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1 Introduction

In this paper we consider the nonlinear version of the dissipative Timoshenko system

{ @t — (z — V) = 0,

wtt - U(¢x)a: — ((pz — w) + ’Yd)t =0 (11)

with the initial data
(SO? Pty 71[]7 wt)(x’ 0) = (SOOa ©1, '(1)07 wl)(x)

in the one-dimensional whole space. The original Timoshenko system (y = 0) was first
introduced by S.P. Timoshenko in [6, 7] as a model system which describes the vibration
of the beam called Timoshenko beam: It considers not only transversal movement but
also shearing deformation. Here ¢t > 0 is a time variable and = € R is a spacial variable
which denotes a point on the center line of the beam; ¢ and ¢ are unknown functions
of (z,t), which denote the transversal displacement and the rotation angle of the beam,
respectively. Note that @, — 1 denotes the shearing stress. The nonlinear term o(7) is
assumed to be a smooth function of  such that ¢'(n) > 0 for any 7 under considerations;
the coefficient 7 in the frictional damping term 7y, is a positive constant. The Timoshenko
system is very important as a model system of symmetric hyperbolic systems or symmetric
hyperbolic-parabolic systems because the system has new dissipative structures which can
not be characterized by the general theory established by S. Kawashima in [5, 8] in terms
of the Kawashima condition. In this paper we investigate the nonlinear version of the
system by introducing frictional damping as the dissipative mechanism, and first prove
the global existence and uniqueness of solutions under smallness assumption on the initial
data in the Sobolev space H? (with the critical regularity-index). Also, for initial data in
H?2N L', we show that the solutions decay in L? at the the optimal rate ¢t~/ for.t — oo.



1.1 Formulation of the problem
By introducing new unknown functions
Vi= @y — w) U=y, 2= awm’ Y= wta

we transform our system (1.1) into the first order hyperbolic system

Vs — Uy +y =0, (1.2a)
Y —o(2/a), —v+yy =0, (1.2b)
U — Uy = 0, (1.2c)
2 — ayy =0, (1.2d)

where a := 1/07(0). The corresponding initial data are given by
(U,y,u»z)($a0) = (’Uo,yo,UO,Zo)(.’lf), (13)

where vy = @or — Yo, Yo = Y1, o = @1, 20 ‘= aihp,. Here we remark that the
nonlinearity of the system (1.2) depends on the component z only.

Our system (1.2) is a symmetric hyperbolic system with non-symmetric relaxation. In
fact, we can write (1.2) as

AW, + A(2)W, + LW = 0, (1.4)
where W = (v, y,u, 2)", A%(2) = diag(1, 1, 1,b(2)/a) with b(2) = o’(z/a)/a, and
0 0 1 O 0 1 00
_ 0 0 0 b2) -1 v 00
Alz) 1 00 0] ¥loooo0
0 bz) 0 0 0 00O
The corresponding linearized system at z = 0 is given by
W+ AW, + LW =0, (1.5)
where A°(0) = I and
0010
000 a
A=A ==11 900
0 a 00
Notice that the linearized system is given explicitly as
v — Uz +y =0,
—azy —v+yy =0,
Ye VY (16)
U — Uy = 0,
2y — ayy = 0.

In our system (1.4) or (1.5) the relaxation matrix L is not symmetric such that ker L #
ker Ly, where L; denotes the symmetric part of L. This is the reason why the general
theory on the dissipative structure developed in [5, 8] can not be applicable to our system.
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1.2 Known results for linear system

The decay property of the linear system (1.6) was first investigated by J.E. Mufioz Rivera
and R. Racke in [4]. They studied (1.6) in a bounded region and with simple boundary
conditions and showed that the energy of the solution decays exponentially when a = 1,
but polynomially when a # 1 as t — oo.

To explain this interesting decay property, K. Ide, K. Haramoto and S. Kawashima
[2] considered the system (1.6) in one-dimensional whole space and showed that the dis-
sipative structure of the system (1.6) can be described as

£2/(1+¢€%)  for a=1,
i )*{ E/1+E)? for at1,

where A(i€) denotes the eigenvalues of the system (1.6) in the Fourier space, and c is a
positive constant. We note that the dissipative structure for a = 1 is the same as that
in the general theory developed in [5, 8]. However, the dissipative strudture for a # 1
is much weaker in the high frequency region and causes regularity-loss in the dissipation
term of the energy estimate and also in the decay estimate.

