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e Adleman-(Pomerance)-Rumely # -
1979 £ V. FHEEIX O((logn)closloeloen) = SZ4TRERT 100 #7143, 200 #T 10 43 LAK,

(avEa—g L REFOME (EFHX, 1999) £ 9)

o ECPP(¥8M Ei#RFEHCHIEWE) -
H. W. Lenstra(1985) & ¥, running time & L Tix O((logn)*).
(283339 1 1)/3 (25088 #7) DFEECHIEIC 185 ADWEH Y,

o AKS F¥cHIZE R (20007) -
Agrawal, M.; Kayal, N.; Saxena, N: Primes is in P.(2002, 2005 version6)
B n Oft#logn KB L T, SEXA—F—CHENTEE, K7, FEEABL LY,
[BWiV] ABEICHZ BRI EALOFBAITR Y MEWMTT, WERRY HHMAREFSTEEELL
N, DR, BEY LET,

3 HERNRBHEE

Z:BER, Z/nZ BEE o TERLEZKD O (mod n D) DEZIRETD,

nBHEET, aBn—1UTOARKEDLE, TOZLEROLMNMILT S, Lo T, RS, BLLA
WEFEFRBETIERVEHETE D,

o Fermat &
a®"! =1 mod n (Fermat O/hEE) ( [8%E] Carmichael %)

— (Z/nZ\{0} BFEIELTRHTH S Z L EFIA,)

o Solovay-Strassen ¥
a™1Y/2 = (a/n) mod n (Euler %%, Euler 7 X )
ZZT. (a/n)iX Jacobi FLH. 1:FFFEIR, —1: FEEHFRR, 0: £Ofh,

e Miller-Rabin ¥
WHIT, — (Z/nZ\{0} BRHECH L TKERTH D Z L 2FIA,)

e Lucas 7 X b .
FREARE, Miller-Rabin i & & H 5 £ R,

4 Miller-Rabin &

nBERE T, aBn—1 UTOEBRED L ERBRLT 5,
n—1=2%, tixHFKETHL.
at = +1 modn
Fhik, TR LN E XL, b=al DEERD T,
b bbb Ek(1<k<s—1)EHRLT, b= -1 2L,
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ZOFEDREIX, M. Artjuhov(1966), Certain criteria for the primality of numbers connected with
the little Fermat theorem , Acta Arith. 12 (1966/67), 355-364, (in Russian) & L\,

T0 R =5, JL.Selfridge B Z DFEERE S T3,
Miller-Rabin {2 & 2% % . (a % base & T 5) saBE¥E (J.L.Selfridge?) &£\,

n BERE T, EBRILT AHERIT 1/4 LLT (Monier 1980, Rabin 1980) 2351 H TV 5,
FUF A a BRBATT A BRI, BVRERTREHEN L 2D,

TEERE D> Lucas 7 A M L BBREIIR Do TV H L,
—BPSW i, BEBFFEAINTWS & Bbh 2 MRORECHIEE,)
BPSW # — RHIIZR -S> TN EFENTH S, (T. R. Nicely D Web ~=—2 2012.)

T7AI(E) $RE(E) FR(Y) BE(S) Tvh3-H(8) Y-IM(I) NII(H)

The Baillie-PSW Primality T... *

€ ww.trnicely.net/misc/bpsw.htm ¢ | |B- Google P aB ¥ AQ =

The Baillie-PSW (BPSW or BSW) primality test is actually a compositeness test, in the
manner of Fermat's test and the Miller-Rabin test. It is named for Robert Baillie, Carl
Pomerance, John L. Selfridge, and Samuel S. Wagstaff, Jr. The algorithm was apparently
first conceived by Baillie (Baillie and Wagstaff, 1980), with refinements added by
Selfridge (Pomerance, Selfridge, and Wagstaft, 1980). The procedure is as follows; note
that some details may vary from one implementation to another (Martin, 2004).

e Process all N < 3 and all even N.

e Check N for any small prime divisors p < 1000.

e Perform a Miller-Rabin (strong probable prime) test, base 2, on N.

e Perform a (standard or strong) Lucas-Selfridge test on N, using Lucas sequences
with the parameters suggested by Selfridge.

