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Abstracts.

The solutions to the classical Hele-Shaw problem are discretized in space
by means of a modified charge simulation method (CSM) combined with
the asymptotic uniform distribution method, and then a system of ordinary
differential equations is obtained, which is solved by the usual fourth order
Runge-Kutta method. The Hele-Shaw problem has curve-shortening (CS)
and area-preserving (AP) properties. Under our scheme, the asymptotic CS-
property and the AP-property are satisfied theoretically in a discrete sense,
respectively, while simple boundary element method (BEM) does not satisfy
these properties in general. Numerical experiments by the modified CSM
and BEM will be shown.

1 Introduction

The Hele-Shaw problem is description of a motion of viscous fluid in a quasi two-dimensional
space, which was starting from a short paper [4] in 1898 by Henry Selby Hele-Shaw (1854
1941). In his experiment, viscous fluid is sandwiched between two parallel plates with a
narrow gap (Figure 1.1), and the apparatus is called Hele-Shaw cell. He succeeded to vi-
sualize stream lines by means of colored water in the cell. Mathematically, the Hele-Shaw
problem is reduced from Navier-Stokes equations via stationary Stokes approximation,
parabolic-shape approximation of the velocity profile, and assumption of the Laplace re-
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Figure 1.1: Hele-Shaw cell with the gap b

lation on the boundary, that is, the problem is stated as follows (see [8, 3] in detail).

Ap=0 in Q(t),
p =k on C(t), ‘ (1.1)
V=-Vp-N onC(t),

where Q(t) C R? is region occupied by fluid, C(t) = 9Q(t) is the boundary, p is the
pressure function, k is the curvature (sign convention is the way that k = 1 if C(t) is a
unit circle), vy > 0 is the surface tension coefficient, N is the unit outward normal vector,
and V is the normal velocity. See Figure 1.2 (in the figure, @ is the position vector and

T is the unit tangent vector).

Figure 1.2: Liquid in a Hele-Shaw cell

Thus the Hele-Shaw problem is stated as a kind of moving boundary problems deter-
mining unknown function p and unknown fluid region Q. It can be described in another
way such as follows. Let u be the velocity vector of two-dimensional fluid. Then the
harmonicity of the pressure p is an expression of continuation derived from the Darcy’s
law u = —Vp and the incompressible condition of fluid divu = 0, and the normal velocity

V is derived from mass conservation law dx/0t = u.
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The purpose of the present paper is that for (1.1) we present a simple numerical scheme
by means of a modified charge simulation method combined with the asymptotic uniform
distribution method.

The charge simulation method (CSM) is a numerical technique for potential problems.
The idea is very simple, that is, the solution is approximated by linear combination
of fundamental solutions. Then CSM is a kind of method of fundamental solutions.
For instance, let us think about the Laplace problem in bounded region, say 2 C R2
with a smooth boundary C = 82. Under CSM, first, we take finite number (say n)
of approximate points (the collocation points) on C and the same number of singular
points (the charge points) in outside of 9, and second, determine coefficients of linear
combination of fundamental solutions equal to a given data at the collocation points.
If ‘position of the collocation points and the charge points satisfies a “nice” condition,
then the approximate error has exponential decay such as a™ (a > 1) [5]. This is
remarkable error estimate compared with simple the finite difference method (FDM), the
finite element method (FEM) or the boundary element method (BEM) which have the
error order n™% (a > 0) in general. On the other hand, unfortunately, the “nice” condition
is theoretically unclear at this stage, and the condition is determined by trial and error,
so far. Hence finding the condition is an open problem even for potential problems in a
fixed domain. To the best of our knowledge, application of CSM for moving boundary
problem is quite a few: for instance, CSM for stationary perfect fluid of rotation free in
outside of a circle in the plane [14], and CSM combined with the level set method for
external Hele-Shaw problem without surface tension [7].

