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1 Introduction

This paper is a survey of the paper [11] on large-time behavior of solutions to a system of
viscous conservation laws over one-dimensional half space R := (0, ),

U+ f(U)x = (GU)Ux)x, x€R4, >0 (1.1)

Here U = U(t,x) is an unknown m-vector function taking values in an open convex set
Oy C R™; f(U) is a smooth m-vector function of U € Oy; G(U) is a smooth m x m real
matrix function.

Our main purpose is to show existence and asymptotic stability of a stationary solution
to the system (1.1). To transfer the system to that in a symmetric form, by following the
argument in [7], we firstly assume that the system (1.1) has a strictly convex entropy 1 =
N(U) satisfying

(i) n(U) is a strictly convex scalar function, i.e., the Hessian matrix D n(U) is posi-
tive definite for U € 0y .
(ii) There exists a smooth scalar function g(U) (entropy flux) such that Dyq(U) =
Dyn(U)Dy f(U).
(iii) The matrix G(U)(D4n(U))~! is real symmetric and non-negative for U € 6y .

Then we assume that
[A1] the system has the entropy function 7 (U) satisfying (i) — (iii) above.

We introduce a new dependent variable U under assuming that there exists a diffeomor-
phism U +— U from an open set & onto &. Notice that U = U (U) is given by U(U) =
TDyn(U) and DyU = D} n. Then the system (1.1) is deduced to the symmetric system for
U as

A

A0, +A0)0, = (B(0)Uy)s, (12)

where



AY:=DyU = (D¥n)! : real symmetric and positive definite,
A:=DyfDyU =Dy f(Dn)~" : real symmetric,
B:=GDyU = G(D}n)~! : real symmetric and non-negative definite.

We next rewrite the system (1.2) to a normal form which is a coupled system of a
symmetric hyperbolic system and a symmetric parabolic system. To do this, we suppose a
following assumption:

[A2] The null space .4 := ker B(0)) is independent of U € 6.

Let m; := dim .4 and m; := m — m,. Here we assume that B(ﬁ) is the form of

A 0 0
B U = A A
©) (0 By (U ))
without loss of generality (see [7]), where li‘z((j ) is an my X my matrix and positive definite.
Under the assumption [A2], there exists a transformation U — u which is a diffeomorphism

from an open set &y onto &,,. Then we rewrite the system (1.2) to that for a new dependent
variable u as

A% () u; + A(u)uy = B(u)uyy + g(u, ux). (1.3)

In (1.3), A%(u) is real symmetric and positive definite of the form

A(u) = (A?(()u) Ag(zu))

where A9(u) and AY(u) are real symmetric and positive definite; A(u) is real symmetric of

the form W W
. A11 u A12 u
Alw) = <A21 (u) Azz(u)>

where A1 (#) and Ay (u) are symmetric and TAy2(u) = Az (u); B(u) is real symmetric and
non-negative definite of the form
0 0
2= (5 0

where B, (u) is real symmetric and positive definite; g(u,u,) is a nonlinear term of the form
g1(u, wx))
U, ly) = .
g(u,uy) (gz(u,ux)

Using a notation u = ' (v,w) where v = v(t,x) € R™ and w = w(t,x) € R™, we deduce the
system (1.3) to the decomposed form

A(u)v; +Ary (w)ve + A (W)wx = g1 (u, wy), (1.4a)
A (u)w; + Aoy ()vy + Agp () Wy = B (U)W + 82(u, thx). (1.4b)

For the system (1.4), we put the following condition.
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[A3] The matrix Aq;(u4) is negative definite for some u,. € 0,,.

The assumption [A3] corresponds to the outflow problem for the model system of com-
pressible viscous gases discussed in [5, 6, 13]. We prescribe the initial and the boundary
conditions for (1.4) as

u(0,x) = up(x) = T (vo,wo)(x), ie., (vw)(0,x) = (vo,wp)(x), (1.5)
w(t,0) = wo, (1.6)

where wp, € R™ is a constant. We assume that a spatial asymptotic state of the initial data
is a constant:

lim ug(x) = uy = ' (vy,wy), ie., Lim(vo,wo)(x) = (v4,w,). (L.7)
x—00 X—»00

We show the existence of a solution to the problem (1.4)—(1.6) globally in time under the
smallness assumption on |wy, — w.|. Thus the condition [A3] yields that the characteristics
of the hyperbolic system (1.4a) around the boundary are negative. Therefore the boundary
condition (1.6) is necessary and sufficient for the well-posedness.

