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1 Introduction

In this article we give a summary of recent results on the stability of the com-

pressible Navier-Stokes equation in critical spaces B2, x B, '. We consider the
initial value problem for the compressible Navier-Stokes equation in R"

0o+ V- (pu) =0,
Bru+ (u- V)u+ 8 = tAy 4+ B Y(V - u), (1)

(p,u)(0,2) = (po, uo)(z).-

Here t > 0, z = (z1,22, - ,%,) € R™; the unknown functions p = p(t,z) > 0
and v = u(t,z) = (u1(t, z),uz(t, x), - - ,un(t,z)) denote the density and velocity,
respectively; P = P(p) is the pressure that is assumed to be a function of the
density p; p and p’ are the viscosity coefficients satisfying the conditions x > 0 and
@ +2u > 0; and V-, V and A denote the usual divergence, gradient and Laplacian
with respect to z, respectively.

We assume that P(p) is smooth in a neighborhood of 5 with P’(p) > 0, where p
is a given positive constant.

We derive the convergence rate of solutions of problem (1) to the constant station-
ary solution (g, 0) as t — oo when the initial perturbation (pg — p, uo) is sufficiently
small in critical spaces ng,l X Bzg'l' ' and BY.

Matsumura-Nishida [9] showed the global in time existence of the solution of (1)
for n = 3, provided that the initial perturbation (py — g, uo) is sufficiently small in
H3(R3) N L*(R3). Furthermore, the following decay estimates were obtained in [9]

(b

I94(p - pra)(®) s < O+ 1) % k=01 @)

On the other hand, Kawashita [7] showed the global existence of solutions for
initial perturbations sufficiently small in H*(R") with sy = [3] + 1, n > 2. (Note
that sp = 2 for n = 3). Wang-Tan [14] then considered the case n = 3 when the
initial perturbation (py — p, up) is sufficiently small in H%(R3) N L}(R3), and proved
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the decay estimates (2). Okita [11] showed that if n > 2 then the following estimates
hold for the solution (p,u) of (1) :
IV5p =2 w@)ll2 S CA+HTFE k=0, s,

provided that (po — p, uo) is sufficiently small in H* (R") N L*(R™) with so = [3]+1.

Danchin [2] proved the global existence in a critical homogeneous Besov space,
i.e., a scaling invariant Besov space. The system (1); — (1)2 is invariant under the
following transformation

pat, z) := p(A%t, Az),  ua(t, z) == Au(A’, Ax).

More precisely, if (p, u) solves (1), so dose (px, ux) provided that the pressure law P
has been changed into A2P. Usually, we call that a functional space is a critical space
for (1) if the associated norm is invariant under the transformation (p, u) — (pa, ux)

(up to a constant independent of )). Homogeneous Besov space C([0, 00); Bp’il X
Bpﬁ_ 1) is a critical space for (1); and Danchin [2] proved the global existence in
C([0,00); BE,) x (C([0, 00); Bp;,;l) N L*(0, oo; B;’fl)) and the estimate

(o o}
sup{lo() = il g + 1)+ [l
< M(HPO - 5”3310331-1 + “uOHB;'ztl-l)) (3)

if the initial perturbation is sufficiently small in (BQ%’1 N Bfl— 1) X BQ%; "forn >2.

On the other hand, Haspot [5] proved the local solvability in a nonhomogeneous

n
2 21
2 2
Besov space Bf; x B3, .

Our main result gives the optimal decay rate for strong solutions in critical Besov
spaces, which is stated as follows.

2 Main Results

Theorem 2.1 ([12, 13]). Let n > 2. Then there exists € > 0 such that if
up € 32%,1 N B?,ooa (pO - :5) € Bézl,l-l N B?,oo

and

llpo — ﬁ"B;%lnBtlj,oo + HUO“B?,;IHB?,OO <e
then problem (1) has a unique global solution (p,u) satisfying

— 5 O} -y
(p - P,u) € C([07 OO); B’Zl) X (C([Oa 00)7 322,1 ) N L1(07 Q5 BZ2,1 ))
Furthermore, there ezists a constant Cy > 0 such that the estimates
1o = B w)(®)llzz < Co(1+1)7%,
(o - 7, u) (Bl 31 < Co1 + )75,

Iio = D)l ;3 < Co(1+1)7%,

2,1

hold for t > 0.
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3 Preliminaries

In this section we first introduce the notation which will be used throughout this
paper. We then introduce Besov spaces, some properties of Besov spaces and usuful
lemma.

