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Dominating mad families in Baire space

Robert Ralowski

ABSTRACT. In this note we consider a Marczewski like nonmea-
surable sets (with respect to trees) which forms m.a.d. family in
Baire space. Here we show that under assumption that w; = b
there is a m.a.d. family in Baire space which is not s-measurable
(here we can replace s-nonmeasurable by l-nonmeasurable or m-
nonmeasurable). Moreover it is relatively consistent with ZFC
theory that w; < ? < ¢ and there is m.a.d. family in Baire space
which is not measurable with respect to family of all complete
Laver trees in w®.

1. Definitions

We adopt the standard set theoretic notation w stands for first
infinite ordinal, ¢ is denoted as size of all reals, for any set X, |X]| is
size of X, P(X) is power set of X, [X]" is denoted as set of all subsets
of X of the cardinality x, X<* denotes the set of all sequences in X
with lenght less than k. We say that for T C w<% the partial order
(T, C) is tree if for any 7 € T and n € dom(7) we have 7 [ n € T. By
the set

T={rew’: (Vnew)z|neT}
we denote envelope of T.

Now we turn into notion of measurability with respect to a fixed
families of trees on the Baire space.

Edward Marczewski [6] introduced notion of s measurability and
Sp-ideal notion.

DEFINITION 1.1 (Marczewski ideal sq). Let X be any fized uncount-
able Polish space. Then we say that A € P(X) is in so iff

(VP € Perf(X))(3Q € Perf(X)) QCPAQNA=0.

Of course every perfect set is an envelope of some perfect tree and
the above definition can be formulated in tree terms.

DEFINITION 1.2 (s measurable set). Let X be any fized uncountable
Polish space. Then we say that A € P(X) is s-measurable iff

(VP € Perf(X))(3Q € Perf(X)) QCPA(QC PVQRNA=0).
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Here let us recall the notion of the Laver tree. Then we say that
tree T C w<¥ is called a Laver tree with the stem s € T if
e foranyt €T we havet C sV s CHt,
e for every node t € T if s C ¢ then ¢ is infinitely spliting i.e.
{n € w: t™n € T} is an infinite.
Miller tree T C w<¥ with stem s € T is defined in the same manner
but the second condition is replaced by the following

VteT)(sCt)— @FreT)tCr)A({fnew:r"neT} e w]).

The we can recall a similar definition of the ideal [y to the previous
one. The set of all Laver trees is denoted by the LaverTrees.

DEFINITION 1.3 (ideal ly). We say that A € P(w®) is in ly iff
(VT € LaverTrees)(3Q € LaverTrees) Q CT A [Q]NA = 0.

DEFINITION 1.4 (I measurable set). We say that A € P(w¥) is I-
measurable iff for every Laver tree T € LaverTrees there is a Laver
tree S € LaverTrees such that

(SCTA[S]CAV(SCTASINA=0).

We say that tree T C w<“ is called a complete Laver tree iff
every node t € T is infinitely spliting.

Then once again we can recall a similar definition of the ideal clo
to the previous one. The set of all complete Laver trees is denoted by
the cLaver.

DEFINITION 1.5 (ideal clg). We say that A € P(w®) is in cly iff
(VT € cLaver)(3Q € cLaver) Q CTA[Q]NA=0.

DEFINITION 1.6 (cl measurable set). We say that A € P(w¥) is
cl-measurable iff for every complete Laver tree T € cLaver there is a
complete Laver tree S € cLaver such that

(SCTA[SJCAV(SCTASINA=0).

As above using notion of Miller tree we can define m-measurability
and notion of my-ideal.
Next we recall the notion of almost disjoint family in Baire space.

DEFINITION 1.7. We say that family A C w* is a.d. family in Baire
space if
(Va,b € A) a #b— anb is finite.
If this family is mazimal with respect to inclusion in Baire space then
A is called m.a.d. family in w®.

Now let us reacall cardinal 9 as smallest size of dominating family
in w* i.e.

0 = min{|F|: F Cw” A (Vg € w)3f € F)(V*°n) g(n) < f(n)}.
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2. Dominating MAD families in Baire space and
nonmeasurability with respect to ideals defined by trees

It is well known that every a.d. family is meager subset of the Baire
space. It is natural to ask whether one can prove in ZFC the existence a
m.a.d. families that are either s-measurable or s-nonmeasurable. One
can find a consistency example of m.a.d. family A of cardinality smaller
than ¢ (see [5], for example) by construction of Cohen indestructible
m.a.d. family. One can find more about tree-like forcing indestructible
m.a.d. familes in [2]. It is well known that non(sy) = ¢ (for other
coefficients see [1, 3, 4, 7]) where non([) is smallest size of subset in
w* which does not belong to o-ideal I C P(w*). It is well known that
there exists a perfect a.d. family and therefore not all m.a.d. families
are in sg.

