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1 Introduction

We consider the Navier-Stokes equations in R?:
Ou—Au+u-Vu+Vp=0 inR?x (0,00),
(N-S) divu =0 in R? x (0,0),
u(-,0) =4y in R?,
where u = u(z,t) = (u!(z,t),v*(x,t)) and p = p(z,t) denote the unknown
velocity vector and the pressure of the fluid at (z,t) € R? x (0, 0), respec-
tively, while ug = ug(z) = (uf(z), ud(z)) denotes the given initial velocity.
In two dimensional case, it is well-known that the unique global solution
u in the class L*(0, 00 ; L*(R?)) of (N-S) which satisfy the following integral
equation:

t
(IE) u(t) = e tuy — / V. e 9Py ® u)(s) ds, t>0,
0

where A = —A is the Laplacian on R?, {e7*4},5, denotes the heat semigroup,
P = (Pj)3,_, is the Fujita-Kato bounded projection onto the solenoidal
vector fields and u ® u = (u;ux)?;-;-



The decay problem has been one of main interests in mathematical fluid
mechanics. Especially, the algebraic time decay is investigated by, for in-
stance, Schonbek [20, 21, 22, 23], Kajikiya and Miyakawa [11], Wiegner [27].
Indeed, under the moment condition on the initial data ug:

(1.1) /n(1 + |2])|uo(z)| dz < o0,

there exists a weak solution u(t) to the Navier-Stokes equations with the
upper bound:

(1.2) lu@®)lz < CL+)"F,  t>0.

See also [4, 5, 6, 8, 15, 16, 2]. Here we note that (1 + t)~("*?/% of the
energy decay is known as the critical rate for general initial data. More
precisely, Carpio [3], Fujigaki and Miyakawa (7], Miyakawa and Schonbek
[19] showed (1.2) by the asymptotic expansion with the heat kernel function
(4mt)~"/? exp(—|z|?/4t), under (1.1), where the leading terms were definitely
described. Furthermore, assuming not only (1.1) but also

13)  |uo(@) < C( +|z))™" and / (2™ uo(2)| dz < oo,

more specific space-time behaviors, especially, higher order asymptotic ex-
pansion were proved. See also [25, 24, 17, 18, 10, 1, 9, 13, 12]. Here rises a
natural question that whether or not, the moment condition (1.1) on the ini-
tial data is essential to control the space-time behavior of the Navier-Stokes
flow, more precisely, is necessary to determine the leading order term of the
solution of (IE).

In this article, our aim is to derive the space-time asymptotics using the
heat kernel function without any moment condition on the initial data like
(1.1), i.e., no restriction of the decay at spatial infinity on ug. Alternatively,
we introduce the following profile of initial data:

(1.4) uo(x1, @) = (a}(21)' (22), a*(21)9*(22))-

In two dimensional case, since the solenoidal condition div up = 0 is much
stringent, we see that a® and (? are necessarily differentiable and that uo has
a representation with the stream function a'(z;)¢?(z2). Hence this structure
enables us to determine the leading order terms of asymptotic expansion
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without any moment condition on initial data, not just to derive a rapid
time decay. Of course, it is natural that under restriction on initial data at
spatial infinity one can obtain rapid energy decay and also pointwise esti-
mates at spatial infinity of the flow. Furthermore, we discuss the necessary
and sufficient condition on the initial data which causes the critical rate
(1 +t)7! of the energy decay, like Miyakawa and Schonbek [19].

Finally, we discuss the condition on the initial data for the second order
asymptotic expansion of the solution of (IE) with the aid of weighted Hardy
spaces.

2 Result

Before stating our results, we introduce the following notations. Let C§%,(R?)
denotes the set of all C*®-solenoidal vectors ¢ with compact support in R?,
ie., div ¢ = 0 in R%. L7(R?) is the closure of C§3,(R?) with respect to the
L-norm | - ||, 1 < 7 < o0. (+,-) is the duality pairing between L"(R?) and
L™ (R?), where 1/r +1/r' = 1,1 < r < co. L"(R?) and W™"(R?) denote
the usual (vector-valued) L-Lebesgue space and L™-Sobolev space over R?,
respectively. Moreover H™(R?) stands for W™?(R?). #(R?) denotes set
of all of the Schwartz functions. #'(R?) denotes the set of all tempered
distributions. '

To state our theorem, we introduce the explicit representation of the
projection operator P : L"(R%?) — L7(R?). By the Fourier transform, we
have

Pi(§) =6+ === for j,k=1,2, (i=+-1).