At any stage of this procedure, N may be exposed as definitely composite. If not, it has
passed the (standard or strong) BPSW test, and is either prime or a (standard or strong)
BPSW pseudoprime. .

Miller-Rabin # ()

—#Y —~ > T8 (GRH) /838 ) —~ > T4 (ERH)

INERETDE. a <2logn)? DT XTDa % base & LTHET UL, BEEHIHIEIZ2%, (E. Bach
(1990). G. Miller (1976) TiZ. a < O(logn)?)

(ZNEEITT D LY AKS BERHEEDFHBERIVTENDS LU, )

(EBRHNTIE, a <lognfLTHREI LV IFELHDHLHTY, )

2-BREERLL. 2,3-MMEEFRL. 2,3,5-SRMEREK, -

&, MEVHEETHE base & LIt & i, BMOBREIIMIR29EEZLD, ZOLITLTRDE
B/ANOBEREK LV /NEVEIT, Miller-Rabin 5 TRETHH LHETE D,

5 INEWEH%E base & T 5EBERY

¥ % the smallest strong pseudoprime to all of the first k primes &9 %, Jaeschke (1993) computed
Yy from k = 5 to 8 and gave upper bounds for k = 9 to 11. (## ?: Jiang and Deng 2012, 105 F#[# by



algorithms)

P = 2047

Yo = 1373653

Y3 = 25326001

Yo = 3215031751

Y5 = 2152302898747

Y6 = 3474749660383

V7,98 = 341550071728321

Y9, Y10, %11 < 3825123056546413051

& BIT, Zhang (2001, 2002, 2005, 2006, 2007) conjectured that

g, %10, P11 8s above

Y12 = 318665857834031151167461
Y13 = 3317044064679887385961981
Yra = 6003094289670105800312596501
Y15 = 59276361075595573263446330101
Y16, Y17 = 564132928021909221014087501701
Y18, Y19 = 1543267864443420616877677640751301
oo > 10%6

(http://mathworld.wolfram.com/StrongPseudoprime.html  72& XV, )

6 AERRBOME

(p=2)
(p<3)
(p<5)
(<7
(p<11)
(p<13)
(p<19)
(p <31)

(p < 37)
(p<41)
(p<43)
(p<a7)
(p < 59)
(34 #7, p < 67)
(p<71)

On the difficulty of finding reliable witnesses ( W. R. Alford, A. Granville, C. Pomerance(1994)) £ ¥,
o AEtkn T, FNEYUETE 5 base 3 (logn)l/Blogloglogn) py | L 72 % & DI ERBEEFEET 5,

(LEROHAZ., ECETHT2THEUREL, FhslahoTLVTE =)
e nlia % base LT HMMEHEH —

TRTDOn DERBK p Xt LT, a D Z/pZ DFRIEFEIZI T B order @ 2-part 137 U (Prop.1.1),

AWFED B Y
INE 72 R base & LT, BHEBOMEZRALTEOHNEERD S,
SRR E o THEEHETERWVWEDHENRTED L O 5,

7T (PEVRBEE--) ARFRROHBEHE
7.1 Fermat BiFEBTHREFRHTEILNWEZ

The Generation of Random Numbers That Are Probably Prime ( P.Beauchemin, G.Brassard, C.Crrpeau,

C.Goutier, C.Pomerance(1988)) £ Y.

161



Miller-Rabin #E D EFIBIZR VT,

3b such that b # —1, b> = 1 mod n (Z/nZ IZETIZA2VY), Ged(b+1,n) > 1.