The Hele-Shaw problem has two properties: fluid area is preserved in time and the
total length of the boundary is decreasing in time. One of features of our scheme is to .
realize the curve-shortening property asymptotically in a discrete sense by means of the
normal velocity determined by a modified invariant scheme of CSM, so-called Murota’s
invariant scheme [9, 10]. Another feature is to realize the area-preserving property by
means of the tangential velocity determined by a modified CSM and the asymptotic uni-
form distribution method (UDM) [12]. Note that under UDM, we have stable numerical
computation.

Of course, there are many ways to solve the Hele-Shaw problem numerically (see
selected just a few papers or a monograph [3, 13, 6, 15]). However, many of known
schemes did not focus on making schemes which preserve a variational structure of the
Hele-Shaw problem such as curve-shortening property and area-preserving property.
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2 Two properties of solutions to the Hele-Shaw prob-
lem (1.1)

Let ¢ > 0 be the time parameter. Assume that a smooth Jordan curve C(t) : z(u,t) € R?,
parameterized by u € [0, 1], evolves according to the following evolution law of given the

normal velocity V' and the tangential velocity o (Figure 1.2).
Ot =aT +VN. (2.1)

Here 0, = 8/0t is the time derivative. It is known that, under a suitable condition, the
value of o does not affect the shape of the solution curve [2].

Let L(t) be the total length of C(t), Q(¢) the bounded region enclosed by C(t), and
A(t) the area of Q(t). Then the time evolution of L and A are given as follows.

OtL(t)=/ kVds, OA(t)= Vds,
C(t) c@)

where s = s(u,t) is the arc-length parameter, and the integral means
1
/ Fds = / Fg(u,t)du (g(u,t) = |Oux(u,t)| is called the local length).
C(t) 0

If the pressure p and the curve C(t) are the solution to the Hele-Shaw problem (1.1),
then for the time evolution of L(t) we have

o L(t) = / kVds = —l/ pVp-Nds = ! // div(pVp) dzdy
c) Y Jew Y JJaw)

1
=—1// (pAp+|va>dxdy=——// V|2 dady < 0.
Y JJaw Y JJaw

Hence the Hele-Shaw problem has the property of curve-shortening. We call it CS-
property.
Also, for the time evolution of A(t) we have

8tA(t):/ Vds=— Vp-Nds
c(t) c(t)

= -/ div(Vp) dzdy = — // A pdzxdy =0.
Q(t) Q(t)

Hence the Hele-Shaw problem has the property of area-preserving. We call it AP-
property.
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3 Numerical scheme

The purpose of this section is to present numerical scheme by means of a modified charge
simulation method combined with the asymptotic uniform distribution method, which
approximates the solution p and the solution curve C to Hele-Shaw problem (1.1), and
satisfies asymptotic CS-property and AP-property theoretically in a discrete sense.

A smooth closed curve C is discretized by a closed polygonal curve I" as follows. Let
I' = U, I'; be an n-sided closed polygonal plane curve, where

Fi = [mi_l,wi] = {(1 - /\)wi_l + /\{El ] AE [O, 1]}

is the i-th edge and x; € R? is the i-th vertex (: = 1,2, -+ ,n; Ty = Tp, Ty = T1). See
Figure 3.1.

Xp=X0

Figure 3.1: A closed polygonal curve in the plane R?

Let I'(t) = U}, Ts(¢) be an n-sided closed polygonal plane curve continuously in time
starting from I'(0) = T', where T;(t) = [x;_1(t), i(t)] is the i-th edge, and x;(t) € R? is
the i-th vertex for i = 1,2,--- ,n and t > 0. The polygonal curve I'(t) moves according

the evolution law:
:z:z=azT,+VzNz (l= 172a ’n)a (31)

where F = dF/dt is the time derivative of F', and T; is the i-th unit tangent vector and
N; = —T? is the i-th unit outward normal vector at the i-th vertex @;, which will be
defined later ((a,b)* = (—b,a)). Then ;’s and V;’s are the tangential and the normal
velocities at x;, respectively. The evolution equations (3.1) correspond to a discretization

of the evolution equation (2.1).