3.1 Notation

Let LP(1 < p < 00) denote the usual LP-Lebesgue space on R". For a nonnegative
integer m, we denote by H™ the usual L2-Sobolev space of order m. S’ denotes dual
space of the Schwartz space. The inner-product of L? is denoted by (-,-). If S is
any nonempty subset of Z, sequence space [P(S) denote the usual [P sequence space
on S.

For any integer | > 0, V'f denotes all of I-th derivatives of f.

For a function f, we denote its Fourier transform by §[f] = f :

31 = f© = | fla)e*4dz (¢ €R).
The inverse Fourier transform is denoted by §~1[f] = f,

F A=) = fa) = (2m)™" L (©)e**d¢  (z €R).

3.2 Besov spaces

Let us now define the homogeneous and nonhomogeneous Besov spaces. First we
introduce the dyadic partition of unity. We can use for instance any {¢, x} € C*,
such that

3 8
Supp¢ C {£ € R”lz <)g < 5},

4
Supp x C {£ € R"|[¢] < 5},

X(©) +Y ¢(27¢) =1 for £ €R™,

J20

> ¢279€) =1 for £ e R™\{0},

JEZ

Supp $(277-) NSupp¢(27) =0 for |j — 5[ 2 2,
Supp x NSupp#(277-) =0 forj>1.
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Denoting h = F~'¢ and h = F'x, we then define the dyadic blocks by
A_ju= h x u,

Aju= 2" / h(2y)u(z —y)dy ifj >0,
R™

Aju=2" | h2y)u(z -y)dy ifje€Z.
]Rn
The low-frequency cut-off operators are defined by

Sju = Z Ak’lll, S'ju = Z Aku.

—1<k<j—1 k<j-1

Obviously we can write that: Id = ). A;. The high-frequency cut-off operators S;
3= J

are defined by .
Sju = z Aku.

k>j

We define @; by ¢;(£) = ¢(2779¢).

To begin with, we define Besov spaces.

Definition 1. For s Rand 1 < p,r < 00, and u € &’ we set

lullss, = |12l Ajullzs

Ir({i=-1})’

lulls, . == |12 Asull o

(z)’

The nonhomogeneous Besov space B, , and the homogeneous Besov space B;,T are
the sets of functions u € &’ such that ||ul|p;, and ||ull B, < 0o respectively.

Let us state some basic lemmas for Besov spaces.
Lemma 3.1. The following inequalities hold:
() IVA_1ullze < ClA_yul 2.
(i) C127)|Ajulle < |VAull2 < O || Ajulle (G € 2).
(#) [|VSjulr2 < C2|Sjulle (2 0).
() |ISsullre < C277||VSjullz (§ 2 0).
Lemma 3.1 easily follows from the Plancherel theorem.

Remark 3.2. For s€ R and 1 < p,r < 0o, we have

. 1 . .
(2) CQI(Zkgjq 2arkl|Au”2P)r < "Sju”Bg,, < C(Zkgj—l 2srk||Au”2P)

) 1 . . 1
(#) C_l(zkzj 28rk”Au”2p)r < ”Sju”B;;,, < C(Zkz_j 2‘"’°||Au||2,,)’

One can easily prove Remark 3.2.



Lemma 3.3. The following properties hold:
() CYullgy, < IVy)

g1 < Clul

By,

(%) [|[Vul

Bt S Cllul

B

(i) If 8 > s orif ' = s and r, < r then BS.

p,r1

CB;,.

(w) Ifry < r then B?

pr

C B,
(v) Let .A :=+1/=A and t € R. Then the operator A is an isomorphism from Bgyl
to B3
See, e.g., [2], [3] and [5] for a proof of Lemma 3.3.
Lemma 3.4. The following properties hold:

(&) llullze < Cllull 3 (B2, c L™).
(4) B, c L' C BY ..
(i) Bg, = H*.
() Bs, C B3, (s>0).
See, e.g., [2], [3] and [5] for a proof of Lemma 3.4.

Lemma 3.5. Let 1 < p < q < oco. Assume that f € LP(R™). Then for any
a € (NU{0})™, there exist constants C1, Cy independent of f,j such that

Supp f C {|¢] < A2} = 82 fl|za < C127 G ]| o,

Supp f C {A2 < [¢] < A2} = [|fllzr < Ca279 P 1021

See, e.g., [1] for a proof of Lemma 3.5.
We next state some basic lemmas.

Lemma 3.6. Let 51,5, < § such that s, + s > 0; and let u € B;‘l and v € B;"’l

581+s2— 5
Then uwv € By, = * and

0l s 123 < Cllulsgy 0]z

See, e.g., [1], for a proof of Lemma 3.6.

