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A relative upper bound for equiangular lines
from Bachoc—Vallentin’s SDP method

B =
(joint work with Wei-Hsuan Yu')

Abstract

BREFF 5122\ T SDP-method (¥1EEfEFEi#%) 1% Bachoc—
Vallentin Z & > TERIL E 4172 [J. Amer. Math. Soc. 2008]. A# T
I equiangular line system DEE D ERIZ-5V T, Bachoc-Vallentin
?® SDP-method ICX W/ ONTZHREMMT D, BHIZEDRL LT
n>3 D& (n—1)RILEKME LD tight design of hamonic index 4 2%
FELRWZ & &2RT.

1 F

n Rix—7 Vv FERM R* NOFRZESEROED equiangular line
system TH D LIX, FDHEIZBITAEED _EBROXRDLIAEN—ETHSD
ZLEWVI. FRIZEDAE 0 % common angle £V 9. FEH o €[0,1) 1T
* LT, My(n) & R* WO equiangular line systems with the common angle
6 = arccosa DBREDOHRKEL T, ZOSFICBIT AR bR 2EEO—>
(X My(n) ZRETDHZ L THD. FFIZARBETIE My(n) L2 5EAMIZD
WTEXW. ZOFBOREDERNPE LD LN TWVBIHEE LT [5, 10]
27 TBL. -

AERETIIERRE LT, (n,0) VHFEEDOFEZHEZTHERIC My(n) @
FLWEREBZZ L 2#ET S (see Theorem 2.1). TREREMSGB OIS E
FOBIE LTI My(228) < 3185 = E 3 %iF b 5.
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BFFRDEFX— a3V O—2FKET A ORENOR TV S. Del-
sarte @ LP-method (##FEHEIE) 75

LB EATRE D, KA-RE-F L (6] T,

e (n—1)&EkiEm S™! £ tight spherical design of harmonic index 4
DIFTE, '

e R™ N® equiangular line system with the common angle arccos 1/3/(n + 4)
TAREX (1) DEBFEZZERT 5 b DDIFE,

D_ONFEMETHAHZ LERLEE2

n =2 OBEIIE, LEROFREX (1) 0FEFEEHRT D R? NOD equian-
gular line system with the common angle arccos 1/1/2 IZIfEEIZHER TX 5.
n>30D&E, KRETHENTD M (n) LRI (1) LD by v—7

1/ 3/(n+4)
2b DI o T, BICRER (1) DEBERERT 5 b OIFELANE
EBRGhoTz.

Theorem 1.1. & n > 3 IZ2WT,

<(n+1)(n+1)/6.

T vT— gV AF— 5 EOFFEIZOVTD SDP-method 1% Schrijver
[13] 12 K> THRAB S 7= (see also [9]). EREAF 5~ SDP-method i3 Bachoc—
Vallentin [1] 2 & ¥ BR b S, FICEPERBEICK L TER T RR LT
T3 ([2,3,12])). LMLEL DF—ATiX SDP-method % F{T3 BEITi
WRBHADLETHS. SEOBRL ORRIJERD 028 T M s7ms(n)
DEREE X2 B2 8, ERREFI~D SDP-method DEAIZHKTY LTFI & 72 -
TW5. BIZEDEARH 2BRECERDOFHE TEHF TS HDIZR>TH
HT LML TRE V.

HEEORERZT TR, FRLDOEDOXIRNSH 53— —REH Tid7zv.



2 EHR

REAETIE Ma(n) O LS OFMCEKENH 5. BERFIZSLHTIN

ETIRALNTND My(n) D ERELUTITENTS:

e Gerzon’s absolute bound (see [11, Theorem 3.5]):

n(n+1)
2

My(n) < for any o

e Neumann’s bound (see [11, Theorem 3.4])

M,(n) < 2n if 1/« is not an odd integer.

e Lemmens—Seidel’s relative bound ([11, Theorem 3.6)):

Ma(n) < M

T > in the cases where 1 — na? > 0.
1 —na

AHEDOEFEHEL LT, LEEOBERNDL —RIZIIEDL 2 W LW R 24

M35 .
Theorem 2.1. ER¥ n >3 LEH ac (0,1) A
3a2—6a'+2<n<3a?+6a"t+2
ZlZLTWNWdETH ZoLkE,
(@7t —1)® (a1 4+1)°

My(n) < 2+(n—2)max{ :

n—Ba2—-6a"1+2) Ba2+6a1+2)—n

Theorem 1.1 IX Theorem 2.1 O =7 HIZHED. Fiz, FIZHIT LT
Neumann O EFRH 5, 1 :=1/a BFEDBEIC Mi,u(n) &5 25BN
CEETHS LELLN TS, BENA (n,1/]) (I ZEFE) KoV TiE
My;(n) (ZOWTDEL DFRERBPEHN TS (see [5, 10]) 3. Theorem 2.1

DEMBIE LT, Myj(n) ILOVTETF O ERERANT:

® 192 <n <227 725 Myj(n) < 3202. ¢
33CHR [10] 1238V THE “Ni(d)” 23 My i(d) ZEBRLTWDHZ LICHER.