3.1 Algorithm

Since N; = —T* holds, the evolution equations (3.1) are rewritten as
wz:azﬂ_v;lll (i:1327"'an)7

and by the following our scheme, {T;}I ,, {Vi}™, and {a;}?, in the right hand side can
be described as a function of {a;}7 ;. Therefore the evolution equations can be rewritten
as the following system of ordinary differential equations (ODEs):

w(t) = (ml(t)awiz(t)’ e 7wn(t)) € szna

.’B() (m( )) f‘—‘(fl,fQ,,fn)RQXﬂ_)R?xn’wa(I:)

In this paper, we use the usual fourth order Runge-Kutta method for solving the above

system of ODEs.
Under our scheme, {T;}7,, {Vi}7, and {a;}?, are obtained in three steps as follows.

Step 1: Compute {T;}7.; by T; = (cosv},sinyf)T (i = 1,2, ,n) in §3.2, where v} =
(Vi + vit1)/2 and v; is the i-th tangent angle:

T; — T;_
=0 = (cosvy,siny)T, ri= @i -y (i=1,2,---,n).

T3
Step 2: Compute {V;}?, by a modified CSM in §3.4.

Step 3: Compute {;}7, from {r;}7,, {v;}~, and {V;}, by UDM in §3.5.

3.2 Step 1: Compute {T;}"

The length of T; is denoted by r; = |x; — &;_;|. The i-th unit tangent vector ; can
be defined as t; = (x¢; — @;—1)/r;, and the i-th unit outward normal vector n; = —t;.
Then the i-th tangent angle v; is obtained from ¢; = (cosv;,sin ;)T in the following way:
Firstly, from t; = (t11,t12)", we obtain v, = —arccos(t1;) if ty3 < 0; 1y = arccos(tyy) if
t12 > 0. Secondly, for i = 1,2, -- ,n we successively compute v;,; from v;:

v; — arccos(l), if D <0,
Vig1 = v; + arCcos(I), if D >0, where D = det(¢;,t;11), I=1t; t;;.

Vi, otherwise,

Finally, we obtain vy = 4 — (V441 — ¥,). Then the 4-th unit outward normal vector n; is
n; = (siny;, — cosy;)T.
Let us introduce the “dual” edge I'y = [x}, z;] U [&;, @}, ] of I';, where

] = (21 +;)/2
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is the mid point of the i-th edge I'; (i = 1,2,---,n; @}, = «}). The length of I'f is
Ty = (ri +Tit1)/2.
We define the i-th tangent angle of I'} by

V; V;
V;:M: Z+S;z

2

where ¢; = 1,41 — v; is the angle between the adjacent two edges. See Figure 3.1.
Then the ¢-th unit tangent vector T; and the outward unit normal vector N; at the

i-th vertex x; are given by
T, = (cosvf,siny})T, N; = (siny},—cosv))T,

respectively.

3.3 The length L, the area A, and the curvatures {k;}I",

The total length of " can be calculated as

™ n

*

L= E = E T
i=1 i=1

and the enclosed area of I" can be calculated as

n
A=%; T n)r; == Zmz 1 T

Hereafter we will use the following abbreviations:

cizcos%, -—sm% (i=12,---,n).