Fermat R THREERE T2 : Miller-Rabin 512 X 0,
n=561,a=2n—1=560=23t=24-35
b= ((2%%)?)2 = 2435 = 67 # —1 mod 571
B = ((2%)2)?)? = 2% = 1 mod 571

=571 BRI TRV Z LAY D, b=+1,467 = b?> = 1 mod 571 BRIZ LTV 5,
Ged(b£1,n) =77 LHEERIT S &,
(17 x 33 =561) &, n DKERFELND,

(b—1)(b+ 1) =0mod 571
Ged(67 + 1,561) = 17, Ged(67 — 1,561) = 33,

7.2 BERBOWBOHHEAE

basea & LT, NhEWRK (EFITa=2,3,57) 2FATHZL2EX?,

EVHAT. n-1 ERERBMOBT. 3,5, 7 2FATHZLIZT S,
BRI OMBEROHI 1 -

n=468l,a=2;n—-1=2%t Tal=1modn, 3|(n—1) 2FIHT23,

n—1=4680 = 23 .585(= 23 -9 65), a’ = 2585 = 1 mod 4681

Eix,

b = 2585/9 — 2(n—1)/(9:8) — 32 mod 4681 b3 = 2585/3 = 1 mod 4681

= b = 1mod 4681 LY (b—1)(b% + b+ 1) = 0 mod 4681
% 2T, Ged(b—1,n) =Ged(32 — 1,4681) = 31

IR OKBETEOH 2 -

n=29341,a=2;n—1=2%,a* = -1modn T3,5|(n—-1) ZFIFT 5,
29340 = 22 . 7335(= 22 - 32 . 5. 163), 227335 = —1 mod 29341
b= 227335/3 = 9(n=1)/(3-2) = 7929 # —1 mod 29341, b3 = 227335 = _1 mod 29341

bB®=-1modn &9 (b+1)()2-b+1)=0modn

¢ = 227335/5 — 9(n-1)/(52) — 26454 # —1 mod 29341 ¢® = 227335 = —1 mod 29341
=-1lmodn &Y (c+1)(c*~c+c?—c+1)=0modn

Ged(b + 1,n) =Ged(7929 + 1,29341) = 793 = 13 - 61
Ged(c+1,n) =Ged(26454 +1,20341) = 481 = 13-37 —>n=13-37-61 = (m+1)(3m + 1)(5m +1)

7.3 the smallest strong pseudoprime ==+ (23 % ¥ «; DA N

(4681 = 31 x 151)

22T,

n=1; £ LT, b=a™1™ modn such that Ged(b+1,n) # 1 £7235 ar=1V/m ZLIFIZRT,
P = 2047 KRR, HIZE. ..

(2
V3
(1
Ps
Y6
hr = g

9(n=1)/(9:2)
o(n—1)/(916)

2(n=1)/(32)  9(n-1)/(52)

9(n=1)/(72)

2(n=1)/(212) 3(n-1)/(272) 5(n-1)/(272) 7...
5(n—1)/(3-32)

(rp=2)
(p<3)
(p<5)
(P<7)
(p<11)
(p<13)
(p<19)
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o

=0 =1 200D/B2) 5(n=1)/@32) 7(n-1)/(3-2) 7... (p < 31)

Y12 5(n—1)/(27-4) (p < 37)
s 5(n—1)/(9-4) (p<41)
Y14 3(n~-1)/(274) (p<43)
V15 2(n=1)/(27:2)  9(n-1)/(5-2) (p < 47)
P16 = Y17 5(n=1)/(9:4) 7(n-1)/(9-2) (p < 59)
s = Y1 2(n=1)/(7:2) 7(n—-1)/(9-4) (p < 67)