THEOREM 2.1. There exists a s-nonmeasurable m.a.d. family in
Baire space. Moreover, theorem remains true if we replace s-nonmea-
surability by I, m or cl-nonmeasurability.

PROOF. We show this theorem for s-nonmeasurability, for the other
notion mentioned in above theorem the proof runs in analogous way.
Let T € w < w a perfect tree such that [T] is a.d. in w*. Let us
enumerate Perf(T) = {T, : o < ¢} a family of all perfect subsets of
T'. By transfinite reccursion let us define

{(a‘chda,ma) € [T]2 Xw o< C}

such thatfor any o < ¢ we have:

(1) {oc: € <} N{de: € <a} =,

(2) {ae: < a}U{ze: € <a}isad,

(3) V*°n z4(n) = dy(n).
Now assume that we are in a-th step construction and we have required
sequence

{(ag de,ze) € [T x w* 1 € < o)

which have size at most w|c| < ¢ then we can choose in [T,] (of size ¢)

G, dy € [T,] which fulfills the first condition. Then choose any z, € w*
different than d, but (V*°n)d,(n) = z4(n) then z € w* \ [T] and

{ag : {<oa}U{ze: €<}

forms an a.d. family in w*. Then a-th step construction is com-
pleted. By transfinite induction theorem we have required sequence of
the length ¢. Now set Ay = {aq : @ < ¢} U{zy : @ < ¢} and let us
extend it to any maximal a.d. family A. It is easy to chect that A is
required s-nonmeasurable m.a.d. family in the Baire space w”. t

Here we have obtained a consistency result but the above statement
remains true in every model of ZFC theory whenever 0 = w;.

75



ROBERT RALOWSKI

THEOREM 2.2. It 0 = w; then there exists a m.a.d. family of func-
tions A C w¥ such that A is not s-measurable and there is an domi-
nating subfamily A’ € [A]=® in Baire space w”. Moreover, the words
not s-measurable can be replaced by not l,m and cl-measurable.

Proor. Now by assumption there is a dominating family A C w*
of size w;. Then we can show that we can find an a.d. dominating
family of size w,. To do let us enumerate A = {f; : £ < w;} and assume
that we are in a-setp of construction with a.d. family D, = {g¢ : £ < a}
such that for any £ < o we have f < g¢. Now let {h, : n € w} be
enumeration of D, then for any n € w let

ga(n) = max{fa(n),max{hk(n) k<L 'I‘L}} + 1.

Then the family D = | J, ., Fa is as was required almost disjoint and
dominating family of size equal to w;. Moreover, one can assume tha
each member of D has even values only. Now let us fix a perfect tree
S with the porperty that each member of S has odd values only.

Then we are ready to find a m.a.d. family B which is not s-
measurable (in the perfect set [S]) and D C B.

Let us enumerate Perf(S) = {T, : a < ¢} a family of all perfect
subsets of S. By transfinite reccursion let us define

{(amda,xa) € [5]2 XwW:ia< C}

such that for any a < ¢ we have:

(1) aq,dq € Ty,

(2) {ag: £ <o}nide: & <a} =0,

(3) {ag: ¢ <a}U{ze: € <a}isad,

(4) Y°n z4(n) = dqo(n) but z, # da.
Now assume that we are in a-th step construction and we have required
sequence

{(a¢, d¢, z¢) € [S]° x w1 € < a}

which have size at most w|a| < ¢ then we can choose in [T3] (of size c)

G, dy € [T,] which fulfills the first condition. Then choose any z, € w*
different than d, but (V*®°n)dy(n) = z4(n) then z, € w* \ [S] and

fag: € <a}U{zc:€<a)

forms an a.d. family in w*. Then a-th step construction is com-
pleted. By transfinite induction theorem we have required sequence of
the length ¢. Now set Ag = DU {ay: a < c}U{zs: a < c} and let us
extend it to any maximal a.d. family A. It is easy to check that A is
required s-nonmeasurable m.a.d. family in the Baire space w®. O

In contrast of the previously proven result, we show the consistency
for w; < 0 and existing a dominating cl-nonmeasurable m.a.d. —family

of size 0.
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THEOREM 2.3. It is relatively consistent with ZFC theory that wy <
¢ and there exists a m.a.d. family of functions A C w¥ such that A is
not cl-measurable. Moreover, there is a dominating subfamily A’ € [A]°
and w; <0 <.