Then it is easy to check that

ti=cTi+siN;, tip=caT — s,
n; = ¢N; — sTi, i = N+ s.T,

and from which it follows that

L= i:bi (b = ti) = 22": Visi = z": Vikir; = ih‘(v)m’, (3.2)
A= Z Vieir; + Z ;s 17‘1+1 Z(v )iTi + erra, (3.3)

Tit+1 — 27 + T - Tiv1 — Ti
err =Z<'U>z i+1 41, i—1 +Zaisi 't+12 %

i=1 =1
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Here k; = 2s;/r} is the i-th curvature on the dual edge I', (v); is the averaged normal

velocity on I'; defined as

1
(v)iz—/vds (i=1,2,---,m),
T,

T3

Vi is the normal velocity at x; defined as
V;:Qz"_;#"_ﬂ (i=1,2,--,n), (3.4)

and k; is the i-th curvature defined on I'; defined as

ki = tan((pz/2) -{;‘Fan(ﬂo'i—l/2) (’L = l, 2; U 7”)’

which is the same as the polygonal curvature in [1]. The i-th averaged normal velocity
(v); will be defined by (3.8) in §3.4.

The quantities L and A are discrete analogue of L = fc kVds and A = fc Vds for
smooth curve C, if err4 = 0 holds, respectively. Note that if distribution of the vertices is
uniform, that is,.7; = L/n holds for all i, then we have err4 = 0. Another way of realizing
erry = 0 is to define a; = ((v)ir1 — (v):)/(2s;), since errg = > ;- (rix1 —7:) (V)i — (V)ig1 +
2s,0,;)/4 holds. This way is valid for instance for the curvature flow (v); = —k; since q;
does not become singular even if s; = 0. But in general such as the Hele-Shaw flow, it
is hard to compute o; near s; ~ 0. Hence we will use the uniform distribution technique

from the above reason and also from the viewpoint of numerical stability.

Remark 3.1 Note that if we can calculate the average (Vp-n;); and put (v); = —(Vp-
n;);, then we have

if err4 = 0. The averaged value (Vp - n;); can not be obtained in general, but we will
obtain AP-property A = 0 from another context in §3.4.

3.4 Step 2: Compute {V;}?, by a modified CSM (mCSM)

We compute the averaged normal velocity (v); by means of a modified charge simulation
method (mCSM in short). See §A for the original CSM under the invariant scheme and
for comparison argument with the boundary element method (BEM).

For each fixed ¢ > 0 we solve the following Dirichlet problem:

Ap=0 inQ(t),
p=vk onTi(t) (i=12-m)
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by means of a CSM-type technique as follows. We seek the approximate solution P of
the form

P(x)=Qo+» Q;Ej(x), Ej):=E(x-y;) - E(x-2), (3.5)
7j=1
where FE is the fundamental solution of the Laplace operator A such as

1
E(x) = o log|z],

z is a “dummy” point located at a sufficiently far position (2 = (1000,0)T will be used
in §4), y;’s are the charge points given by

yi=x;+dn; (j=12,---,n),

and d > 0 is a parameter controlling accuracy of mCSM. Note that P satisfies AP =0
in  and is invariant under the trivial affine transformation and the origin shift of the
boundary data as well as the original invariant scheme of CSM as in §A. Thus we can add
one more condition instead of (A.2) which is required for the invariance of the original
invariant scheme of CSM. We select the condition such a way that the weighted average
of Q;’s is equal to 0, that is, coefficients {Q;}7_, are determined by

P(@}) =9k (i=1,2--,n), > QH;=0, (3.6)
j=1
where
Hj:=—=) VE;(a})-nr; (=12, ,n).
i=1
The equations (3.6) are equivalent to the system of n + 1 linear equations as follows:
0 HT 0
Qo) _ , (3.7)
1 G Q b
where
G = (E;(z})) e R™™, 1 =(1,1,---,1)T e R",
H = (Hl’ H2; e 7Hn)T7 Q = (Qla Q2, o ,Qn)T’ b= (’Ykl,’)’kz, e ’7kn)T € R™
AP-property
If the averaged normal velocity (v);’s are defined by

) = ~VP(x!) n; (=12 ,n), (3.8)



then we have

n

> (v 2 Q;H; (3.9)

i=1

This means that A = 0 holds in (3.3) if err4 = 0, that is, AP-property holds in a discrete
sense. By using these (v);’s, we define the normal velocity V; at the i-th vertex z; by (3.4).