7.4

FREEREOF 1 1 1000 AT D 168 DT X T DR E base & T 2 IREEREK

EERBOF 2 : 541 £ TO 100 FEOTRTOHREE % base & T 2RBERE

SRBERBOHMEE DA

TrUE) RE(E) FR(Y) RE(S) Tvsv—4(B) Y-I(I) AILT(H)
8 Constructing arbitrary s... X

€ | @ math stackexchange.com/questions/281107/con: v ¢ | |~ Google PleBd & A8 =

... and 5o on. And n+1, 37n+1, 41n+1 must be prime. ~

Details: ZHENXIANG ZHANG:FINDING C3-STRONG PSEUDOPRIMES

Another example number:
28093861363714388664963465393208576072837945883534011654730073949211741599955768
900976333483018784017998534484966 6. 19
3037964 03427408 42175 6166: 359
063729350, 354116844847321379 4910604399375221284
4682, 333698946732672943958824993687697445584784
56847832293372532910707925159549055961870528474205973317584333504757691137280936
247019 4 329434008415, 4340836064927449224
6117833075312755414637769508415043877560992771183; 358717943, 384
904092; 3 07340163; 11 31 4338
82193413, 0371 4150814802241724690348411538 17436254335651432
05221396927554300213277654097753749782557700272598197945329609974846767331400783
1780 84761 3543667470861720894161917981606153150551
4304104608134, 318085719 0796565775 4664713878; 3 415
91888844492227263477298 8: 61, 8759084184225105
4093, 83471430374834873427180817297408975879673867
(1189 digits)

This number is a strong pseudoprime for all (168) prime bases below 1000. It is a Carmichael

number too, with the same format.

Reg.: Joe53
share improve this answer answered Aug 11'13 at 21:42
FFEXY Joes3
1M A2 v
< >

TPIUE) BEE) TR() BE(S) Fvhv—4(B) Y-III) ALF(H)

3 Constructing arbitrary s...

€& @ math stackexchange.com/questions/281107/con. v C' wB $§ AQ =

A
o

197475 704297076 769879318 479365782 605729426 528421984 294554780 711762857
505669370 986517424 096751829 488980502 254269692 200841641 288349940 843678305
321105903 510536750 100514089 183274534 482451736 946316424 510377404 498460285
069545777 656519289 729095553 895011368 091845754 887799208 568313368 087677010
037387886 257331969 473598709 629563758 316982529 541918503 729974147 573401550
326647431 929654622 465970387 164330994 694720288 156577774 827473110 333350092
369949083 055692184 067330157 343079442 986832268 281420578 909681133 401657075
403304506 177944890 621300718 745594728 786819988 830295725 434492922 853465829
752746870 734788604 359697581 532651202 427729467

(618 digits)

This number is a strong pseudoprime for all (100) prime bases up to 541. It is a Carmichael number
with 3 prime factors, with format: N = (n+1)(37n+1)(41n+1)

Reg.: Joe53

share improve this answer edited Aug 11'13 at 13:21
104k ©5 23 AT70

~
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[E#%] Carmichael < +_T?D Ged(a,n) =1 £ 22 a A LT, nid a-Felmat #FK & 25,
AR 2 DDFix Carmichael A2 DT, a-BEERE L 1T 5720 0 ZBA THHEFHBEITITRETH 525,
618 Hi DBl b = 2(n-1/(23) 31/ 5(-1/C ... mod n

— Ged(b+1,n) > 1
1189 HTDF b = 2(n—1/(23)  2(n=1)/7)  7(n=1)/(2:3) mod n

— Ged(b+1,n) > 1
HERBIZ, LEOFIT~TT LS BERE, (GAP 2EH)

SREERE OB 3 (F. ARNAULT 1995) : 337 #7 (REE 2 . 200 LT D 46 EOREIR U THREERK, )
80383745745363949125707961434194210813883768828755814583748891752229742737653336521865023361
63960045457915042023603208766569966760987284043965408232928738791850869166857328267761771029
38969773947016708230428687109997439976544144845341155872450633409279022275296229414984230688
1685404326457534018329786111298960644845216191652872597534901

P b = 2(“‘1)/(2’81), 2("*1)/(2'5), 3("—1)/(4'5) mod n
— Ged(b+1,n) >1

o b=50"1/481) hod g
— Ged(b—1,n) > 1

IHoDBIEED, Xy F TR -RERER U 100 EIZx L THEHBEZIT-> T, Zhbizon
T, ¥ ZRERIHL TN 3B,

8 EEAH

FEFHIE : FFb7e Miller-Rabin .
GAP v 27 L% : PowerMod(a, (n — 1)/m,n) : mod HEDOEES X RHE,