PROOF. Let us consider the ground model V of GCH. We first
choose any complete Laver tree T C w<¥ in V such that [T] forms
an a.d. family. Now, let us define a forcing notion (Qr, <) as follows:
b= (xp)sgysgafp) € QT lﬁ

° 1, E w<* and
* 59,55 € [T]<“ are finite trees and
LI e [we]<¥
The order is deﬁned as follows: for every p = (x,, s9, sf,, Fp) € Qr
and ¢ = (a:q,sq, v Fq) € Qr we have p < ¢ iff
(1) zg Cap Asg CsINAsh CEANF, CFp,
(2) (vt € 82)(Vk)zp(k) = (k) — ¢ [e1€ 83 ATy Ti1C T
(3) (Vh € f)( ) ( ) 2> xp(k) — Zp rk+1§ Zgs
(4) (Yh e F)(Vt € s8)(Vk) h(k) = t(k) — t [kn1€ st
(5) (Vh e Fy)(Vt € sg)(Vk) h(k) =t(k) — t [k41€ 5.

CLAIM 2.4. Q1 1is o-centered (and so is c.c.c.) forcing notion.

PROOF. Let I = {(z,s9,s°): z € w<¥ A &9, € [T|<“}. For every
v = (z,89,8") €I theset Q, = {p € Qr : (a:p,sp, b) = (z,s% %)}
is a centered subset of )7, because for any p,q € Qv the condition
r = (z,8% 8, F, UF,) from Q, is a common extension of p and gq.
Since I is countable )7 is o-centered and hence it satisfies c.c.c. . [

Let G C Qr be a generic filter over V and in V[G] let
Tg = U{xp : p € G},
S&={teT: (peG)FsesytCs},

Se={teT: (JpeG)(3sesp)tC s}

It follows that ¢ € w* because the sets D, = {p € Qr : |zp| > n} for
n € w are dense.

CLAIM 2.5. 0 # [SE] C [T] and 0 # [Sg] € [T],

PROOF. Fix n € w, condition p € G s € sj then the set D,, =
{reQr: (3tesi)n < |t|As C t} is dense in the poset Q7 under
p. To see it, let ¢ < p be any forcing condition. Then s§ C sJ of
course. Then because tree T is a complete Laver tree then one can find
a sequence t € T such that s C¢, n < |t|,tNzy =sNz, and for every
h € F, hNt = hNs. Then the condition r = (a:q,sg U {t},sb, Fy) is

tronger than ¢ and r € D,, s what shows that D, is dense under p.
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Now by the above paragraph we can define recursively the following
two sequences {s, : n € w} and {p, : n € w} such that for every n € w
we have

® po = p and pp41 < P, and p, € G,

® 50=35,8, €85 ,n < |sy| and s, C Sppa-
Then z = |J{s, : n € w} is an element of [S%]. Then [S%] is nonempty.
It is easy to see that every element of [S%] belongs to [T'] by the defi-
nition of the set [S%]. The proof for § # [Sg] C [T] is the same. O

Let us denote by cLaver(T) the collection of all complete Laver
subtrees of the tree T'.

CLAIM 2.6. For every Ty € cLaver(T) NV there is z € [S&] N [T1]
such that zNzg and {m € w: z(m) # zg(m)} are infinite sets,

PRrROOF. Let us choose p € G and any ground model complete Laver
subtree T} C T. Then we will find three sequences {p, : n € w},
{yn: n € w} and {s, : n € w} such that for every n € w we have:

® po =D, Pnt1 < Pn and ppys € G,

® s, €8 and s, C sy €T,

® Yn = Tp,,

e there is m > n such that y,,1(m) = s,41(Mm),

e there is m’ > n such that y,41(m') # sp1(Mm').
Assume that we have three finite sequences {p; : k < n}, {yx: k <n}
and {s, : kK < n} such that for every k < n we have:

® prt1 < P and piya € G,

® S € Sgk and sx C Sg41 € 11,

® Yk = Tpy»

e there is m > k such that yx+1(m) = se41(m),
e there is m’ > k such that ygy1(m') # sga1(m’).

Then in particular we have p, € G, y, = zp, and s, € sf,n NT;. Now
let us denote by the symbols D and E the following sets:

{r € Qr: n+1 < |z,JA(3s € $£NT})(3m > n+1)s, C sAs(m) = z,.(m)},

and
{reQr: n+l < |z |A3s € LNTL)(3m > n+1)s, C sAs(m) # z,.(m)}
respectively.