Asymptotic CS-property

From (3.2) and (3.6), for the averaged normal velocity (3.8) we have

] n n 1 n .
=1 i=1 =1
1 n
== Z/P(m;‘)VP(w;‘) n;ds
YVim Jr

1 n
A > ; /1", P(x)VP(x)- - n;ds
= —%/FP(a:)VP(w) -nds

:_1/ div(PVP)da:dyz—l// |V PJ? dzdy < 0.
v Q Y Q

The above approximation “~” is the equality “=" with an error of order 1/n as n — oo.
We will see this fact as follows. Put f;(z) = P(x)VP(z) - n; for £ € T;. Then by the
mean value theorem, there exists u; € (0,1) for each ¢ such that the following estimate
holds.

L+- / IVPIzdxdy<‘ / IVP}2dxdy+L’
= ;Z / (P(x)VP(x) - P(x})VP(x})) - nids
- —Z/ (hl@) - fi(a})) ds

- —Z [ VA= p) ) i) ds

. C < C
< ;;nglgflw‘mz"ﬁ < ;er < ;erax,
where

C; = I:;flear),( Vfi(z)|], C= fg{asiCi, Trmax = 1{1%1"

125
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By the asymptotic uniform distribution method (3.10) below, we have

max =

< ﬂé)_ + e_f(nvt)
n

where f(n,t) is a given function diverging to infinity as ¢ tends to the final time T < oo
or n — 0o. In our experiment, we take 0,f(n,t) = w with w = 10n in §4.
Thus we have the following asymptotic CS-property:

YJJa 0 n

Remark 3.2 (BEM) By means of the boundary element method (BEM) with the con-
stant element, the averaged normal velocity (v); can be computed from the following

linear equations:

1 - , = OF . ‘
571:;/1:1- E(m—wi)qjds—z bj%(af—wi)ds (t=1,2,---,n),

=1 YT

which are derived from (A.5) in the case where C =T, £ = a?, and P satisfies

P(m) = vk; =: b;,

for all © € T';. Therefore if we define matrices G = (G,;) € R*™*" and H = (H;;) € R™*"
by

. 1 OE .
Gij:/F,E(w_mi)ds, H,‘j= ‘2‘52'j+‘/l;j %—(w—mi)ds,

J

respectively, then the above relations are equivalent to the following simultaneous equa-

tions:
Gq = Hb,

where ¢ = (q1,92,"** ,q2)T, b = (b1, b2, -+ ,b,)T € R™. Solving the above simultaneous

equations for g, we obtain the averaged normal velocity such as
(Wy=—-q¢ (=12 ,n).

We note that G;; and H;; can be calculated analytically. However, it is unclear whether

CS-property and AP-property hold or not.
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3.5 Step 3: Compute {o;}"; by the asymptotic uniform distri-
bution method (UDM)

To realize uniform distribution asymptotically (c.f. [12]), we assume that
L
n
where f is a given function satisfying
f(n,t) > 00 ast—>T <ooorn— oo

with the final time T of the problem, and
i=1
By using a relaxation term w(n,t) = 8, f(n,t) we obtain

. T
r’i—£:<£—ri>w(n,t) (i=1,2,---,n), / w(n,t)dt = oco.
n n 0

In our experiment, w(n,t) is taken such as a constant w = 10n in §4.

Taking into account the relations

. L (L
Fo = (@i — Ti1) -t = Vis; + Vicisia + oy — o102 = o7 (E - 7"1') w(n, ),

we deduce n — 1 equations for tangential velocities o; (i = 2,3,--- ,n):
U, ¢
@ =—+—a,
& C;

\111:1/)2+7,[)3++¢“
i L

wi = —V;si — ‘/7;_1Si_1 + £ + (_‘ - Ti) w(n’t)'
n n

To determine ay, we add one more linear equation of the form Y 7 , a;b; = B, which is

independent of the above n — 1. If we put
C:Zn:%pi chli?ﬁ (3.11)
i—a Ci ’ i=1 G’

we obtain oy = (B—C)/D. Next, we propose two candidates for each {b;}?_, and B, and
choose one of them in the following way:
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Candidate 1
We put