Lemma 3.7. Let s > 0 and let u € Bgyl NL>®. Let F € I/I/l[;l+2’°°(R“) such that

F(0) =0. Then F(u) € B§1 Moreover, there exists a function Ci of one variable
depending only on s,n and F such that

1 ()]

55, < Crlllull=) Jul g,

165
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See, e.g., [2], for a proof of Lemma 3.7.
Lemma 3.8. (1) Let a,b> 0 satisfying max{a,b} > 1. Then

t
/(1 +8)(1+¢ —s)~ds < C(1+)~™™@8 | ¢ >0,
0

(i) Let f € LP(0,00) and a,b > 0 satisfying max{a,b} > 1% for1<p< oo andyp
is the conjugate exponent to p. Then

Y-

/t(l +5)%(1+t—s)"fds <C(1+ t)'mi"{a’b}(/t |fIPds)?, t>0.
0 0

For a proof of (i), see [10]. Proof of (i¢) is given by using Holder inequality; we
omit it.
Let us now introduce a few bilinear estimates in Besov spaces. We will use the

Bony decomposition
w = Ty + Tyu + R(u, v), (4)

with

Tw=) Saubp, Ruv)=) Aubp, BDp=Aiw+Ajp+ b

jez JEL
Lemma 3.9. It holds that
()

sup |Auwv]|z < C(ISaulz2|Sevllia + | Soullz2 | Sov]lz2)-
1<

(#6) If 0 < s1,82,83,54 < §, then

S rilswl < C(I-sulygon Sl + 18-l g5 o0l
12

+ ”5_5““3?1—34 ”S_5'U “B;,II+S4) .

Proof of Lemma 3.9. We have

AT f = 3 Aj(Syaghif), DR(f9) = Y Di(byflyg).
7/ —il<4 J'2j-3
For any j < 0, by the Holder inequality, we have
IATflle < C D 1187-198y fllus

' -j1<4

Cl|Ssgllz2llSaf 2,

IA
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IA;R(f, g)ll e

167

< Ol Y AjAyFAsg)l

123
< CY A fApgle + D185 fAjglls
5'<0 =1

< C(I8sS11z2 11859112 + 1150 f 2211 Sog]l22).

Taking the supremum in j < 0, we obtain the desired estimates of (z).
We next prove (i7). Choose s; € [0, 7]. We then obtain by Holder inequality and

Lemma 3.5 that

ZZslj”AjTgf”Lz < CZ Z 281j|'Aj(Sj’—lgAj’f)“L2

j20

<

<

IA

IA

> 27 |I8R (S, 9)l1e

j20

This completes the proof.

320 |j'—ji<4

C Y 2|85 198 f |2

>4

C > 2Y|{S 59+ (Sy—1 — S_5)g} A f |2

j'2-4

O 2 (1S-sgll 5 1Ay FI| zg

24

(S = Sos)all s 1A £l 2.}

C(||S_5g|}3§1_32 1S-s9]

<

<

<

<

B;,11+‘92 + H‘g_sg“B;’z":l—-sa S‘—5g|IB;}1+53)7

CY > 299 A Ay fAyg) e

320 j'25-3 .

cS ST 2@t A Ay A )1
320 5'25-3

CY > 2t DGGE T A £ 1220007 | A g 2
320 525-3

CN-ufly3-1s 1159

531+34 .
82,1

We now introduce commutator estimates.

Lemma 3.10. Let s € (
llcjlls =1 and a constant C depending only on n and s such that

VieZ, ||[f-V,A0gll < CCﬂ'”IWfNﬁ gl

— 2,2 +1]. There ezists a sequence c; € I*(Z) such that

272

Bs .
1 2,1

See, e.g., [1] for a proof of Lemma 3.10.
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4 Reformulation of the problem

In this section we first rewrite system (1) into the one for the perturbation. We
then introduce some auxiliary lemmas which will be useful in the proof of the main
result.