MR OKBEHETIX, —2>Dbase a ICHLT, n—1%ZFIBHINE, 5N&, TXEZHLTadD
(n—1)/m OFD mod HEDO_REFLHE,
(337 HiDf) : 2(n—1)/(281)  o(n=1)/(25) ... 5(n=1)/(48) mod n, iz, KL TWBHEALHY, )

— %5, Miller-Rabin & & RIS OHEZEHEEIRE L T2 Z Ltk d,
LT, HERMLEHKIZR>TWETHS I,

/26, base a ELY 232 T, Miller-Rabin 2% o & £ < OEIEME LIT> TH LT ds =,
AETIL, base L LT/HhEWEEFES LWIBIFEL TS,

(%] GAP icd 5 B4 5 Bk
e IsProbablyPrimelnt : BPSW 1% {# - 7= RESRBIFRECHIE.

e IsPrimelnt : M ehiRFEHEEEFEA L TVE L LYY,

9 HHET—4 2-SPRP-2-to-64
264 ¥ T 2-REERB DT —#F 31894014 &,

P11 < 284 < pp
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BERIL LT, 91 i, p <3l OFTRTOBHKICH LT piERK LD T, 205 —4# ® Miller-Rabin I
L ARBHEIZIE, p> 31 LRBRENLNELRS,

ZOF— & BIELIFE (ERRERE SHE L TRA L TORITIE), ¢ ETH. TSI L T4
BELWIZ ERNEHICHETE 2,

JPAUE) WE(E) FR() BE(S) Fvsv—4(B) Y-II) ALT(H)

MR Miller-Rabin SPRP base... %

miller-rabin.appspot.com

SPRP bases

http://www.cecm.sfu.ca/Pseudoprimes/index-2-to-64.html
PSPS list computed by Jan Feitsma, arranged and edited by William Galway. Some results above depend

onit.
At http://www.janfeitsma.nl/math/psp2/index you can find Feitsma's notes

If you are interested in composite 2-SPRP only, you can download slightly smaller file containing composite
2-SPRP list up to 25 (based on Feitsma's results):

Download Size Checksums

link

2-SPRP- 203,889,146 [MD5 1 1bdbd72be1b6e104f8c3d08d05eebbf4
2-to-64.zip bytes [SHAT 1 f219614e04e2e9bfoe6d4dbc786c79e5ed1f2d99

(mirror 1) [SHA-256] a8db@d43c9b@4ch1f9d19fc9a87da779c420a6d88f6c2c7b87cde377a7elf7fe

2-SPRP-
2-to-64.zip
(mirror 2)

9.1 HHET—4 2-SPRP-2-to-64 [ZB§9 2 EER

2,3,5,7-FIERE : TDOFT—FNT, 2,3,5,7-EEREIT. 16826 &,
(Miller-Rabin IR 7' 1 7' A X 235, 1371 #,)

ZFOHT, AFEDOHIET, n—-10%ED>H 3,5, 7EE-T,
HEERDDZLENTERELD 16207 fE,
FEERDDZENTE R BD 6198, (ZOMEHEIC»1oRHE 48, )
(BRO»ORBFHRBZTEL DTS T AL FEMBE 1721 B,
1371 +4 << 172177  3REFEK 1 EHOFHHERRHM 0.05ms 720 T, BRI DRH 2)
Z D 619 1& (Be/h> 22749134240827>> )4 = 3215031751) D72 A>T 2,3,5,7,11-3REEFREIL. 73 M,
FOFT, FBFICLTHEERDBZENTERP>ELD 39,
TONEDI L, BREIEST-OE, 2,3,5,7,11,13-H#ERE 5 B (17-5RBEREITITR S20),
2,3,5,7,11,13- 3R OB ENR TE RN b DX 3T, KROEY,
11718796901305940161, 15292237577737533661, 16697267137953148781.
HE 5 — & 2-SPRP-2-to-64 DFHEEEMIIZ OV T, Miller-Rabin 0B, 1 BOKIIH LT, £0%k
251000 HiTH 1 EDNHRVOT, FHEHEITZER Lo T,

o BIFFE T 1 75 M L BHAERFE  1400~1800 B,

o GAP O IsPrimelnt = & A 2B 1788 #,
[2%] Lucas 7 % F OB ~ Miller-Rabin & 4. 5 BEISRES LV,
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10 HBETHAKKT HARRY

