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CONGRUENCE PROPERTIES OF SIEGEL MODULAR FORMS
OF DEGREE 2 AND WEIGHT 47, 71, 89

SHO TAKEMORI

1. INTRODUCTION

Let X35 be a Siegel cusp form of degree 2 and weight 35. Kikuta, Kodama
and Nagaoka [4] proved that detT a(T, X3s) = 0 mod 23 for every half
integral positive symmetric matrix 7.

In this paper, we give a finite number of examples of Hecke eigenforms
of degree 2 and odd weights that have the same type of congruence relation
above. We also introduce congruence relations for the Hecke eigenvalues of
such eigenforms. We prove our main results by numerical computation. For
the computation, we use Sage [5] and a Sage package for Siegel modular
forms of degree two written by the author [6].

2. DEFINITION

Let n be a positive integer. We define the Siegel modular group I, of
degree n by

T, = {g € GLyu(Z) | ‘gwng = wn},

On _ln

where w, = (1 0 ) Define the Siegel upper half space $, by

$n = {Z € Sym,(©) | 9Z > 0}.

Let k be a non-negative integer. We denote by M, (I,,) the set of holomor-
phic functions F on %, satisfying the following condition:

F((AZ + B)(CZ + D)™") = det(CZ + D)*F(2),

for all ’é Il; €I,. If n = 1, we add the cusp condition. We call an element
of M,(I",) a Siegel modular form of degree n and weight k.

For a Siegel modular form F of degree n, F has the Fourier expansion as
follows:

F(2) = )" a(T; F)e(T(TZ)).
T>0

Here e(z) = exp(2niz) and T runs over the set of half integral semi-positive
definite symmetric matrices of degree n.
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In particular if the degree n is equal to 2, then we have the following
Fourier expansion:

Z w

F ((T Z)) = Z a((n, r,m), F)e(nt + rz + mw).

n, r,meZ
n, m, dnm—r>>0

T Z
Here 7 w € 9.
We define @ : M, (I';) — M,;(T;) by

o0

OF)R) = ) al(n,0,0), Fe(nz).

n=0

Then we define the space of cusp forms S (I";) by ker(®).

3. THETA OPERATOR AND A THEOREM OF BOCHERER AND NAGAOKA

Let F be a Siegel modular form of degree n and

FZ) = Z a(T; F)e(Tr(TZ))
T>0

be the Fourier expansion of F. Then we define the theta operator as follows:

O(F) = Z (det T) a(T; F)e(Tr(TZ)).

T>0

This operator is a generalization of the classical theta operator.

THEOREM 1 (Bbcherer and Nagaoka [2]). Let p be a prime and assume that
p=>2n+3. Let F € M(I',) and assume F has p-integral rational Fourier
coefficients. Then there exists G € My, p.1(I's) such that

O(F)=G mod p.

Here the congruence relation means the relation for all Fourier coefficients.

4. A CONGRUENCE RELATION OF THE IGUSA’S CUSP FORM OF WEIGHT 35

We introduce a theorem of Kikuta, Kodama and Nagaoka [4]. Let X35 €
S35(I";) be the Igusa’s cusp form of weight 35. Here we normalize X35 so
that a((2, -1, 3), X35) = 1.

THEOREM 2 (Kikuta, Kodama, Nagaoka ’13).
(dnm - r¥a((n, r,m), X3s) = 0 mod 23,

or equivalently,
O(X35) = 0 mod 23.
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5. STATEMENT OF THE MAIN RESULT

In this section, we state our main result. For a prime p = 3 mod 4, we
put
kK'(p)=2+3(p-1)/2.
Let p = 23,31, 47 and 59. Then we have the following table.

p |23 31 47 59
K(p) |35 47 71 89

We denote by X,y € Sip(I2) a Hecke eigenform of degree 2 and
weight k'(p).
We normalize Xy, so that
a((z’_1a4)3X47) = 19 a((3,—1,4),X71) = 15
a((3s —1, 5): X89) =1
Let F € M (I';) be a Hecke eigenform. We denote by Q(F) the num-
ber field generated by the Hecke eigenvalues of F over Q. For a positive
integer m, we denote by A(m, F) the Hecke eigenvalue of T(m). For a
prime /, we denote by Q,(F, T) the Hecke polynomial of degree 4, that is
T prime Qi(F, 17°)7" is the spinor L function of F.
For a number field K, we denote by CI(K) the class group of K. Let
x : Cl(Q(+/=p)) — C* be a character. For a prime [ # p, we define a
polynomial F(y, T) by

(1 =x(LOTY1 - x(L)T) if (D) = LiL, i -D),
p

THEOREM 3. Suppose p = 23,31,47 or 59. Then there exists a prime p of
QX () above p such that

@(Xkl(p)) =0 mod p.

