

Between orders: t € [, Th+1)

mf) = mralf) [mwa—szs )5) (A e (1)) ds

At order: 7,

T (f) = Mo (f) = Z[% “an—-(f)jl'

3.3 The linearization method

Further we need to examine the behavior of the filter m; for ¢ € [1,,, Th+1), which is governed by

m(f) = (1) + mem—szs V1) Er A (D] ds. (28)



Because of the cross term ms(A(j))ms—(f), (28) is a nonlinear equation generally difficult to
handle. Therefore we introduce a linearized equation and then finally obtain the solution of
(28). The following discussions are based on Kliemann et al. [8] and Ceci and Gerardi [2].

Lemma 3.7. Forn € N, let p? be a solution of

R(F) = T (F) + / r(Af)ds -3 / o (AG)F)ds. (29)
Tn J Tn
Then ”(f)
- _ Pt
=0

solves equation (28) fort € [Tn, Tni1)-

Proof. The proof follows in the same way as Ceci and Gerardi [2]. 0

Proposition 3.8.
t
v (@)(f) = E[fx@)exn(- [ ACxX(s)as)]
A solution of (29) is given by
pr(f) = [ Wa)(f)me ()
Proof. The proof follows in the same way as Ceci and Gerardi [2]. O

Thus we obtain for t € [Th_1,Ty],
t"Tn~l
By m [/ (Xeor,y)exp (- A(j; Xs)ds )| nr,,_, (dz)
R2 (Th-1,%) 0

t“Tn.~1
LB oo (< [ a6 x0d5) |

where 77, (dz) is given below in (31). At the limit/market order renewed time T}, we have

1, (f)
Q e
/]R2 ]E(Tn_l,x) [f (XTn_Tn—l) A(j;XTn“Tn—l)eXp (_A
Tn*Tn—-l
Ed o |AG Xrao1, )exp (- A(j; Xs)ds | | mr,,_, (dz)
R2 (T l,z) 0

: (30)

Wt(f) =

"G Xs)ds)] rr,_(dz)

(31)

4 How to solve the filtering equations

1t is necessary to approximate the expected values appeared in equations (30) and (31) so as to
numerically compute the filter 7;(f). Particle filter is a method to approximate the conditional
distribution P(X, € |G;) with some suitable discrete random measures of the form

P(X: € ®|G) ~ Y 1d,r(e)
P

with some sample points {zf'} and their consistent stochastic “weights” {nl}. Here, ,(e) is
the Dirac measure. In this section, we summarize the numerical algorithm for computing filters
m¢(f) in case of f(z) = z via a branching particle system as in Frey and Runggaldier [5] and
Del Moral and Miclo [4].
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4.1 Particle filter

The particle system is constructed over time steps {tx = kA }xen with the sequence of occupation
measures {7y, }x=12,. approximating the conditional distributions 7x, |g, = P(X:, € o | Gy,)
for each time step. As the filtering equations are represented in recursive form, the occupation
measure 7, is computed from #;,_, and similar procedures are repeated for subsequent time
steps. Let @ = (m}c,x%, e ,zz, e ,xZ‘“) denote the set of ny particles at time ti living in the
state space of X.

Algorithm 4.1 (Branching Particle System). In order to derive the discrete filter distribution
{7, }k=01,.., we have to follow the several steps:

Step 0. Initialization

Set the number ng of initial particles, a discretized time step size A.

Step 1. Initial discrete distribution

The initial discrete distribution g is given by the occupation measure of ng particles of
1 &
mass 1/ng, that is, g = — E 8yi(0)- Here zo = (2'(0),22(0),---,z"(0)) represents
0 “
i=1

independent draws from the initial distribution my := P(Xp € o).

Step 2. Prediction stage

Given the particles xx = (xb,z2,--- ,27*) at time ty, generate ny independent trajec-
D kr "k k

tories (XS)OSSSAz ((Xsl)osssA’ (Xg)ogssa’”' ,(X;‘k)OSsSA) such that, for each p €
{1,--- ,ng}, X% starts from x, at time 0 and then follows the SDE of X;.