HEF— ¥ 2-SPRP-2-to-64 2% LT, &¥). 2,3,5,7 % base & T HMEREEE 2 /H3, base & LT,
11,13, #L T, 17 b 4E IR o1,

BlcB o7, 2,3,5,7,11,13-MERL 5 @ (17-5RERE TIXRV), ZLT, 205 b THEHERTE
Bholzbd 3E,

11718796901305940161, 15292237577737533661, 16697267137953148781

HRLT, 2F T, HEFHECEn—108KE LT3572ELTWER, 13 HE-TAD L, BHID2
BOBIIHEIEFBOND,

BolB#%O 1.

n = 16697267137953148781 = 1668195989 - 10009175929

n—1=16697267137953148781 —1 =22 .5-11-17 - 53 - 7868849 - 10705001
1668195989 — 1 = 22 . 53 - 7868849

10009175929 — 1 = 23 . 3 - 53 - 7868849

— 22537868849 — _1 mod n, 3,7 bIAIKE, 5537868849 = _1 mod n

([BE] ¢, =2047=23-89, ¢, —1=2-3-11-31,

23-1=2-11,89—-1=23.11 — 21 = 2048 = 1 mod ¥1.)

AFROH TR BN R T 2MEREKICOVT, EBRF—F & LTRORVAE, $4, ANCEIAL
ToRRBRBOME L R,
o BN BKIZRBIILEN->T, ENEHETE S base, BIV, AT D n— 1 OF%IT, i
RIZRDED e n BIEET B L 57,
o nida % base L T HHMBERET, riin—1) LRE2FEHKr 2D L,
S FTRTOn OREEREpIZH LT, ri(p—1) 25, o D Z/pZ OFREREIZIIT D order D r-part
XEC 2
REDZENRLNREBEZ LR, FREEFMZ, ROEBERVEOLNT,

11 Ap#ihbaseD L& =F

BRICE-o T, 2,3,5,7,11,13-341F K n = 16697267137953148781 D & & ¥, 6-5AEERFITITR L2
(BEHEL LTIE, ZThTHET),
= nOTRTEREp ICH LT, 2& 3%, Z/pZ OREBITIIT S order D 2-part (LR U TdH 543,
6 IXE D RO TR,
B HS base D & EFDERT —F : n = 16697267137953148781
PowerMod(2,(n —1)/2,n) = n-1

PowerMod(3,(n —1)/2,n) = n-—1
PowerMod(2, (n — 1)/4,n) = 4911275413865036381
PowerMod(3, (n — 1)/4,n) 6364565162097257266

# n —4911275413865036381
PowerMod(6, (n — 1)/4, n) 6678906859184929885 # n — 1
PowerMod(6,(n —1)/2,n) = 1 +— (Fermat #&&¥)



Ged(6678906859184929885 — 1,n) = 10009175929
Ged(6678906859184929885 + 1,n) 1668195989

i b RAR 2B H 5 &L 5 T, ERMEEF T

12 EE
EREND LTOT, B8R LTHET S LEH Y EHAB, KDY IC, RORMAEHTET,
o n— 1 DHBORRTNO>TE 5Dh,
BIZIE, R p,qin T, 3|(n—1),3|(p—1),3 flg—1) DL EIFLEIH?

n=2p+1 pEREONELOBBERE T, n—1OPEEELAOIIRBELES> R, Znk ok
BlE RSB ho Tz,

o BRkEE base L TBHLE, DFY, niday,a-RERKTH DM a) X ax- SRR TRV & XI1TTH
VoA I

o n—1DKEERATZ2HEL, Lucas 7R MRY —< U FRLIZ, MrOEERHDIES S92
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