Therefore, putting Fp = (Fp k)41 = Be~tAP, we have

ﬁt’,j,k(g’ t) = igfe—tlelztsjk‘f’z—&f%g—kie—tmz = i&ge_t|£|26jk+i€£i§ji§k / e—SIEI"’ dS,
t

for £ = 1,2 since [¢|~2 = [ e *KI" ds. Hence we obtain
thﬁk(m, t) = 83Et(a:)5jk + / BijBkEs(x) ds for f, j, k= 1, 2,
t
where Ey(z) is the heat kernel:

E,(z) = (4nt)"'exp (—%)
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Furthermore, we have the following estimate:
(21) O Fyx(-, )l < Cyt~BHel2m/241/a 150, 1< g< oo,

for all m = 0,1,... and all multi-indeces o.
We note that the integral equation (IE) is rewritten with Fy as follows:

Z/Fmt—s (e (s )d)

£,k=1

(IE") u(t) = (

j=1,2
Now our theorem read:

Theorem 2.1. (i) Let up € L2(R?) N L'(R?) with the following form.:

up(z1, T2) = (a1($1>801(552):02(931)902(332))-

Then the strong solution u(t) of (N-S) satisfies

(2.2) lim £/% WH —azEt()/al(yl)so2(yz) dy
+ZF“’C t)/ /uwk Y, S dyds“ =0,
£k=1
and

(2.3) lim ¢¥/2"/q

t—00

1
wlt) - TOE() [ @ u)e @) dy
+ Z Fl2k / /wuk Y, 8 dyds” =0,
£ k=1

for 1 < q < 2. Here )\, € R is characterized as follows:

—(ala 019) (¢?, 0atp)
(a?,4) ’ (o)

with some ¢, € CP(R) so that (a?,¢) # 0 and (', ) # 0.
(11) Furthermore, it holds that

(2.4) A= A =

: 3/2-1/q —
lim £/ u(®), = 0,
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iof and only if

(2.5)

[ @ [ wdn=0 i [ [y, duds = o
—o0 oo 0

for some constant ¢ > Q.
(11i) On the other hand, we have

lim inf t32-1/9||u(t)||, > 0,
t—o00

if and only if (2.5) does not hold.

Remark 2.1. (i) The characterization of A, # 0 is well-defined. Indeed, A,
is independent of the choice of ¢, € C°(R). See also Lemma 3.1 below.
(ii) Under our assumption on ug, the solenoidal condition in weak sense
yields the differentiability of a! and 2. See, Lemma 3.1 below.
(iii) If uo satisfies (1.1), then by Fujigaki-Miyakawa [7] we also have the
expression:

(2.6) lim 3219

t—o00

ui(t) + 3 0uEi() / yeto ;(3) dy

<+ i Fpji(-t) /0‘°° /(ueuk)(y, s) dde“q =0.

£,k=1

By virtue of the profile of initial data as in Theorem 2.1 and by Lemma 3.1
below, it is easy to see that

/ 420 (42) " () dy = O, / 1 () () dy = 5 / o ()¢ (32) dy,

/ 110%(y1)©* (y2) dy = —)% / a'(1)¥" (y2) dy, / y20” (y1)@* (32) dy = 0.

Hence the leading terms from the linear part as in (2.6) may correspond to
our leading terms if ug satisfy both our assumption as in Theorem 2.1 and
(1.1).

(iv) For the optimal decay, the necessary and sufficient condition (2.5) is
a generalization of that of Miyakawa and Schonbek [19]. Indeed, as is men-
tioned above, if uy satisfies the moment condition (1.1), (2.5) must coincide
with that of [19]. Especially, if

/ / (ueur)dyds = by and / al dy, / ©rdy, #0
0
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with some c € R, then by cancellation of the contribution from the nonlinear
term, we may not expect that the flow is asymptotically symmetric in R2.
(v) In higher dimensional case n > 3, consider

u(z) = (a'(z1)¢" (z2)0(23, - - - » Tn), a2 (z1)P* (T2)N(23, - - ., T0), 0, . .. ,0).

Then we obtain that all properties of Theorem 2.1 still hold for strong solu-
tions with replacing t3/2-1/4 by t1/2+n(1-1/0)/2 and replacing [ a' dy; [ ¢* dy,
by [aldy, [ ¢*dys [ndys...dYn.