For the heat-conductive model of compressible viscous gases in R3, Matsumura and
Nishida in [8] show the asymptotic stability of a constant state (or a stationary solution
corresponding to an external potential force) and establish a technical energy method. For
the system (1.1) in the full space R", Umeda, Kawashima and Shizuta in [16] consider a
sufficient condition which guarantees a dissipative structure of the system (1.1) and show
the asymptotic stability of the constant state.

For a barotropic model of compressible viscous gases in half space, Kawashima, Nishi-
bata and Zhu in [6] consider an outflow problem, where a negative Dirichlet data for
the velocity is imposed, and show the existence and the asymptotic stability of bound-
ary layer solutions. The generalization of this problem to a multi-dimensional half space
RY =R x R"~! is considered by Kagei and Kawashima in [2]. For the heat-conductive
model, Kawashima, Nakamura, Nishibata and Zhu [5] prove the existence and the asymp-
totic stability of boundary layer solutions for the outflow problem. For the inflow problem,
the barotropic model is considered in [10] and the heat-conductive model is considered in
[1, 12, 14].

Notations. For vectors u,v € R™, |u| and (u,v) denote standard Euclidean norm and inner
product, respectively. For a matrix A, TA denotes a transport matrix of A. For 1 < p < oo,
LP(R.) denotes a standard Lebesgue space over R, equipped with a norm || - ||». For a
non-negative integer s, H*(R,.) denotes an s-th order Sobolev space over R, in the L? sense
with a norm || - ||zs. Notice that HO(R,) = L?>(R.) and || - ||go = || - ||;2. For a function
f = f(u), D,f(u) denotes a Fréchet derivative of f with respect to u. Especially, in the
case of u = ' (uy,...,u,) € R" and f(u) = "(f1,...,fn)(u) € R™, the Fréchet derivative
D.f = ( %%),-j is an m x n matrix. For a function f = f(v,w), we sometimes abbreviate

partial Fréchet derivatives D, f(v,w) and D,, f(v,w) to f,(v,w) and f,,(v,w), respectively.



2 Existence of stationary solution

The stationary wave U (x) is defined as a smooth stationary solution to (1.1) which converges
to a constant state U = U (u,) as x — oo, Thus U satisfies a system of equations

f({0)e = (GO)U,),, x€Ry. 2.1)

Let ii = T(G,W) be a stationary solution for (1.4). Since the transformation U — u is a
diffeomorphism, we have a relation between U and #, i.e., i = u(U) and U = U (). We
assume that i satisfies the same conditions (1.6) and (1.7), that is,

(0) = wy, (2.2a)

lim ii(x) = uy, ie., Lm(F,w)(x) = (vy,wy). (2.2b)
X—¥o0 X—00

The existence of the stationary solution for the boundary value problem (2.1) and (2.2)
is shown in Theorem 2.1 below. We note that the non-degenerate stationary solution exists
if the number of negative characteristics is greater than the number of hyperbolic equations
(1.42). In order to handle the degenerate case, we have to assume that the matrix Dy f(U.)
has a simple eigenvalue 0. Let (U) be an eigenvalue of the matrix Dy f(U) satisfying
p(U4) =0 and let R(U) be a right eigenvector of Dy f(U) corresponding to p(U). We also
use a notation #~ (A) which denotes the number of negative eigenvalues of a matrix A.

Theorem 2.1. Assume that [A1}-[A3] hold and let § = |ws — wp|.

(i) (Non-degenerate case) We assume that
# (Duf(Us)) > m

holds. Then there exists a local stable manifold .#° C R™ around the equilibrium
wy such that if wy € .A° and § is sufficiently small, then there exists a unique smooth
solution i(x) to (2.1) and (2.2) satisfying

|0%(i#(x) —uy )| < C8e™ for k=0,1,.... (2.3)

(ii) (Degenerate case) We assume that Dy f(U,) has a simple eigenvalue 0, i.e., u(Uy) =
0. Moreover we assume that the characteristic field corresponding to L(U,) = 0 is
genuinely nonlinear, that is,

Dyp(UL)R(US) #0. (2.4)
Then there exists a certain region # C R™ such that if w, € A and & is sufficiently
small, then there exists a unique smooth solution i(x) satisfying

5k+1

|05 (@(x) —uy)| < CW

+Cée™ for k=0,1,....
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(1) Non-degenerate case (ii) Degenerate case

Figure 1: The left figure shows the state space of w € R™ for the non-degenerate case. The
region /" means a local unstable manifold. The right figure is the degenerate case. .#° is
a local center manifold corresponding to eigenvalue 0.