Let us rewrite the problem (1). We define 4, 12 and v by

p p+ -
==, pg=———, v=P(p)
p p
By using the new unknown function

p(tiz) -p 1
o(t,z) = ————, w(t,z)= —ult, ),
(t,z) F (t, z) 5 (¢,z)
the initial value problem (1) is reformulated as
00 +vV -w = F1(U),
Ow — mAw — pV(V - w) +7Vo = F(U), (5)
(07 ’UJ)(O, 1}) = (007 ’U)())(x),

where, U = ( g ),
w

F(U)=-y(w-Vo+0oV -w),

RU) = —7(w'V)w—u10+lAw—uza+1V(V'w)
1
- - P/I = —d
+( py P Jy P'(spo+p) 8)0%.
oc+1 «~« o+1

We set
A= 0 -V
B A AN AR S TAA S
By using operator A, problem (5) is written as

8U — AU = F(U), Ulso = Uy, (6)

ro=(Fg ) 5=(5)

We introduce a semigroup generated by A. We set

where

E(t)u =g [eA®%)] forue L?

where 0 yEt
Foan —y

Here and in what follows the superscript -* means the transposition.



5 Proof of main result

In this section we prove Theorem 2.1. In subsections 5.1 and 5.2 we establish the
necessary estimates for A_1U(t) and A,;U(t) for j > 0, respectively. In subsection
5.3 we derive the a priori estimate to complete the proof of Theorem 2.1.

We first explain known results which are used to prove Theorem 2.1.
Danchin [2] proved the following global existence result in nonhomogeneous
Besov space.

Proposition 5.1 (Danchin [2]). Let n > 2. There are two positive constants €; and
M such that for all (po,uo) with (po — p) € BF; N BZ;I, ugp € Bfl_l and
oo =Pl 32 (g2t + lluoll 31 < 1, (7)

problem (1) has a unique global solution (p,u) € C(R™; BflﬂBffl) x (LY(RY; Bflﬂ)ﬂ

C(Rt; B;,%l_ 1)) that satisfies the estimate

oo
Stgg{llp(t)—pllBgl—x+|IU(t)IIB§1—1}+/O lull ygdt < M(llo=pl 3 g lluoll y3-)-

Haspot [5] proved the following local existence result in nonhomogeneous Besov
space.
Proposition 5.2 (Haspot [5]). Letn >2and 1 < p < 2n. Let ug € B;;l and

(po—p) € Bp;; , with ;15 bounded away from zero. Then there exist a constant T > 0

such that the problem (1) has a local solution (p,u) on [0,T] with % > 0 bounded
away from zero and:

_ n z_q 241
p—peC(0,T;B},), ue (C(0,T]; B}y )NLY0,T;Byy ).
Moreover, this solution is unique if
p < n.

Proposition 5.3. Let T > 0 and let (o,w) be a solution of problem (6) on [0, 7]
such that

o € C([0,T); Bf,), w € C(I0,T); B,) N L*(0,T; B, (8)

Then, &;U(t) = (Ajo, Ajw)® for j > —1 satisfy
8,0,U — ANU = A F(U), (9)
AjU't_—_() = AJ’U(). (10)

Moreover, A_,U(t) satisfy
A_1U(t) € C([0,T); BS,), Vk € [0,00) (11)

and

A U(®) = B(t)A_ U + / t E(t — s)A_1F(U)(s)ds. (12)

169



Proof. Let U(t) = (o, w)" be a solution of (6) satisfying (8). Since A;AU = AA;U,

applying A; to (6), we obtain (9) and (10). It then follows that

AU() = E@)A;Us + /t E(t — s)A;F(U)(s)ds
0

We also have (11) from Lemma 3.1. This completes the proof.

Set
M) = sup (1+7)3G 9| ALUT)|
0<7<t
+ sup (1+7)3G=2)*3 ZQJHA U(r)| 2
0<r<t <0

+ sup (14 7)% 3 22 “1)’||A U(1)|| L2

0<T<t j<0

+ sup (1+7)% Y 23| AU (7)1,

0<r<t j<0
o0
Mo(t) == sup (1+7)% Y 2E VLA U(T)| 12 + 2] Ajoll 2},
0<r<t =0

M(t) == My(t) + M(t).

If we could obtain uniform estimates of M;(t) and M(t), then Theorem 2.1

would be proved.

5.1 Estimate of low frequency parts

In this subsection we derive the estimate of A_,U(t), in other words, we estimate

Mi(t).

Lemma 5.4. (i) The set of all eigenvalues of A(€) consists of Mi(£) (i=1,2,3),

where

M) = (u1+#2)|£!2+zlél\/4’72 (m+u2)l€l"’
A (€) = —(#1+u2)|£|2—%l€|\/472 (u1+#2)lfl2
A3(8) = —ml€l?,

for all £ € R™.
(i) €4®) has the spectral resolution
) 3
etAl) = Z e p(6),
=1

for all || # \/_;721%? , where P;(§) is the eigenprojection for A;(§).