We show that D is dense set in Q)7 under the condition p,. To
do, fix any forcing condition q € Q1 such that ¢ < p,. We know that
Sy € sg because q < p, and s, € T}. Moreover T is a complete Laver
tree then {n € w: s7n € T1} is infinite and the sets sJ and F, are
finite. Then there is z € T and s € 17 such that z, C z, s, C s,
z(m) = s(m) for a some m > n+1 and for every h € F; xNh = 1,NA,
for every t € s¢ z Nt = zgNt. Then r = (z,s9, 85 U {s}, F,) is a
stronger forcing condition than ¢ and belongs to the set D and then
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D is dense under p,. The subtree T is from ground model then D
belongs to ground model V. The similar argument shows that the set
E is a dense in Qr by replacing z(m) = s(m) for a some m > n+1
by the z(m) # s(m) for a some m > n+ 1 in the above paragraph and
E is in the ground model V' of course. Thenr € DNENG # § for
a some r and one can find a condition p,.; € G which is a stronger
than p, and r. Then there exists s € sgn " such that s, C s € 77 such
that z,,,,(m) = s(m) for a some m > n + 1. Then let s,41 = s and
Yn = Tp,,,. Then by induction hypothesis the sequences {p, : n € w},
{sn :n € w}, {yn : n € w} with the above conditions exists.

It is easy to see that z = |J{s, : n € w} € SEN[T}] and zNz¢ is

infinite and we have ¢ = | J{yn : n € w} = UY{zp, : n € w}. O
CLAIM 2.7. For every Ty € cLaver(T) NV we have [SE] N [T1] # 0.
PROOF. Proof is similar to the previous one. |

CLAIM 2.8. The following familes {zg}U[SZ]U(w*NV) and [S&]U
(W NV) are almost disjoint.

PRrROOF. By standard argument, the order conditions (3) and (5)
guaranties that zg N h and z N A for any z € [SE] are finite, where
h € w* NV is an any old real. To see that for any z € [Sg] the
intersection zg N z is finite, let {s, : n € w} and {p, : n € w} are
sequences witnessing that z € SZ. If for any n € w the intersection
8p N p, is empty then z Nzg = 0 also. Then let assume that ng € w
be a first positive integer such that intersection z,, M sy, is nonempty.
Let us choose an any integer n greater than ng such that there are no
s € sj such that s, C s. Then by the point (2) of the definition of
order between p, and pn, we have z,, Ns, C Tp, Nsn,, (here sy, € 5o
and s, € 89 ). Then zg Nz C Tpn, M Sne Ut Tp, M sp, is finite.

By the second condition we have [S%] C [T] but our complete Laver
tree T' € V is almost disjoint i.e. collection of all branches in T are
almost disjoint in the ground model but

(Vz)(Vy)(Vn e w)(x #yAz[n € TAyIn € T) — (Im € w)(JzNy| < m)

is Hi formula and then is absolute between transitive ZF models of
the set theory. Then our tree T consists almost disjoint branches in
the generic extension V[G] and then [Sg] forms almost disjoint family
also. Then {zg} U [SZ] U (w* NV) forms almost disjoint family.
The similar argument shows that [S%] U (w¥ N V) forms almost
disjoint family. O
CLAIM 2.9. zg is dominating in w* NV.

PROOF. Let us consider any y € w“ NV then we can find a generic
condition p € G such that y € F,. Let m = domz,, (here z, C z¢) and
for any n € w with m < n then by 3) condition of order the set

Dyn={p€Qr:y(n) <zp(n)} €V
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is dense in under p because each node of T' is w-splitting one. O

Now let us consider any cardinal x greater than w; with a uncount-
able cofinality and finite support iteration ((P, : a < k), (Qﬁ 1B < K))
such that for every 8 < k we have IFp, Qﬁ = Qr. Assume that
Gs = {p € Ps : igs(p) € G} where G D P, generic filter over V
and § < k. Then there exists H C QgGﬂ generic over universe V[Gpg]

such that Gg41 = Gg x H. Now let us define the following family
As = {265,,} U [SE,,,] and then A = J{As : B < «}. In V[G]
we show that A forms a.d. and for every B m.a.d. family containing
A. Let us consider any two different reals z,y € A. Then there are
a, B < k such that z € A, and y € Az. We can assume that o <
(for the other case the proof is the same). First assume that o < f
then z € w” NV[G,] and if y = yg,,, or y € [S,,,] then by the
Claim 2.8 we have that z Ny is finite. If « = S then we can assume
that = = zg,,, and y € [S§,,,] and once again by the Claim 2.8 the
intersection z Ny is finite too.

Now let us choose in V[G] any complete Laver tree 77 C T which
is a subtree of the tree T. Then by choosing a nice name for 77 there
is a some f < k such that T; € V[Gj]. Then by the Claim 2.6 there is
a some real z € [Sg,, ] C T such that z € T1 and 2 Nzg,,, is infinite.

Moreover, let observe that z ¢ B because in other case zg,,,,z € B
what witness that B is not an a.d. family, contradiction. By the
Claim 2.7 we have [S§,  |N [Ti] # 0. Then we have showed that B is

a cl-nonmeasurable set in the generic extension V[G]. O
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