Proof. Here we only give a brief outline of the proof for the non-degenerate case (i). For
more details, see the paper [11]. Integrate (2.1) over (x,o0) with using a property U,(x) = 0
as x — oo and symmetrize the resultant equation, we have

B(id) i = A(uy) (@ —uy) + O(Ji— uy )
which is rewritten to
0=A1(up)(F—vy) +An(u)(W—wy)+O0(i—ui?), (2.5a)
Bo(i0)Wy =Az1 (uy ) (5= vy ) +An(uy ) (W —wy) + O(Jii — uy ). (2.5b)

Due to the assumption [A3], we solve (2.5a) with respect to ¥ by using the implicit function
theorem. Thus 7 is represented as a function of Ww

V—V+ :F(W—W+)+0(IW~W+,2), I .= —A11(u+)_1A12(u+). (26)
Substituting (2.6) in (2.5b), we get an my x m; system of differential equations for w
Wx:A(W_W+)+O(IW_W+I2)a 2.7)

A= Bo(us) ™ (A1 (w4 )Ar1 (ug) " Arg (us) + Aza(uy)).
Moreover, we see that
#(A) = # (A(uy)) —# (A1 (uy)) = # (fu(Us)) —m1 >0

which yields the existence of the local stable manifold. Therefore we complete the proof.
O

3 Asymptotic stability of stationary solution

We next show the asymptotic stability of the stationary solution of which existence is shown
in Theorem 2.1. To do this, we have to assume a condition which guarantees a dissipative



structure of the system. This kind of dissipative structure is firstly studied by Kawashima in
his doctorial thesis in 1984, and the following condition is imposed in [3, 15, 16].

[A4] Let AA%(u )¢ = A(uy )¢ and B(uy)¢p =0for A € Rand ¢ € R™. Then ¢ =0.

Kawashima proves the asymptotic stability of a constant state for the full space problem
under the stability condition in his papers [3, 4, 15, 16]. The main purpose of the present
paper is to show the asymptotic stability of the stationary solution in half space under the
stability condition.

We first summarize a result on asymptotic stability of the non-degenerate stationary
solution.

Theorem 3.1. Assume that [A11-[A4] hold and that the same assumptions as in Theorem
2.1-(i) hold. Then there exists a positive constant & such that if

lup — || g2 + 08 < &,
the problem (1.4), (1.5) and (1.6) has a unique solution u(t,x) globally in time satisfying
u—iie C([0,%), HA(R,)).
Moreover the solution u converges to the stationary solution i:
lim |ju(z) — dtf|~ = 0. (3.1)

In order to show asymptotic stability of the degenerate stationary solution, we have to
assume convexity of the flux function f(u) along a certain vector # € R™ defined by

7= (Dyp(U+)R(U))Dyn (U )R(UL). (3.2)

Here we have assumed that Dy (U, )R(U,) # O for existence of the degenerate stationary
solution. Notice that the direction of 7 is uniquely determined since 7 is independent of the
sign of R(U,.). We also note that 7 is a right eigenvector of A(U(U,)) corresponding to the
eigenvalue 0. Using 7, we define a scalar function f(U) by

FU) = (7, f(U)).

In Theorem 3.2, by assuming that f (U) is convex at U = U,., we show asymptotic stability
of the degenerate stationary solution.

Theorem 3.2. Assume that [A1]1-[A4] hold and that the same assumptions as in Theorem
2.1-(ii) hold. Moreover, we assume that a scalar function f (U) is convex at U = Uy, that
is, the Hessian matrix D%, f (Uy) is non-negative definite. Then the same conclusion as in
Theorem 3.1 holds true.