170



For |§| = we have A\ (€) = Ao(§) = —832£2(¢|2 and

_L
Vi1tpz’

tA(ﬁ) = M) (] + t(A(§) ))Pl + eths §)P3

where Py(€), P5(€) is the eigenprojection for A1(€), As(§).

Remark 5.5. For each M > 0 there exist Co = Co(M) > 0 and By = B

such that the estimate )
|et4@) || < CpePalelt

holds for |£| < M and t > 0.

Lemma 5.6. Let s > 0. Then E(t) satisfies the estimates
IB@®)A-1Tollze < C(L+6)%|1Sol0ll g,
Y27 E@)A;Uollzs < C(L+ )47 Sololl g

Jj<0
fort > 0.

To prove Lemma 5.6, we will use the following inequalities.

Lemma 5.7. Leta > 0 and s > —%. Then there holds the estimate

> ( / ¢kl gg)E < O(1 +)57E
29—

<0 1<|¢|<2i+2

for allt > 0.

We will prove Lemma 5.7 later. Now we prove Lemma 5.6.

Proof of Lemma 5.6. By Plancherel’s theorem and Lemma 5.4 (i), we have

that there exists a constant 8’ > 0 such that

IEsaT0e < O [ [ x@oe)

(M) >0

< Csup||¢] UO||L°°(Z/J et gg) 2

7<0 1|€l<21+2

< C+8)7%SoUbllg

(13)

171
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and
S 2IE0A LI < oY 29( [ A€, (€)Ua(6) "d)”
<0 <0 21| <2t
<O ([ e g ol P
j<o JHTI<K|<2
< Y14Vl ( [ e )
j<0 29-1<j¢|<29+2
< COA+t)77%||SUllg - (14)
Here we used Lemma 5.7.
The desired estimates of Lemma 5.6 follow from (13) and (14). O

It remains to prove Lemma 5.7.

Proof of Lemma 5.7. Let « > 0 and s > -3 We have

Z /2-1 | |§|236——2a|£|2td§)%

j<0 l<jél<2i+2

oy (]  ah

3<0 Il <27+2

< c) 2 < (15)

j<o0

IN

We will next show the the inequality

Z /J |£|2.s -2a|£|2td€)‘;' Pt (16)

j<0 1<)l <29+

By the substitution n = ¢3¢, we obtain

Z (L | |§|2se—2a|5|2td§)%

j<0 J2TI<K|<27H?

= t"i°3% Z (/ | |n]2*"e”2°‘"7‘2d§)%.

j<o  JATIWIKK|<2VE

If t <1, we can easily prove (16).
We suppose ¢ > 1. There exist an integer J < 0 such that 2-2/ < ¢t < 272(J-1),
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We have

>/ e )

o Jrmivicki<piev

> ( /2 . nfee=2el" dg) 7

jSJ J—J—l<|£|<2j—]+3

2s_—2afn|? 74\ 3
Y (f [nf*oe 220" dg)
J<j<o JPTITI<Igl<aiIHe

=: Il + 12.

A

By the substitution £ = 5 — J, we have

L=3 (/Zk [nfoemoelnf dg) s < C,

k<0 “l<)gl <2k
and

I

IN

Z (/2 |nl2se—2a|n|2d€)%

k>0 k—1<|€l<2k+3

>0 2k—1<|¢|<2k+3

< Cze-%Qk <C.

k>0

Hence we obtain (16). By (15) and (16) we have the desired inequality . a

As for M, (t), we show the following estimate.

Proposition 5.8. There exists a constant C > 0 independent of T such that
t
My(t) < CllUsllgo_ + CM(2) / ] geadr + CM(1)
e 0 2,1

fort € [0,T).

To prove Proposition 5.8, we will use the following estimate on F(U).
Lemma 5.9. There exists a constant C > 0 independent of T such that

||5’0F(U)HBQ < CQ+ t)‘%M(t)HwHBgH +C(1+ t)‘%’%M2(t)
,00 2,1

fort € [0,T).



