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Infinitary Method for Finite Structures

Kota Takeuchi and Akito Tsuboi

1 Introduction

Finite Ramsey theorem states that for all numbers m,n,n. € w there is a number N € w
such that '

e for every finite coloring f : [N|™ — n,, we can find X € [N]™ such that f is constant
on [X]™. '

The statement above is usually written in symbols as N — (n)7?. This version of Ramsey’s
theorem follows from the following infinite versions of the theorem:

m.
ne?

e (Infinite Ramsey Theorem) w — (w)

o (Weak Infinite Ramsey Theorem) Vn € wlw — (n)5.].

In the case of m = 2, (finite) Ramsey theorem can be viewed as a statement on the class
of finite complete graphs and coloring on the edges. In [1], Jaroslav Neetfil and Vojtéch
Ro6dl showed that (finite) Ramsey theorem can be expanded to the class of linearly ordered
graphs and colorings on the subgraphs isomorphic to a given graph.

e Let A C B be finite linearly ordered graphs. Then there is a finite linearly ordered
graph C such that for every finite coloring f on (i) ={A'c C: A = A} we can find

X € (§) for which f is constant on (7).

Like the case of original Ramsey’s theorem, this statement has an infinite version from which
the finite version easily follows. : ‘
In this article, we present an infinite version and prove it by using an infinitary method.

2 Preliminaries

Let L be a finite relational language. For each R € L, the arity of R will be denoted by npg.
We assume every R is irreflexive and symmetric. (I don’t know this is essential or not.)

A structure (M, <) is called a preordered set if < is symmetric and transitive. It is clear
that the relation z = y (+» z < y < z) defines an equivalence relation on M. The induced
structure (M/ =, <) clearly becomes an ordered set. A preordered set (M, <) will be called
a linearly preordered set of width n, if the induced order is linear and |M/ = | = n. For
i=0,.,n—1,let M(i) be the i-th smallest ~-class. A subset A C M is called a section if
[ANM@E)| =1 (Vi <n). f|ANM©E)| <1 (Vi <n), Ais called a partial section. The set
of all partial sections A with |A| = k will be denoted by [M]*.

Let M be an (LU {<})-structure. M will be called a preordered L-structure if (i) M|<
is a preordered set, and (ii) RM is a subset of [M]™. Notice that if M is of width n, then
RM = { for all R with n < np.
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Definition 1. Let n € w and let M be an (LU{<})-structure. We say that M is a preordered
random L-structure of width n if the following conditions are satisfied:

1. M|< is a linearly preordered set of width n.

2. For any i < n, any finite set ] C M; and any finite set {R; : j < m} C L, if
8;,T; C [M ~ M(i)]™%™" (j < n) are sets of partial sections with

SjﬂTj=@ (j<n),
then there is d € M(i) \ I such that

ME A A R@dHA A A -Ri(d,B).

j<m A€S; j<m BeT;

If L = {R} with a binary R, then a preordered random L-structure will be simply called a
preordered random graph.

Remark 2. The conditions 1 and 2 are expressed by a first order (L U {<})-axioms, call it
Tpn- Tin is an w-categorical theory admitting elimination of quantifiers. This can be shown
by a usual back-and-forth argument.

3 Infinitary Method

Definition 3. Let M be a preordered random L-structure of width n. Let N C |J;; M (3)
and d = dy, ..., dm_1 € Uicicn M (3). We say that N is generic over d if there is a set N with
de NcC Ui<<n M (i) such that N N is a preordered random L-structure.

Let M be a preordered L-structure of width n and let ¢ : [M]™ — 2 be a coloring. For a

subsection @ = {a; : i > k} of M (a; € M(3)), we can define a function ¢/(X) = ¢(X, a) for a
section X of M(0)U---UM(k—1). Such a function will be referred as an induced coloring.