In fact, by using the energy method in the Fourier space, the authors in [2] derived
the following pointwise estimate for the linear solution W = (v,y, u, 2)T of (1.6):

IW(E,8)] < Ce O Wy(€)],

where Wy = (vo, Yo, U0, 20)7 is the corresponding initial data. Moreover, based on this
pointwise estimate, they showed the optimal time decay estimates of the linear solution:

Ce™||0*Wy|| L2 for a =1,
C(l + t)_z/zllaf-MWO”Lz for a 7é 1,

where k and [ are nonnegative integers, and C and c are positive constants. We note that
when a # 1, in order to obtain the optimal decay rate (1 +¢)~1/4=*/2 we have to assume
the additional ¢-th order regularity on the initial data to make the decay rate (1 + ¢)~4/2
better than (1 + ¢)~/4~%/2_ Therefore the regularity-loss can not be avoided in the decay
estimate for a # 1.

Re A(i€) < —cen(9),

IOEW (®)llze < C(1+ )42 Woll s + {

1.3 Known results for nonlinear system

Based on these linear results in [2], K. Ide and S. Kawashima [1] proved the global existence
and decay of solutions to the nonlinear system (1.2). To state the result, we introduce
the following time-weighted norms E(t) and D(t):

15/2 -
B(t)? = ) sup (1+7P72oLW ()

pard B
~ [8/2] t . .
DW=y [ (L4 1o (1) e

=070

[s/2)-1 (/2]

t t
+ 3 / (1 7)) o) sy dr + 3 / (1 + 7P V2| By (1) Loy dir.
7=0 3=0
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Then the result in [1] is stated as follows.

Theorem 1.1 ([1]). Assume that the initial data satisfy Wo € H* N L' for s > 6 and put
Ey = ||Wo|lzrs + |Wollz1. Then there exists a positive constant 6, such that if Ey < 6y, the
Cauchy problem (1.2), (1.3) has a unique global solution W (t) with W € C([0,00); H*) N
CY([0, 00); H*™1). Moreover the solution W (t) verifies the energy estimate

E(t)* + D(t)* < CE?
and the following optimal decay estimate for lower order derivatives
185W (#)llze < CEx(1 +1)7H47472,
where 0 < k < [s/2] — 1, and C > 0 is a constant.

Remark 1.1. The result in Theorem 1.1 requires the regularity s > 6 and L! property on
the initial data. Also, the norms E(t) and D(¢) contains the time weights with negative
exponents. These were crucial in [1] to overcome the difficulty caused by the regularity-loss

property.

1.4 Main results

The main purpose of this paper is to refine Theorem 1.1 under less regularity assumption
on the initial data. To state our results, we introduce the energy norm E(t) and the
corresponding dissipation norm D(t) by

E(t)* = Sup. W (7)1

D(t)* ¢=/0 () IFrs-r + Iy (s + 100u(r) 7o + 1022(7) o1 dr.

Notice that in the dissipation norm D(t) we have 1 regularity-loss for (v,u) but no
regularity-loss for (y, z). Our first result is then stated as follows.

Theorem 1.2 (Global existence). Assume that the initial data satisfy Wo € H® for
5 > 2 and put Ey := ||Wo|lgs. Then there exists a positive constant & such that if
Eo < &g, the Cauchy problem (1.2), (1.3) has a unique global solution W (t) with W €
C([0,00); H*)NC ([0, 00); H*1). Moreover the solution W (t) verifies the energy estimate

E(t)*+ D(t)* < CE3,
where C > 0 is a constant.

Remark 1.2. Our global existence result holds true under less regularity assumption
s > 2 and without L! property on the initial data. This refinement is based on the
better Lyapunov function constructed in [3]. Our Lyapunov function produces the optimal
dissipation estimate for z without any regularity-loss (see D(t)), which enables us to
control the nonlinearity depending only on 2.

Next we state the result on the optimal time decay estimate.
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Theorem 1.3 (Optimal L? decay estimate). Assume that the initial data satisfy Wy €
H2N L' and put E; := ||Wy||g2 + |[Wollz1. Then there is a positive constant §; such that
if By < 6y, then the solution W (t) obtained in Theorem 1.2 satisfies the following optimal
L? decay estimate:

W (#)llz < CE(1+¢)7Y4,

where C' > 0 is a constant.