174

We will prove Lemma 5.9 later. Now we prove Proposition 5.8.
Proof of Proposition 5.8. By Lemma 5.6 and (12), we see that

AU < E(T) AUl +/ IE(T = 7)Y AL FU(7))]| 2dr’
0

< O@+7)HSlill gy _

+ [ =) S FUE) g _ds, (17)
o ,
and
Zzst|AjU(T)||L2 < Z | E(T)A;Up| 12 +/ Z |E(r = 7)A;F(U(1)) | p2dr’
j<0 j<0 0 <o
< C(1+7)7%7%(|SoUolIgo _
T
+ [ = RIS F Uy a7 (18)
. 0 '
for s > 0.
Using Lemma 5.9, for 0 < s < 3, we have

J @ = ) S E Uy, b

A ,
t

< C/(1-{—’7‘—7")_%_%{(1+T')—%M(7’/)|lw(7’l)”3§+1+(1+T’)—%_%M2(TI)}dT’
0 2,1

< C’M(t)/ (1+T—T’)—%-%(1+7',)_%”’U)(7‘/)“B§+1d7‘/

0
4000 [+ =)t )
0

< C(1+71)75 2 M(t) /OT ||w(r’)||B§1+1dT' +C(1+17)" T2 M?(t). (19)

Here we used Lemma 3.8 and the facts that 2 + 1 > 1 for n > 2. By (17) and (19),
we obtain

1A UMz < CA+7)"Usllgg
t
+O(1+ )2 M) / ()] gdr’ + C(1L+7)-E M2 (D),
0 2,1
and hence,
t
A +7)T| AL U(T)|2 £ CHUO“B‘,{N + C‘M(t)/0 ”w(T,)“Bfl“dT/ + CM?(t).

Similarly, we get estimates

t
(1403 DAV < CllUallg, +OMO) [ Julr)],3dr +CM1),
J 0 2.1

J<0
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t
(14737 Y 24 DA Ul < ClUollag +OM() [ (el ggosdr +CMHO),
10 0 2,1

3<0
¢
(1+7)E S 2B AUl < CllTll gy +CM(E) / Jw()] ,gdr’ + CM().
<0 ’ 0 2
Taking the supremum in 7 € [0,¢], we obtain the desired estimate. O

It remains to prove Lemma 5.9.

Proof of Lemma 5.9. We consider each term of F(U). By Lemma 3.9, we
have

Sug>||Aj(w'V0)||Ll < C{lISawlr2llSeVollz2 + |1 Sowl z2l1So Vol 2}
1<
< C(lL+t)" 51 M2(1),

C{I1840 | 211 SaVwl| 2 + [ Soo]| 2] So V| 2}

IA

sup 145(aV - w)|| s
C{ISaellz2 (1S Vwllze + | Aowlzs + (| Arwll e
+H|Aqwllze + || Agwl|2) + 1500|221 So V]| 2}
C{(L+t) 22 M2(t) + (1 + t)‘%M(t)||w||B§1+1}.

IA

IA

Similarly, we have

sup | &, - Vulll € CL1L+O7EEM0) + (14 0T IMO full 500

We obtain by Lemma 3.1, 3.7 and 3.9
o

oc+1
g Wl
< C{@Q+t)"FIMAt) 4+ (1+ t)‘%M(t)”w”Ble}

o
c+1

wp |4y owlle < CUSM Il il + 1S e ISotwlz:)

IA

C{llollzzlSawllgy, + +I1S0

The other terms are estimated similarly, and we arrive at

sup [AF(U) ]| < C(1+0) 8 2M%(8) + COL+ ) EMB)w] ygon-
J< 2,1

This completes the proof. O

5.2 Estimate of high frequency parts
We next derive estimates for Moo (t). The system (9) is written as

BtAja + ’yV . Aj’ll) = AjFl(U), (20)
KA w — p AN jw — paV - (VA w) + vV Ao = N Fy(U).
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Proposition 5.10. Let j > 0. There holds

1d
57Uz + mllVAw@)Ize + pallV - Ajw(t)llzs

= (AjF(U), Ljo) + (A Fa(U), Ajw) (21)

for a.e. t €[0,T).

See, e.g., [12], for the proof of Lemma 5.10.

We recall that for s € R, A® is defined by A®z := F7Y|€]°4]. Let d = A7V - w
be the ”compressible part” of the velocity. Applying A1V to (20),, system (20)
writes

{ B No +yADd = DR (U), (22)

8tAjd - VAAjd - ’YAA]‘U = A_lv . AjFQ(U),
where we denote v = py + po.
Proposition 5.11. Let j > 0. There holds

lvd d
32 1AL = S(AA0, 85d) + 140,01 = 714, dIEs

—(ALF(U), £jd) — (AV - A FR(U), AD o) + %(AAjFl(U), AAo)(23)

for a.e. t €[0,T).

See, e.g., [12], for the proof of Lemma 5.11.
We introduce a lemma for estimates of the right-hand side of (23).