Lemma 4. Let M be a pre-ordered random L-structure of width n € w. Let B be a linearly
pre-ordered finite L-structure of width n. Then, for any coloring ¢ : [M]"* — n. € w, we can
find B' € (A;) with the following property:

(*) For each section A of B, (i' ) is c-monochromatic, i.e., c is constant on (5).

Proof. The notation A = A’ will be used to express that A and A’ are isomorphic as L-
structures. By induction on I, we prove the following statement holds for any M and c:

(h Let d € Uygscn M(3). Then for any W C U;, M(3) of width [, we can find W’ C
Ui« M () having the following properties:
- W= Wi

— Every induced coloring ¢/(A) = c(A,dy) (do C d) is d-locally constant (in W’) in
the sense that A 2; A’ = (A) = d(A’) for all sections A, A’ of W'.



Notice that (})n proves the lemma. For | = 1, M(0) is considered as an infinite set with
finitely many random unary predicates. So (}); follows from a pigeonhole principle. We
assume (1); holds for any M and ¢, and we discuss the case for | + 1. We are given (M, c),
d and W of width [ + 1.

=
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f=all
™l

M*

W || tm
d

MA(I)

We choose an w;-saturated elementary extension (M*,c) > (M, c). From now on we work
in M*. For simplifying the presentation, we introduce the notion of a good sequence. Let
N C U, M*(i). We say that a sequence b& = by, ..., bg,—1, €0, .-y €k, -1 € M*(1) is a good
sequence for N if the following are satisfied: '

e N is generic over bUEU d;

e Induced colorings c(4, b, do) (i < ko, do C d) are {b;},<; Ud-locally constant (in N) in
the following sense: if A=, 7 A’ then ¢(A,b;,do) = c(A', b;, do) (VA, A’ € [N]');
e Induced colorings c(A4, e;,dy) (i < ky, dg C d) are e;, d-locally constant (in N).

From the definition, for every initial segment & C b of a good sequence bg, b & is a good
sequence (for the same N).

Claim A. For k € w and qf-types po(z), . .., pr-1(z) over d, realized in M*(1), we can find
N c U, M*(i) and a sequence b = by, ..., by (pairwise distinct) such that

o b (with & empty) is a good sequence for N
o b = pi(a) fori < k.

Proof of Claim. Let by |= po. Let Ny C (J;., M*(i) be a structure generic over byd. By
preparing a set Z = {z, : a € Ny} of variables, we define a set I'(Z) of formulas expressing
the following:

1. Z =%, ;7 Ny (hence Z is generic over by, d);
2. For all sections X and X' in Z, and for all dy C d,
X ';'::_b()d— X’ = C(X, b(),d_o) = C(X,,bo, d—())
By the induction hypothesis (); applied to No, we see that every finite V C Np has a copy
V' =, ¢V in Ny such that ¢(X, by, dy) depends only on the gf-type of X over byd. This shows

that I'(Z) is finitely satisfiable in No. So, by replacing Ny by a realization of I'(Z), we can
assume that every induced coloring c(X by, dp) is bpd-locally constant in Ng.
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Then choose b; |= py, by # bo such that Ny is generic over bob;d. Again, by the induction
hypothesis, every V' has a copy V' =, 5V in Ny such that every induced coloring ¢/(A) =
c(A,by,dy) (do C d) is bob;d-locally constant on W’. So, by the saturation, we can find Ny
(generic over byb;d) with the properties:

3. X, X' e€[M), X 2aX' = oX,by,do) = c(X', by, do);
4. X,XI € [NI]I, X rzvbo,bld_X, = C(X,bl,Jo) = C(Xl,bl,(io).

The property 3 can be assumed, since each copy V’ is chosen in Ny, and since Ny has the
property 2. Continuing this construction, we have an arbitrarily long good sequence (for
some N). (End of Proof of Claim)

Claim B. For k € w, there is a number k* = kn* with the following property:

(**) if b& = by...be- € is a good sequence for N with br;bg; ... bk,+(k 1) 7 bkjibrjs1--bkjt(k-1)
for every i,j < n*, then there is a structure Ny and i* < n* such that, by letting
V = bgie...bg;e . (k- 1), & = by~ €, the sequence b’ & is good for Np.