The crucial point of proof of Theorems 3.1 and 3.2 is to obtain a uniform a priori esti-
mate of a perturbation from the stationary solution

(0, ¥)(t,%) = (v,w)(t,%) — (7, ) (x)-
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We also use a notation & (¢,x) := u(t,x) — ii(x) = (@, ¥)(¢,x). From (1.3), £ satisfies
A ()& +A()&x = B(u)&ux + b, (3.3)
h:=g—§—(A—A)ix+ (B~ B)itxs,
where g := g(ii, ii;), A := A(ii), B := B(ii). We also have the equation for (@, y) from (1.4)
as
A (U) @+ A1 (W) Qs+ Ara () Y = i, (3.42)
A () W + A1 (u) P + A2 () Wi = Bo () Yix + o, (3.4b)
where & = T(hy,h;) and
hy =g — g1 — (A1 — A1)V — (Ar2 — A12) Wy,
hy 1= g2 — 2 — (Aa1 — A1)V — (Ag2 — Ap) Wi + (B2 — B2) Wiy,
where g := g1(ii,Wy), 82 1= g2(ih, ilx), Aij := Aij(u) (i,j = 1,2), B, := B,(i). The initial
and the boundary conditions are prescribed as
(@, ¥)(0,x) = (90, ¥0) (x) := (vo, wo)(x) — (¥, W) (x), (3.5)
y(z,0) =0. (3.6)

To summarize the a priori estimate for a solution (¢, ¥) in Sobolev space H?, we define
an energy norm N(¢)

N(t) == sup [[(@,¥)(7)llz-

<1<t

Proposition 3.3. Let (@, y) € C([0,T);H*(R.)) be a solution to (3.4)~(3.6) for a certain
T > 0. Then there exists a positive constant € such that if N(t) + 6 < €, the solution
satisfies

(@@ Be+ [ (19Ol + WD) dr < Clon )l B7)

The proof of Proposition 3.3 is divided into several steps. In this paper, we only show
the brief derivation of the basic L? estimate for the non-degenerate case. To this end, we
employ an energy form & defined by

& =n(U)-n(0)-DynU)U -U).
Note that, if N(t) is sufficiently small, the energy form & is equivalent to |(@, ¥)|? because
the Hessian matrix Dfn is positive. From a direct computation, we see that & satisfies

(got‘*‘yx'*'(BZ(u)Wx"//x)"*'g:%x‘f'%a (38)

where

F :=4q(U) —q(0)-Dyn(O)(f(U) - £(D)),
2 := (Dyn(U) - Dyn(D))(GU)Us ~ G(0)Tr),

4 .= Dyn(U)x(f(U) - f(0)) — (Dun(U) = Dyn(0)) f(0)sx,



and Z is a remainder term satisfying
[ i#lax<c [ (alglEd+mPIER dx < C5(pw0P +IEOIE). 39
+ +

By using the boundary condition (3.6) and A11(us) < 0in [A3] as well as a smallness of
N(t), we have

[ Fedx=-2| 4> 5 4@E8)] o~ CEEOP 2 clo(OP,  (G10)

[ #udx| = | Bleco] <)+ 8)l0(1,0)P (3.11)
Due to the positivity of B(u), we have

[ Batwwi, vz el (3.12)
By using the expression of ¢ as
@ = 2050 (0)0e, o (0)E) + O(TNIEP +F@MIED), (313
where & := U — U, we estimate the integral of ¢ as
[ @lar<c [ 1adéRdr< a0l + &I (3.14)
Here we have utilized the Poincaré type inequality
J, 6P < CIEO)F + 1)

in deriving (3.9) and (3.14). Therefore, combining the estimates obtained above, we obtain
the basic L? estimate for the non-degenerate case as

@ WO+ [ (W@ +lo(.0)P) s

t
< Cll(@0, W) %+ C8 /0 lou(0)|Padt (3.15)

provided that N(t) + & is sufficiently small. For the degenerate case, owing to the algebraic
convergence of the degenerate stationary solution, we can not obtain the same estimate
(3.14) of ¢ as the non-degenerate case. To overcome this difficulty, we show that the
leading part of ¢ is non-negative under the assumption in Theorem 3.2 that f(U) is convex.

To complete the proof of Proposition 3.3, we derive the estimates for the higher order
derivatives. To do this, we combine the energy method in half space discussed in [9] and the
dissipative estimate of the hyperbolic part under the stability condition. For more detailed
computations, see [11].
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