27‘1; + Ti—1
4 )

b; zsiw (i=1,2,---,n), B= _Z@)inﬂ_
=1

and from (3.11) we calculate C and D. We denote this D by D;. If the above equation
holds, then erry = 0 and A = Yo (v)ir; hold in (3.3). However, if distribution of grid
points is almost uniform, then the above equation is almost nothing. Therefore we need

another candidate.

Candidate 2

The second candidate of a linear equation is the zero-average condition ., ayr} = 0,
that is, b; =7 for ¢ =1,2,--- ,n and B = 0 (see [12] in detail). From this and (3.11) we
calculate C and D. We denote this D by D,.

Choice one from two candidates

For calculating oy we use Candidate 1, if |D;| > |D,|, and Candidate 2, otherwise.

4 Numerical experiments

The parameters have been chosen as follows:
e n = 100 (the number of grid points);
e v =1 (the surface tension coefficient);

z = (1000,0)T (the “dummy” point in mCSM approximation (3.5));

7 = 1/(10n?) (the time-mesh size);

w = 10n (the relaxation term);

e d = n~'/? (the parameter controlling accuracy of mCSM).
The initial curve I': [0,1) 3 u > (z1(u), z2(u))T € R? is given by
z1(u) = cos z(u), x2(u) = 0.7sin z(u) + sin z1 (u) + z3(u)?,

where z = 2mu, z3(u) = sin(3z(u)) for u € [0,1]. See Figure 4.1 (a). Let us examine the

results of our numerical computation in order.
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Figure 4.1: Results of numerical computation: (a) the initial curve; time evolution of
boundary curves (b) mCSM; (c) BEM; (d) time evolution of length; (e) time evolution of

area; (f) the accuracy of area

¢ Time evolutions of boundary curves are indicated in Figure 4.1 (b) and (c), when
the normal velocity is computed by mCSM and BEM, respectively. Although in

both cases the boundary curves converge to circles, their size seem to be different.

e Figure 4.1 (d) shows the time evolution of the length L(t) of the boundary curve,
where the horizontal axis and the vertical axis represent the time ¢ and the length
L, respectively. It can be observed that the length decreases monotonically for both
methods: mCSM and BEM. As we have seen in §3.4, when the normal velocity
is computed by mCSM, we can prove that L takes a negative value plus a small
error for a large n or t, since the approximate solution by mCSM is smooth in
a neighborhood of 2. On the other hand, when the normal velocity is computed
by BEM, there exist singularities on the boundary curve I, therefore we can not
use a useful mathematical tool such as the divergence theorem, and this makes it
difficult to analyze the evolution of the length. However, CS-property is observed

numerically.

e Figure 4.1 (e) shows the time evolution of the enclosed area A(t) of the boundary
curve, where the horizontal axis and the vertical axis represent the time ¢ and
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the area A, respectively. Concerning the time evolution of the area, there is a
big difference. In both methods of mCSM and BEM, the tangential velocity is
computed by UDM;, therefore err4 converges to 0 exponentially as ¢t — T or n —
0o. When we compute the normal velocity by mCSM, AP-property is achieved in
maximal accuracy in double-precision arithmetic. On the other hand, when the
normal velocity is computed by BEM, AP-property does not hold. Indeed, the area
increases in time. We can guess that this is a reason why the size of limiting circles

are different.

o Figure 4.1 (f) shows the accuracy of area, where the horizontal axis and the vertical
axis represent the number of grid points n and the error err(n), respectively. The

error is measured by

_ Al(n) — A(n)
err(n) = max IO

1<G<M ’

where

— mn is the number of grid points, which is taken such asn = 4k (k = 5,6,--- ,75);

— A%n) denotes the enclosed area of the initial n-sided closed polygonal plane

curve;

— AJ(n) denotes the enclosed area of the boundary curve with n vertices at the

j-th step;

— M denotes the calculation frequency, and it is chosen as M = 1000 here.