Proof of Claim. n* is a sufficiently large number so that the following argument is true.
Suppose that we are given N and be. We write B; for the k-sequence by, .. -y Dkit(k—1)- Let
us consider induced colorings c(A, by, do) (do C d). For a section A = {ag, ya-1} of N
(a0 € N(0),...,a1-1 € N(I — 1)) and i < n*, let

qftp*(A7 B,/J) = U {R(ED yj,‘il)t 11 C l)] < kad_l - J7N I: R(Alybk‘i+jrgl)t},
(o)
where I; = (z;)jer and Ar = (a;)je;. By the definition of a good sequence, the value
(A, bg+,dy) depends only on aftp(A/bd), and the choice of dy C d. Moreover, by the
property of M, qftp(A/bd) is determined by qftp(A/bg-d) and Uicne aftp™(4, B;/d).
Let Q; be the set of all qf-types of the form qftp*(A, B;/d). Notice that Q; does not
depend on ¢, because of the assumption of B;. So hereafter we simply write Q for Q;. Let F

be the set of all functions from the pairs of the form (dy, qftp(A/bx+d)) to n.. Then we can
naturally define a function f: Q™ — F by

f((qi)i<ﬂ') (JO’ Q(a—")) = C(Aa bk“‘a Jﬂ)a

where A is a section satisfying ¢(Z) U, .. ¢:(Z, B:). By applying H-J theorem, we can find
a line a = a(v) € (QU {v})™ \ Q™ such that o(Q) is f-monochromatic. Let i* be the
minimum % such that the i-th element o; of a is v. For a set Z = {2, : a € N} of variables,
we define a set A(Z) of formulas expressing the following:

1. Z=p_ 03 N (hence Z is generic over B;.&d);
2. For all sections X and X’ in Z, and for all dy C d,
(a) if e € &(= by €) and X 2,3 X’ then c(X, e,do) = c(X’, e, dy),
(b) if b; € Bis(= bps, . - bk,.+(k 1) and X =, b, X' then c(Xbjdy) = c(X'bjdy).

We show the finite satisfiability of A(Z) in N. Let V C N be any finite subset of width
[. By the genericity, there is V' C N with V' 25 _ . ; V satisfying the following: For each
1< n¥,

.......



e qftp™(V’, B'i/J) = qftp”(V, Bi*/g), if oy = v;
e every section X C V' satisfies o;(X, By), if a; € Q.

By our choice of f and a, the color ¢(X, bg+, dy) depends only on gf-type of X over by-d and
the choice of dy. Therefore V' satisfies (a finite part of) condition (2a) of A. Since every
section X C V' satisfies o;(X, B;) for ¢ < ¢*, the condition (2b) follows from the fact that
be is a good sequence for N and V' C N. So, by the saturation of M*, there is Ny realizing
A. Then B;.V is a good sequence for Ny. (End of Proof of Claim)

Claim C. Let py(z), ..., pe-1(z) and qo(z), ..., gm-1(z) be two sequences of quantifier free 1-
types over d, where x is a variable for an element in M*(l). Then we can find N and a
sequence bo, . .. ,bg_1, €o,...,em_1 € M*(l) being good for N such that b; |= p; (i < k) and
e =g (i <m). '

Proof of Claim. We prove by induction on m. Since the case of m = 0 is trivial by Claim
A, we assume the Claim has been proven for < m. We are given p; (3 < k) and ¢; (¢ < m).
Choose k* = kn* sufficiently large. For ¢ < k*, let p, = Pl mod k) 20d apply the induction
hypothesis to pg, ..., Pk._1,90 and gi,...,gm. With the notation in Claim B, we can find
N’ and a good sequence bé = by,...bg-& for N’ such that B; &= po(zo) U ... U prm—1(Zm-1)
(i <n*), b~ = qo, and that € |= q1(z1) U ... U gs(z). Then, by Claim B, we can find N and
B« C {b;}i<k+ such that B;.& is good for N, where & = b- &. This sequence is a required
one. (End of Proof of Claim)

With choosing & = 0 and m large enough in Claim C, (for appropriate g;’s) we can find

a copy W’/ C Ny U & of W satisfying the conditions in (1);+1. By (M,c) < (M*,c), W’ can
be chosen in M.