As is mentioned in Remark 2.1, if we assume (1.1) in addition to the
assumption as in Theorem 2.1 then we obtain the first order asymptotic
expansion which corresponds with (2.6). Moreover, under such a situation,
we expect the second order expansion for the Stokes flow. On the other hand,
for the asymptotic expansion of the nonlinear term we need rapid decay of
weighted estimates for the solution of (IE). Recently, Tsutsui [26] investigated
the specific weighted estimate of the solution in the weighted Hardy spaces
HP(w). So introducing the estimate obtained in [26], by slight modification
of (1.1) in terms of weighted Hardy space H!(w) with a weight w we obtain
the second order asymptotic expansion of the solution of (IE). Here,

H (w) = {f € S (R?); /ﬂ; sup |(®, * f)(z)|lw(z) dz < oo} ,

2 A>0

with some ® € .#(R?) with [, ®(z) dz = 1, where ®,(z) = A72®(z/)).
Then we have the following theorem:

Theorem 2.2. Let uy € L2(R?) N L*(R?) with the form:

o(z1,72) = (a'(z1) @' (22), a*(x2) 0’ (2))

and satisfy (1.1). (i) Then we have (2.2) and (2.3) for all 1 < q < cc.

(ii) Furthermore, for every0 < € < 1/2 let ug € H(w) withw(z) = |z|'~*
and let ||uollz + ||uo |l (w) be sufficiently small. Then the strong solution u(t)
satisfies

w@)+ 3 3 (DEOEREN) [ya )¢ dy

* 0<|al<1

+ 3 S (D)@ R (1) / ) [ e, 5) dyds

£,k=1|8|<1

(2.7)  lim t*71/

t—o0

=0

q
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and

(2.8)  lim t>"%/4

t—o00

uz(t) — + Z (-1)(B20E) (- )/y“al(yl)wz(yg)dy

0<]a|<1

+ Z Z Iﬁl 6‘9F42k / / (ueuk)(y, s dyds” =0

Lk=1|8|<1
for all 1 < q < oo, where A\, € R is determined by (2.4).

Remark 2.2. (i) Under (1.1) we have the rapid decay estimate for the strong
solution obtained by Miyakawa [15]. Then we can extend the range of g up
to oo.

(ii) Fujigaki and Miyakawa [7] and Miyakawa [15] showed higher order
asymptotic expansion assuming pointwise estimates on the initial data as in
(1.3). Of course, they simultaneously obtained the precise pointwise esti-
mate for the solution in space and time. However, as for the second order
asymptotic expansion we need no pointwise estimate on ug as in (1.3).

3 Outline of proof

The following lemmata for the Stokes flow are essential role to prove our
theorems.

Lemma 3.1. Let uy € L2(R?) N LY(R?) with the following form:

uo(T1,T2) = (‘11(931)901(902),a2($1)802($2))-

Then it holds that a', ¢* € HY(R) N WHH(R) and that ug is expressed as:
(3.1)

ug(z1,T2) = —(—a (21)B20° (z2), Brat (21) % (x2))  for a.e. (z1,22) € R?

where A, € R is characterized as :

—(a',019) (¢?, 029)
(a%,¢) ’ (L)

with some ¢, € C(R) so that (a?,¢) # 0 and (¢*,¢) # 0.

(2.4) Ao = Ao =
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Proof. Sinceug € LZ(R?), i.e., div ug = 0, we have i&,a* (&) (&2)+i2a2(£1)p?(&2) =
0 for all &;,& € R. Therefore there exists a constant A, such that
163" (&) _ —i€f*(&) \

a*(&1) o' (&2) ’
for all &;,&; € R. Hence (3.2) implies

oat(zy) = \a®(z1),  ae. 7,
—82p%(z2) = Aot (z2), a.e. T

(3.2)

(3.3)

Since a?, ¢! € L}*(R) N L?(R), it is easy to obtain a', ¢? € H}(R) N WHL(R)
and (3.1).

Now it remains to give an expression of \, by the given data a', a2, ¢! and
¢? with the aid of test functions, and to show ), € R and well-definedness
of A,. Let ¢,1 € C3°(R). Consider ¢(x1)1(z2) as a smooth function on R2.
Then we have

0= (UO,V(WP))
=42(a1(x1)g01(x2)-61¢(x1)¢( ) + a*(21)9*(22) - ¢(1)0xp(22)) dz1dey

=/Ra1(x1)81¢(x1)dz1/R Y)Y (zy d:vg—t—/R 2(z1) (2 dxl/Rgo(xz)62¢(:v2) dzxo
= (a',019)(¢", ¥) + (a®,9)(¢°, B2).