Remark 1.3. In order to show the above decay estimate, we first estimate the nonlinear
solution by using the energy method in the Fourier space and then apply the refined decay
estimate of LP-L3-L" type which was established in [9]. For the details, see Section 3.

Notations. Let f = F[f] be the Fourier transform of f:

f(€) = FIfle) == / f(z)e e d,

For 1 < p < 0o, we denote by LP = LP(R) the usual Lebesgue space on R with the norm
| - |lr- Also, for nonnegative integer s, we denote by H® = H*(R) the Sobolev space of
L? functions, equipped with the norm || - [|gs. In this paper, every positive constant is
denoted by the same symbol C or ¢ without confusion.

2 Energy method

The aim of this section is to prove the global existence result in Theorem 1.2. Our global
existence result can be shown by the combination of a local existence result and the
desired a priori estimate. Since our system (1.2) is a symmetric hyperbolic system, it is
not difficult to show a local existence result by the standard method, and we omit the
details. To state our result on the a priori estimate, we consider a solution W (t) of the
problem (1.2), (1.3) satisfying W € C([0,T]; H*) N C*([0,T]; H*™!) for s > 2 and

sup ||W(t)|le <6, (2.1)
0<t<T

where ¢ is a fixed positive constant. Our a priori estimate is now given as follows.

Proposition 2.1 (A priori estimate). Suppose that Wy € H® for s > 2 and put Ey =
{Wollzrs. Let T > 0 and let W (t) be a solution to the Cauchy problem (1.2), (1.3) satisfying
(2.1). Then there exists a positive constant d, independent of T such that if Ey < 8, we
have the a priori estimate

Et)’+D@t)*<CE3,  telo,T), (2.2)
where C > 0 is a constant independent of T'.

To prove the above a priori estimate in Proposition 2.1, we need to show the following
energy inequality by applying the energy method.



Proposition 2.2 (Energy inequality). Suppose that Wy € H® for s > 2 and put Ey =
IWollgs. Let T > 0 and let W(t) be a solution to the Cauchy problem (1.2), (1.3) satisfying
(2.1). Then we have the following energy inequality:

E(t)’+D(t)? < CE:+CE({t)D(t)?, te[0,T], (2.3)
where C > 0 is a constant independent of T .

We note that the desired a priori estimate (2.2) easily follows from the energy inequality
(2.3), provided that Ej is suitably small. Therefore it is sufficient to prove (2.3) for our
purpose.

2.1 Proof of Proposition 2.2

In this subsection we prove the energy inequality (2.3) in Proposition 2.2 by using the
energy method. Our energy method is based on the refined Lyapunov function constructed
in [3] and gives the optimal dissipation estimate for z without any regularity-loss, which
can control the nonlinearity of the system (1.2). Our proof is divided into 4 steps.

Step 1: (Basic energy and dissipation for y) We calculate as (1.2a) x v + (1.2b) x y +
(1.2¢) x u+ (1.2d) x {o(2/a) — 0(0)}/a. This yields

%(’02 +y” +u? + 5(2))e — {vu+ (0(2/a) — 0(0))y}e +75* = 0, (2.4)

where S(z) = 2f0z/a(a(17) — ¢(0))dn is equivalent to |z|%. Integrate (2.4) with respect to
z to have

d
aEéO) + 2v|lyll7. =0, (2.5)

where

EY = oyl + [ S)ds
Jr
Since E is equivalent to |W||32, by integrating (2.5) with respect to ¢, we obtain
¢
WO+ [ lyr)ladr < CE, (26)

Next, we apply 9% to (1.2) and write 8%(v,y,u,2) = (V,Y,U, Z) for simplicity. Then
we have ,

Vi—U,—Y =0, (2.72)
Y, — d'(z/a)(Z]a)y — V + 7Y = [0%,0'(2/a)(2/a)s, (2.7b)
Ut h V;;- = 0, (27C)

Z, —aY, =0, (2.7d)
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where [A, B] := AB— BA. We compute as (2.14) x V + (2.7b) x Y +(2.17) x U 4-(2.20) x
o'(z/a)Z/a®. This gives