O

Remark 5. The partite lemma, follows from our infinite version. Let X be a linearly or-
dered structure of width n and Y a linearly pre-ordered of the same width. Suppose for a
contradiction that there is no finite Z satisfying the required condition. Let M = T, be a
countable model and let {a;}ic., be an enumeration of M. We put Z, = {a;}i<n. Since Z,
does not satisfy the required condition, we can find a section X, and a coloring c,, : ( }Z(:) — 2
such that no (;;) with Y 2 Y’ C Z, is c,-monochromatic. By Konig’s lemma, there is an
infinite sequence ng < n; < my--- such that ¢,, C ¢,, C ---. We can also assume that all
the X, are the same, say X. Let ¢* = |J,., ¢n;- Then, no (};) with Y 2 Y’ C Z would be
c*-monochromatic. This contradicts our infinite version of partite lemma.

4 Ordered Random Structures

Theorem 6. Let A C B be two linearly ordered L-structures of finite width. Then there is a
number m* such that if G is a linearly pre-ordered random L-structure of width m* then, for
every coloring ¢ on (3), we can find a copy B' C G of B such that (i) is c-monochromatic.

Proof. Let n = |A| and m = |B|. Let m* be a sufficiently large number compared with n
and m. We assume c is defined on the subsections of size n. Let (G*,c) be an w;-saturated
elementary extension of (G, c). It is sufficient to find a desired copy B’ in G*. Let {I; : ¢ < k}
be an enumeration of all n-element subsets of m*. Starting from Gy = G*, we inductively
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choose linearly pre-ordered random L-structures G; C G* (i < k) of width m* such that, for
every j < i, Gi|I; = U, L G;(l) is locally monochromatic. Suppose we have already defined
G;. We define c¢* on [G;]™ by

(YY) =c(Y|L).

Then, by the partite lemma, each finite substructure of G; (of width m*) has a copy Z C G;
such that c* is locally constant on Z. Let X, X’ be sections of Z|I; with X = X’. Then
there are isomorphic sections Y D X and Y’ O X’ of G;. By the definition of c*, we have
c(X) = c(Y|L) = (YY) = ¢*(Y') = ¢(X'). (For j < i, we already have that c is locally
constant on Z|I;.) By compactness, we have G, satisfying the required condition. Finally
let H = Gg. cis locally constant on [H|IL]", for each i. Let n; be the constant value of
c(A’), where A’ = A is a section of H|I;. Since m* is very large, by Ramsey’s theorem, we
can choose a set J C n* with |J| = m such that if I;, I C J then n; = ny. It is clear that
H|I is a random L-structure. So, we can find a copy B’ C H|J of B. B’ has the desired
property. a

Example 7. Let G be a countable random graph and ¢ : G — 2 be a coloring for vertexes.
Then there is a random subgraph H C G such that c is constant on H: First notice that
every R-definable infinite subset of G is a random graph. We may assume that no R-
definable infinite subset is c-monochromatic. Let {g; : i € w} be an enumeration of G and
let G, = {gi : ¢ < n}. We will define h;’s such that, for each n, G, = {hi:i<n} CG and
that ¢(hy,) = 0. Suppose that we have defined {h; : ¢ <n}. Let X = {a € G: Gpn, g, & {h; :
i < n},a}. X is an infinite definable subset, so by our assumption, there is a € X such that
¢(a) = 0. Let g, = a then we are done.
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