It can be observed that there are differences of accuracy about 6-7 digits between
in two methods, and this implies that our proposal scheme computing the normal
velocity by mCSM is much better than that by BEM.

5 Conclusion

In the present paper, a modified charge simulation method combined with the asymptotic
uniform distribution method was proposed for an approximation scheme of the one-phase
interior Hele-Shaw problem. The methods satisfy the asymptotic curve-shortening prop-
erty and the area-preserving property, while the boundary element method does not satisfy
area-preserving property.

Our methods can be applied for Hele-Shaw problems in several situations including
one-phase exterior Hele-Shaw problem, one-phase Hele-Shaw problem with sink or source,

and so on. These results will be reported in the forthcoming paper.
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A The original invariant scheme of CSM

We explain the invariant scheme of the charge simulation method (CSM) [9, 10] briefly.
Let 2 be a bounded region in R? with a smooth boundary C = 0%2. We consider the

following potential problem:

Ap=0 in9,
P o (A1)
p=f onC,

where f is a given function defined on C. The invariant scheme of CSM gives an approx-

imate solution P as in the following three steps:
(1) Put n points {y;}7_, in R?\ 2.
(2) Construct the approximate solution P as follows:
" 1
P(x)=Qu+ ) Q;E(x —y), BE(z)=-loglal
j=1

with the constraint

2. Q=0 (A.2)

(3) Determine coefficients {Q;}7_, by the collocation method: Put n points {z;};_; on
the boundary C, and impose the conditions

P(:I)Z) = f(mz) (2 =12 ,’I’L). (A3)

The above procedure is typical algorithm of the invariant scheme of CSM. We note
that P satisfies the Laplace equation exactly in 2. Furthermore, the conditional expres-
sions (A.2) and (A.3) are equivalent to the system of n + 1 linear equations as follows:

(0 1T) (QO) N (0) -
1 G Q fl’ '
where

G = (E(z; —y;)) eR™™, 1=(1,1,---,1)T € R",
Q = (QlaQZa e aQn)Ta f = (f(ml)af(w2)7 e af(mn))T € R™.
CSM is a very simple numerical scheme for potential problems since we do not need

to perform mesh division in 2 such as the finite element method, but only choose points
outside and on the boundary of 2. Nevertheless, under some conditions, the error of the
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approximate solution decays exponentially with respect to n. Owing to this impactful
property, the computational cost is low. Moreover, coding the program is very easy, since
we only have to solve the linear equation (A.4). We note that P is invariant under the

trivial affine transformation
T — sz, Y;— SYj,

where s # 0 is a real constant, and the origin shift of the boundary data

f(x) = f(z)+c,

where ¢ € R2.

Since CSM’s approximate solution is sufficiently smooth in a neighborhood of 2, if we
approximate the pressure and compute the normal velocity by CSM, then CS-property
holds approximately. However, AP-property does not hold in general, since 1", (v)s; = 0
is not assured even if err4 = 0. Therefore we have used a modified invariant scheme of
CSM in order to satisfy > ., (v)sri = 0 in (3.9).

Comparison argument with the boundary element method (BEM)

In order to solve (A.1) by the boundary element method (BEM) which is popular for
solving partial differential equations, we have to derive some integral equation as follows:

0(€) ~ opP OE(z —
Whe = [pe-05@a- 105 a geo, (4
where P is an approximate solution of (A.1) and (&) is a function defined by

inner angle at £ if § is a corner,
0(¢) =

T if £ is a smooth point.

In general, we divide C into finite line segments which are called boundary elements, and
the above integral equation is represented as a finite sum of integrals on each boundary

element, that is, the boundary C is approximated by a polygon.
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