Lemma 5.12. The following inequalities hold
(i o
|(AL;(w - Vo), ADo) | < Ca2”E Y flw|| g1 lloll 3 AL 0]z,
B2,1 BQ,I
(%)
|(AL(w - Vo), Ad)|
< Cfa2 B W] gl 3 1851

VA 0122 (2 Sowll 45 11854 1x + 27| Sowll 341 Ayl z2) },

. .‘g._
BZ,I

where C' is independ of j € Z and {a;} with ||[{e;}|ln < 1.
Proof. As for (i), see, e.g., [2].



Let us prove (i7). By using Lemma 3.10, we obtain

|(AL(w - Vo), 2d) |

< |(w- V, 450, A0d)| + | (w- VAo, ANd)|
< Clay2 89|Vl g llol .3 12dllz2
2,1 2,1
+1V 2012 (| Sowll= AL dl 2 + |Sowll = ALl 25,) }
< O{og2 F | Vull g o] 125l
IV Aol (2ol 3 185022 + 29 Sowll 3+ 125122)}-
This completes the proof. a

Proposition 5.13. There holds

d
T i (t) + coE;(2)

Clay(1+ ) 3M@wl g3 + (1 -+ F2F D Ad) M (1)

IA

F2EDIAL 0V - w)l + 23 AR (V)]
42809 8, B0}, 0

fort € [0,T] andj > 1, where ) 5 &; < 1, and co is a positive constant independeﬁt
of j. Here, E;(t) is equivalent to 2GV9||A;U(¢)|| 12 +2%7|| A;0(t) || 2. That is, there
exists a positive constant Dy such that

1 no_1)4 n,;
B QEIAU Bz + 28 18,0 (1) 122)
Ei(t) ‘
Dy (2379 AU (1) |2 + 27| Do ()] 22)-
Proof. We add (21) to x x (23) with a constant £ > 0 to be determined later.
Then, we obtain
i 1
dt *2
+p | VO 0|50 + pallV - Djwl|z + KIAD o172
v
= ykl|[ADw|2: + (8;F(U), Djo) + (8, FR(U), Ajw) + n;(AAjFl(U),AAjo)

~k(AD;F(U), Djd) — k(ATIV - N F(U), ADo). (25)

IA A

RV
18Uz + E;IIAANII%Z ~ k(ADo, Ayd) }

We set

n_1yirl KV
B(t) = 2E V{5145 + 2L ol — w(AL 0, A}
For each k < 1, there exists a D; > max{3,1, £} such that

) k) By

n_1}4 ng 2
E; < D}(2G79| AU (1)l 2 + 257 | Ajollz2) ™

177



By Cauchy’s inequality with 4, we have
(2B AU )1z + 25| Ajoll2)” + DIk22E (A, A o)
< 2{(2EF 92U 2)” + (239|250 22) "}
+D3e8 (23 A L0 12)” + D (257 Aguzz)”
We select 6 = 25— and « is fixed in such a way that £ < min{£,1}. We then

. 7Dy
obtain

1
D}

2E 98,0 ()12 + 28| B0 12)

w1 KV
< PEVCIAUIG + 5 IAM e} - (AL, Ad)} = E.

For j > 0, by Lemma 3.1, and that there exists a ¢y > 0 such that

200E] < G |[VAw|Fe + |V - Djwl + kAL 0|72 — yrI|AL;w]|Z.}.
Let us next estimate the right-hand side of 2%(3 17 x (25). By Holder’s inequality,
we obtain
2PGI(N; R (U), 850) < 287 8 R (U)122F ) g0 22,
22611 (A, F(U), bw) < 25799 8, F(U)|1223 7Y | Al 2,
PEDVATIV - A F(U), Ajo) < 257 8F(U) 2237|8012
By Lemma 5.12 we have
22G-Vi(ANF(U),AAjo)
= 22G-VI(AAj(w- Vo), ADjo) + 22GVI(AA;(0V - w), AAjo)
Coylwl| i lloll 5312(%‘”" 1AL ol|z2 + 22G VAL (0V - w)|[ 2 AL o | 2,

IN

and

22G-Di (AN F(U), Azd)

22G-DI (AN (w - Vo), Ajd) + 22371 (AN (0V - w), Ajd)
C{aﬂ‘(%‘”’llwllﬁlﬂIlall |8;dl| 2

IN

53,
+|VAjo| L2 (2J‘||sow||32gl I125d]| L2 + 22j||50w||3§1_1 18;d)|z2) }
+2°2G7VI| AL (oY - w) 121 A5d] 12,

where 3., a; < 1. Hence we obtain
d _n
B} +200B] < CEj{o;(1+1) M (O)]wll 43+

+(1+8)7226G 9| Ayd|| 2 M (2) + 257V AL (oY - w) |12
+2G 79 8, F (U) |2 + 257V 8 B(U)| 2} (26)
From (26) and dividing by E;, we get the desired result. a
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5.3 Proof of Theorem 2.1.