4Z Z TiX Theorem 2.1 DT My(n) 25 n 2 OWTHFRBO TH B LW 5%%75”5

WEHBEEE BV,
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0 228<n<208 72 hH
297000
299 — n’

4%@ My9(227) < 3202 R M, 0(228) < 3185 2 ¥ BELN B, Zhid
BN L2 ER»BRELNT, TN TORTHFETHH LN T
72“#*%’(%6 LBbhd. 3

3 GEBROOBIRE

Theorem 2.1 DOFEFADEERE 2 Z DETHEIT LIzw. FEFDR—R L2301,
BRI 2 PFREBEEE &~ Bachoc—Vallentin @ SDP-method % & A2 #{L L
TebDTHD.

UTn>3%BEL, S"! = {z € R* | |z|| = 1} &BVTBEL.
Equiangular line system in R™ with the common angle arccosa #%& 2 % Z

ke, S EOFREDES X Tho T,

I(X) = {{z,9) |2,y € X, = #y} C {#a}

ERDbDEEZDZLIIMETH D6 15T, My(n) DENSLDFAE L
A DRI, 3R 2 MRS THREEE D {a} OHBAICOVWTORES E
CFHE T SRR E BEX D &N TEB.
Bachoc-Vallentin [1] & FEEEZEHLET, SP(u,v,t) &) ZEKBEKE
UTOXSICERLEL Y. £7, [-1,1] Lo kRESEX P* %

Piu) = " w)/G* ()
LEETD. ZIZTCIECNu) =1, CMu) = 2w,
kCp(u) = 2(k + X — DuCp_,(u) — (k42X — 2)C_,(u) for k > 2.

WX > TERIND Gegenbaver ZTHATH B, KIZ, & (4,5) € N2 (2xt
LT,

{(w,9,8) = (2, 9)r~, (¥, 2)n, (2, 7)) € [-1, 1] | 7,9, 2 € S"71} C [-1, 1%,

®Theorem 2.1 iZ My /5(n) R My/7(n) O THWL ODDEREZE X D8, 2hbiz

DUWTIHL [5] DFERMGHED.

S REBRIT IAFRE L CHBERE T D U b bR BN E VD B REMRHT < 5DTHETR,
SEETHD. BHOPOHREER TERITLIEZOL >R LT3R bRV, HEZERT
i ZOE% BEZABOBRIREICRLBRNI LHLHENRRPRLZ LL fxé@f&ﬁzs
BEThHB.
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EOBEE ()i %
(Ykn)i,j (U’i v, t) = )\i,j‘F)in+2k (U)Ry’{l+2k (U)QZ—I(U, v, t)
8. T, ‘

t— uv

V(I —u?)(1-12?)

);

Qp (v, 1) = (1= w)H2(1 — 22y

n+ 2k .
Aij = T(hzv_b+2khj+2k)1/2,

2k _ n+2k+1i—1 3 n+2k+1i7—3
: B n+2k—-1 n+2k-1

ThD. BRI ZIRAFEE S 1E Y (u,0,1) 1T (u,0,¢) OE#E LTERT
Bh, Sy ZAERRY A X (indexed by (4,7)) DEEMEITFIE LT

S,’;=% > oy

ceB3

LEERTH. T
72, & x = (11,79, T3, T4, T5,76) € RE T W o, 8 € [-1,1) IR LT,

10 1 00
W(z) := (0 0) + ((1) 1) (z1 +22)/3 + (O 1) (x3 + x4 + x5 + T6),
Sp(z; 0, ) == SE(1,1,1) + Sgla, o, 1)z + SE(B, B, 1)z2 + Sp(a, a, a)zs3

+ S)Tcl(aa a,ﬁ)$4 + S]?(aaﬂaﬁ)wS +S£(/8a/675)x6

9D ZDLE, W(z) 13V A X2 DXRFMTEIITH Y, SH(z; a, B) 1 {(4, ) |
i,7=0,1,2,...,} TEWXFFT N DERY A XOXMFATHI & 720 T
EEEELTEL. '

ERKim 2 FEBESE &~ Bachoc—Vallentin’s SDP method 1ZLL T O Tik
bb:

Fact 3.1 (Bachoc—Vallentin [1] and Barg-Yu [4]). «,8 € [-1,1) ZEEL,
S* DHIRMEIEE X B ‘ ’
IX) = {{z,y) | 2,y € X, = #y} C{e, 5}

"Z OFE 51X Bachoc-Vallentin [1] IZADEZbDTH B, [2] R [4] LIZEBENERD
DTHEENLETHS.

-
—
~

N
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EW{lTETH. 2oL E,
| X| < max{l+ (z1+22)/3 |z = (z1,...,76) € 5}
£72%. ZIT U, IZUTCTERSIND R® OHOEETHD
Qg i={z=(21,...,76) €ER®| z FUTOWE>DOEMEHT }.

L Fi=1,...,6 %L Tz>0.

2. W(z) IX¥EEMHE.

3. B k=12,.... IOV T3+ Pa)z, + PP(B)z: > 0.

4. % k=0,12,.... IZ2\WT S¥z;0a,B) DIEEDOHRENTFNIHEIE

EfE. ,

Theorem 2.1 DFERIZA N D DIXLLTOER L INTZHDTHS.