Step 3. Updating stage

Compute u"JZ 41 for each X ? obtained in the last prediction stage as

A
Whyq = €XP */(; ZA(j;Xf)ds
J

Whether some event occurred during (tg,tg+1] or not, we redefine w£+1 as follows:

('d)gﬂ if there is no LOB renewals during (tx, tk+1],
Aask(J; -+ XR) x .,  if an limit sell order of j units renewed at tx41,
Vask(J; -, XR) x @, if an limit sell order of j units canceled at ty1,
Weyy = pask (G5 XR) X Wy if an market buy order of j units ezecuted at tiy1,

Avia(F; - ,XZ) X wzﬂ if an limit buy order of j units renewed at ti41,
id(7; - ,XZ) X QI)Z+1 if an limit buy order of j units canceled at ty41,

| bia(J; XA) X Wiy if an market buy order of j units executed at tyyq,
P
Now we compute v, = % Jor everyp=1,--- ,ny and obtain {0}, }p=1, ny
g=1 "k+1

P [viy1] with probability 1+ [vf ] — vp 4
kot [vh,,]+1 with probability v}, | — [v} ]
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where [v] stands for the integer part of v.

Denote by ng1 = Z;’il o£+1 the total number of particles at time ty1. Then each particle
=¥ at time t; independently generates of .1 offsprings of (XT),c < storting at =} for every
p=1,---,n, and denote by ;1 = (az,lc+1,a:%+1, e ,ZL‘ZT;) all the realized random samples

of Xa. Thus one can achieve the approzimated discrete distribution at tg,1 as

1 Nk+1
Mg = —— g O .
k+1 N1 . Trt1
p:

Step 4.
Proceed from k to k + 1 and go to Step 2 until some time horizon.

In Step 3, the updating stage, each particle is replaced by the particles of which the number
is randomly given by oP. This procedure is worked in a consistent manner; particles with small
weights w? have almost zero offspring while those with large weights are replaced by several
offspring. We mention that most of the calculation time with our algorithm is caused by sampling
of the random number of in the updating stage.

5 Numerical example

In this section we illustrate the numerical results based on the tick data of Nikkei 225 futures as
of June 1, 2012. In order to pursue the particle filter algorithm, we take ng = 1000 and A = 20
milliseconds. Figure 3 shows the historical data of the mid price as of 2012/6/1.
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Figure 3: Transitions of the Mid price as of 2012/6/1

Figure 4 and 5 illustrates the transitions of the percentile points of the occupation measure
7t of Xseu(t) and Xpyy(t) respectively, calculated every 20 milliseconds from 9:00 am, opening
time, to 3:10 pm, closing time in Osaka stock market.
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Figure 4: Transitions of the filter 7; of Xy (t) calculated for intraday data as of 2012/6/1
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Figure 5: Transitions of the filter #; of Xy, (t) calculated for intraday data as of 2012/6/1

Estimated distribution of X (t) = (Xseu(t), Xpuy(t)) seems to fluctuate heavily but in average
we can see the location of the distribution. In order to look into the detail, we focus on the first
20 minutes to see how transitions of X(t) = (Xseu(t), Xpuy(t)) are related to the mid price
movements. Figure 6 and 7 illustrates the transitions of the percentile points of the occupation
measure 7; of Xge;(t) and Xpyy(t) respectively from 9:00 am to 9:20 am. Roughly, when mid
price move to downward, Xse tends to jump up and X, tends to jump down as expected.



However, these are not always true because X(t) = (Xseu(t), Xouy(t)) is sensitive to overall

dynamics of the order book.
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Figure 6: Transitions of Xe;(t) from 9:00 am to 9:20 on 2012/6/1
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Figure 7: Transitions of Xpy,(t) from 9:00 am to 9:20 on 2012/6/1
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