Proposition 5.14. There exists a constant €¢a > 0 such that if

|Gl + ool 5 < e
2,1

. %_1 50
B2,1 r—jBl,oo

then there holds v
MO < O{I00 31,59+ llool 53 }

for 0 <t < T, where the constant C does not depend on T'.

Proof. By (24) we have
Ei(t) < e E;(0)
t
+0 [ et ay(1 4 1) MOl g
0 2,1

+(1+7)732 5 Ad |2 M (1)
+2GVI| AL (0V - w)| 12
+2GVI) 7B (U) |12 + 23707 8, Fo(U) 12}, (27)

where Z;io a; < 1. Hence summing up on j > 0, by the monotone convergence
theorem, we obtain

S B ety E0)

t

+C e’c‘)(t-‘r){(l + T)_%M(t)“wug%ﬂ + Z 7% “AJ’(UV -w)|| 2
2,1

0. Jj=0
n Z 9i(3-1) “AjFl(U) 22 + Z 2]'(%—1)“AJ-F2(U)”L2 . (28)
J=0 J=0

We next estimate the right-hand side of (28). From Lemma 3.6, we have

o0
S 2% A0 Vwlze < oV-wl g < Clloll i IV0] 5 < CU+)EM(r) [l 5.
=0 2,1 2,1 2,1 2,1

Let us next consider the quantities )% 2/ GE-D)A;FL(U)]|z2 -

ZQj(%_l)}]Aj(w Vo)llzz < Jw- VUI|B§1_1

=0

IA

Cliwll 3 Vo] 43

< C(ISuwlyp +1S5wl 53 ) ol 55

O+ M(r) + C(1 +7) M)l g,
2,1

IN
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S PEVAEV Wl < oV w45

§=0

IN

Cllol 53 IVl 5

< C(L+7)7"M>(r) + C(L+7) "3 M(7)|[wl]| 45.4:-

B3 |
2,1

Hence, we obtain the estimate of 352, 2/(3~D||A; Fy (U)| 2. By using Lemma 3.6,
Lemma 3.7 and Lemma 3.9, 372 2/ 7V||A; F5(U)| 2 is estimated as

ZQJ<-—1>,|A (- V)l < O{I8-sull,3 155Vl 5

180

HIS-sPul 3 S-swl 4 + =gl 31155Vl 3 }

< C+r)EM(r >||w||3§1+1.
Here we used

[ i < c{( Z 28| Ajwllze) + IlSowll -1} <C(L+7)” EM(7),

j=-5
||S—4w”331 < C”w”B:z":'l
22’ DAy (——=bw)lpz < |——bw]l 3
o+ 1 - c+1 B'.;.‘,'l
g
s C”U-{-IHB%HA’LU”B;}T;]
< Clol g ol g

< O+ 1) EME) ul g,

o0
i(3-1) g g n
PNV < TVl
o
< C .3
< Clisglsz Vol gz

< C(l+7)7"M*(7).
In the same way as above, we can obtain estimates of other terms on ||F>(U )IIB:},I.
2,1

Hence, by using Lemma 3.8, the integral of the right-hand side of (28) is estimated
as

t
/ e~ (14 1) "M (1) + (1+ 1) EM(7)|w]] 4341 }dr
0 2,1

t t
< M(t)/ e~@t=")(1 4 T)‘%IIwHBngT + M2(t)/ e~ =1 4 7)"dr
0 2,1 0
< C(l+t) 2eM(t)+ C(1+ ) M2(3).



Hence, we obtain

Moo(t) < C(||Us pa-1 + ool B;v;,l) + CeaM(t) + CM2(2). (29)

By Proposition 5.8 and (29), we have
M(t) < O(IUsll g3y, +llooll 13 ) + CeaM(2) + CM2(1).
Bz, NBi o Bs1
By taking e; > 0 suitably small, we obtain
M(t) < C(“U()“Bj{rl“lmBgm + HUOHB;"z,l)
for all 0 <t < T with C independent of T. This completes the proof. O

It follows from Proposition 5.2 and Proposition 5.14 that
M) <C;  for allt,

if the initial perturbation is sufficiently small. Hence we obtain the desired decay
estimate (2.1), (2.1) and (2.1) of Theorem 2.1.
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