Corollary 3.2. Fact 3.1 LR UBREIZBWT,
1X| < max{1+ (21 + 22)/3 | z = (z1,...,26) € O 4}
L72B. ZZTOR, HUTTEESND R® OBNEATHD

O yi={z=(21,...,76) ER® | z RUTDEoDRMHEMLT }.

1. z; >0 foreachi=1,...,6.

2. det W(zx) > 0.

3. (SP)ii(z; o, 8) = 0 for each k,i = 0,1,2,..., where (S})ii(z;, B) s

the (i,1)-entry of the matriz S} (z; a, B).

Theorem 2.1 i% 8 = —a OFETH Corollary 3.2 &, KT (S3)1,1 DH
SOEMIZEE LTHETZZ LItk THELND. HEIZSNER (S7)1 O
T—Z R TICE#ETTEL.

Lemma 3.3. & -1<a<1IiZxLT,

(53)1,1(1,1,1) =0

" _ n(n+2)(n+4)(n+6)
(Shaleenl) = 3o D+ ¢~
n _ n(n + 2)(n +4)(n + 6) 3.3 2
(S, a, ) = T m=Dnt 1)(n+3)(a_ 1)°a’((n — 2)a* — 6 — 3)
n(n+2)(n+4)(n+6)

(SH11(e, 0, —a) = — (e +1)3((n - 2)a? + 6a — 3).

(n—2)(n—1)(n+1)(n+3)



Remark 3.4. 5EIZ#E L7 Mm(n) < (n+1)(n+1)/6 (REX (1)) iX
Harmy(S™™1) &5 S EORASZERMIZE R LT Delsarte @ LP-method
FEATAZLICL-oTHELND. 5T Bachoc—Vallentin @ SDP-method
EEZDBRICYH, Harmy (S 1) ICEBTHZ LIZERTHD L Bbh 5. &

BR, Box OREI THLOMREEZRIZLTND (S7)1 X
4
Hy' ¢ @ Hy) = Harmy(S™7)
m=0

LD /NS RBIRZER ( HE OFBICOWTIE (1] #B3R). ICHEETS D
DTHD. LirL, lERr — 2 CHEEREYTo72L 25, Hy,' DY
\C Hyy' @ HYy' @ Hyy' @ Hiy' #F 2T, Theorem 2.1 13F 5725
To. e ORFEILBNT, 228 Hy ' BIWVBIE 2T 200 L0 50D
WTIHTHHBAB 2T TR, ZHITSHROBRREL Lz,

R

AHFFIZDONVTE L OFRRE 2 VIV RNEE—K, Alexander Barg
K, REHEIAR, H EREK, HBBE 8K, AT RFIK, Ferenc Szollosi FKIZ 3
BEEEIT .

References

[1] C. Bachoc and F. Vallentin, New upper bounds for kissing numbers from
semidefinite programming, J. Amer. Math. Soc. 21 (2008), 909-924.

[2] C. Bachoc and F. Vallentin, Optimality and uniqueness of the (4,10, 1/6)
spherical code, J. Combin. Theory Ser. A 116 (2009), 195-204.

[3] C. Bachoc and F. Vallentin, Semidefinite programming, multivariate or-
thogonal polynomials, and codes in spherical caps, J. Combin. Theory
Ser. A 30 (2009), 625-637.

[4] A. Barg and W.-H. Yu, New bounds for spherical two-distance set, Ex-
perimental Mathematics, 22 (2013), 187-194.

127



[5] A. Barg and W.-H. Yu, New bounds for equiangular lines, Discrete Ge-
ometry and Algebraic Combinatorics, A. Barg and O. Musin, Editors,
AMS Series: Contemporary Mathematics, vol. 625, 2014, pp.111-121.

[6] E. Bannai, T. Okuda, and M. Tagami, Spherical designs of harmonic
index t, J. Approx. Theory, in press.

[7] D. de Caen, Large equiangular sets of lines in Euclidean space, Electron.
J. Combin. 7 (2000), Research Paper 55, 3pp.

[8] P. Delsarte, An algebraic approach to the association schemes of coding
theory, Philips Research Repts Suppl. 10 (1973), 1-97.

[9] D. Gijswijt, A. Schrijver and H. Tanaka, New upper bounds for nonbinary
codes based on the Terwilliger algebra and semidefinite programming, J.
Combin. Theory Ser. A 113 (2006), 1719-1731.

[10] G. Greaves, J. H. Koolen, A. Munemasa, and F. Sz6llési, Equiangular
lines in Euclidean spaces, preprint, available at arXiv:1403:2155.

(11] P. W. H. Lemmens and J. J. Seidel, Equiangular lines, Journal of Algebra
24 (1973), 494-512.

[12] O. R. Musin, Bounds for codes by semidefinite programming, Tr. Mat.
Inst. Steklova 263 (2008), 143-158.

[13] A. Schrijver, New code upper bounds from the Terwilliger algebra and
semidefinite programming, IEEE Trans. Inform. Theory 51 (2005), 2859-
2866.

128