Hence we obtain
—(,010) _ (¢ 020)
(a2, 9) (', %)

for all ¢,¢ € C§°(R) with (a2, ¢) # 0 and (', ) # 0. Therefore it is easy to
see that (3.4) implies the characterization of )\, is independent of the choice
of ¢ and . O

Lemma 3.2. Let ug € L2(R?) N L*(R?) with the form:

(3.4)

uo(z1, 22) = (a'(z1)¢ (22), a*(21) ¢ (22))-
Then for 1 < q < 00, it holds that

g = S (- (), () / o (1) (42) dy

where A\, € R is determined by (2.4).

lim ¢3/2-1/q
t—o00

=0,

q




Proof. By Lemma 3.1, we note that

1
uop(z1,Z2) = /\—(—al(xl)62<p2(x2),Blal(x1)<p2(a:2)) for a.e. (ry,29) € R2.

Noting 9;,Ey(z — y) = —0,, Ex(x — y), by integral by parts we have

e~ ale)(z) = / Ei(z — y)a' ()¢  (y2) dy
R?
1

(3.5) TN e Ey(z — y)a' (1) (v2) dy
1
= =5 [, Bule — v)a! () ) o

Hence we have
e )@) + 3-0Ea) [ ) ) dy
- _:\1: / (02, Bi(z — y) — 82, Ee(2)] 0 (y1)0? (y2) dy

Therefore, by change of variables =’ = x/+/t and the generalized Minkovski
inequality for the integral, we obtain

1
i)+ OB [ o)) dy
t—3/2+1/q
<
A
Here ||0,E1(- — y/v/t) — 32 E1(+) || is bounded in t and y, and we have
tlg& 821 (- — y/ V') — B2E1()]lg = 0 for fixed y.

q

/ 1BBx(- — 5/ VD) — BoBx ()l @ (4)6% (u2) .

By Lebesgue’s convergence theorem, we have

el 1
lim ¢¥/271/¢le™*[a" "] + =B Ey(") / ol (1)@ (y2) dy|| =0.

t—o0

Furthermore, by the same argument, we obtain

. - _ 1
lim t%/2-Y9 || e~*4[a2p?] — A—BlEt(~)/a1(y1)<p2(y2) dy|| =0.

t—ro0 *

This completes the proof of Lemma 3.2. O
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Since we have the asymptotic expansion of the Stokes flow with leading
order therms and ||e=*ugl|y < ¢~ for large ¢ > 0, we may derive the first
order asymptotic expansion for the nonlinear terms according to Fujigaki and
Miyakawa [7]. Let

w(t) = (wi(t), wa(t)) = — /OtV e~ t94P(y @ u)(s) ds

(3.6) 2 e
= (— Z ,/o Fyjrk(t — 8) * (upu)(s) ds)

f,kzl J——1,2

Lemma 3.3 (Fujigaki and Miyakawa [7]). Let ug satisfy the assumption of
Theorem 2.1. Then we have

lim #3/2-1/1
t—o00

w(®)+ 3 Fugaet) [ [ twnn)(w.5)dyds|| =0

£,k=1

q
foralll1<g<2andj=12.

Finally, we consider the second order asymptotic expansion for nonlinear
term under the first order moment condition in terms of the weighted Hardy
space. For this purpose we introduce the following theorem proved by Tsutsui
[26]:

Theorem 3.1 (Tsutsui [26]). Letn > 2,1 < p < oo, —n/p < a <n(l —
1/p) + 1 and w(z) = |z|*P. Then there exists § > 0 such that for any ug €
L™ VHP(w) with |[ug|n + [|uollarw) < 0 and div ug = 0, we can construct a
solutionu € L*(0, oo; L"NHP (w))NC ([0, 00); L*"NHP(w))NC>((0, 00) xR™)
of (IE) satisfying

E})I(l) flu(t) — uo|ln = ll_r)% |w(t) — uollmp(w) =0, sggtl/QHVu(t)Hm(w) < 00.
Moreover, for q € [p,00) and 8 € (—n/q,n(l — 1/q) + 1) with B < «, the
solution u satisfies the following property:

w(t)l2s(0) < Ct—3/r-1/0-2FE 5

for all t > 0 with o(z) = |z|%.
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Here weput p=1a=1-¢,g=2and 8 = 1/2 in Theorem 3.1 in case
of n = 2. Let ug € L2(R?) N'H} (w) with w(z) = |z|'~¢ and ||uo|2 + ||uoll#z (w)
is sufficiently small. Then we obtain a unique strong solution u(t) with the
following estimate

(3.7) / Wllu(, O dy < CE¥2 fort >0,
]R2

since L} (R?) N H%(c) — L?*(o) with o(z) = |z|, where L* (o) = {u €

Lipe(R?); [ |u(z)[*0(z) dz < oo}.
By virtue of (3.7), we obtain the second order expansion of the nonlinear

Duhamel term according Fujigaki and Miyakawa [7].
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