Moreover, there exits a prime ' of Q(Xik»)(x) above p and a non-trivial
character y : CI(Q(+/—p)) = C* such that

ng)(xk'(p)a T) = Fi(x,T)Fix,IT) mod y’,
Jor any prime | # p.

Let p = 23. Then #CI(Q( V-23)) = 3. By the main result, for / # 23, we
have the following congruence relations for Hecke eigenvalues of Xjs.

M) I (%) =-1,
/l(l, X35) =0 mod 23.

(2) If Ax,y € Zs.t. | = x* +23y?,
A, X35) =21+ 1) mod 23.
(3) If () =1andl# x* +23)* forall x,y € Z,
A, X35) = ~(I+1) mod 23.
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For a prime / < 17, the Hecke eigenvalue of A(l, X3s) is as follows.

l /l(l, X35) /1(1, X35) mod 23
2 | —=25073418240 20

3 | —11824551571578840 19

5 | 9470081642319930937500 0

7 | —10370198954152041951342796400

0
11 | —8015071689632034858364818146947656 0
13 | —=20232136256107650938383898249808243380 9
17 | 118646313906984767985086867381297558266980 0

6. SKETCH OF THE PROOF OF THE MAIN RESULT

In this section, we give a sketch of proof of the main result.
Fix a prime p with p =3 mod 4. Let S = (r72 r’f) (n,m € Zy,,r € Z)

be a half integral positive definite symmetric matrix with 4 detS = p. Put

6nS)= ). detN e(Tr'NSNZ),
NEMz(Z)

where Z = (; 5)) Then #(S) is a Siegel modular form of degree 2, level

p, character (—"*ﬁ) and weight 2.
Bocherer, Kodama and Nagaoka proved the following result.

THEOREM 4 (Bocherer, Kodama, Nagaoka ’13). Let p = 3 mod 4 be a prime
and S € Sym,(Q) a half integral positive definite symmetric matrix with
4detS = D. Then there exists F € Sk:(P)+p_1(F2) such that

F = 6%(S) mod p.

det
By the genus theory, we identify the set of the strict equivalent classes of
half integral symmetric matrices S with 4detS = p with CI(Q(+/=p)).
For a non-trivial character y : CI(Q(+/=p)) — C*, we put

=Y x@f.
acClQ(V=P))
By Theorem 4 and numerical computation, we can prove the following
proposition.

PRroPOSITION S. Suppose p = 23,31,47 or 59. Then there exists a non-trivial

character x : CI(Q(+/—p)) — C*, prime v’ of Q(Xi(»)(x) above p and a
constant a € Z[x] such that

Xk'(p) = ange)t(x) mod p'.
The main result follows from this proposition and [1, Theorem 15].

In the following, we give a sketch of the proof of Proposition 5. By [2],
there exits F € S (p)+p-1(I"2) such that F = Xj,(,) mod p. On the other hand,
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by Theorem 4 there exits G € Sy p)+p-1(I"2) such that G = 6(y) mod p”
where p” is a prime above p. Thus it is enough to prove F = G mod p’
up to a constant. By the Sturm type theorem below, it is enough to check a
finite number of the congruence relation among Fourier coefficients. Since
it is easy to compute the Fourier coefficients of binary theta series Hflze)t(x),
we can check these congruence relations by [6].

THEOREM 6 (Choi, Choie and Kikuta [3]). Let p > S be a prime and F €
M, (I'y) with p-integral rational Fourier coefficients, then if a((n,r,m), F) =
0 mod pforn,m < [k/10], then F = 0 mod p.
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