(V24 Y24 U2+ 0'(/a)(2/a)), = VU +0/(2/)(Z/a)Y }. + 7Y

1
= 50'(z/a)¢(Z/a)2 —0'(2/a)s(Z/a)Y + Y[0F,0'(2/a)](2/a)s. (2.8)
Integrate (2.8) with respect to x to have
d
B+ 2|0%yl} < CRYY (2.9)

for 1 < k < s, where
B = 105wyl + [ o' (a/a)0(c/a) s,
Ry = /R [uel 052" + |22 195 211050] + 1105, 0 (2/ @) 215 ylda.
Here in the term ng) we used the relation z, = ay, from (1.2d). Now we integrate (2.9)

with respect to ¢t and add for k£ with 1 < k <'s. Since E(gk) is equivalent to [|05W||2,, we
obtain

10:W ()|l + /Ot 10:y(T)|Fs-1d7 < CEG + CE(t)D(2)". (2.10)
Here we have used the following estimates for R((,k):
RY < Oloutu, Mot 2 Y- [ B ar < cB@DW?
k=1
Consequently, adding (2.6) and (2.10), we arrive at
E(t)* + /Ot ly(D)|}-dr < CE¢ + CE(t)D(t)*. (2.11)

Step 2: (Dissipation for v) We rewrite the system (1.2) in the form

Ut—uz“y=0,

— Az —V+ 7Y = 9(2)z,
ut—vm=0,
2 — ayy = 0,

where g(z) := o(z/a) — o(0) — 0’(0)z/a = O(2?) as z —-0. We apply 9% to (2.12). Letting
(V,Y,U,Z) = 8%(v,y,u, 2) as before, we have

Vi—=U,-Y =0, (2.13a)
Y —aZ, -V +Y = d¥g(2),, (2.13b)
Ui -V, =0, (2.13c)

Z, —aY, =0. (2.13d)



To create the dissipation term V2 we compute as (2.13b) x (=V) + (2.13a) x (-Y) +
(2.13¢) X (—aZ) + (2.13d) x (—aU). This gives

~ (VY +aUZ); + (aVZ + a*YU), + V2
=Y24AVY + (a* - 1) YU, — Vi¥g(2),. (2.14)

Integrate (2.14) with respect to z to obtain

d

=B 1 |9kv]: < l0kyl2: + 2 @kvlzel0ky o

+ (a® — 1)/ 8ky 6Fu, dz + R (2.15)
R

for 0 < k < s—1, where

E§’“)-:= — / v %y d — a/ Ou 2 dr,

R R
RY = [ 16k0] 10419(:) do.
R

Adding (2.15) with k£ and k + 1 and integrating by parts, we have

d
5 (B + B + 10503 < 105l + 111050 1105y
+ (0= 1) [ (Oby s = 057y, 05 u) do -+ REY + R
R
< 105ullin + V1050l 108y ls + lo® ~ 11110kl 05* ull 2 + RYY + RY™Y

for 0 < k <s—2. We mtegtate this inequality with respect to ¢ and add for k£ with
0 < k < s—2. Noting that Y ;_ |E§k)| < C||W||%,-: and using the Young inequality, we

obtain
[ 10 < & [ ot + . [ o) e
+CE}+ CE(t)2 + CE(t)D(t)? (2.16)

for any € > 0, Where C. is a constant depending on £. Here we also used the following
estimates for R1 k),

s—1 t
R < Clz|li |00l 2l 0F 2l e, > / R{(r)dr < CE(t)D(t)*
_ 0

Step 3: (Dissipation for  and z) To get the dissipation term U2, we compute as (2.13a) x
(=U,) + (2.13¢c) x V,. This gives

—(VU)i + (VU + U2 = V2+YU,. (2.17)
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Integrating (2.17) with respect to z, we have

d
=B +]10 ullfa < 195 0l + 105yl 105 e (2.18)

for 0 < k < s — 2, where ES” := — [, 8kv8k+udx. We integrate (2.18) with respect to ¢
and add for k with 0 < k < s — 2. Then we easily get

/Ot 102u () [Fs-2dr < C/Ot (o1 + lu(7)lle-2 d7 + CEG + CE()*. (2.19)

In order to create the dissipation term Z2, we compute as (2.13b) x (—Z,)+(2.13d) x Y.
This yields

~(YZo)e+ (Y Z4)o + aZ; = a¥; = (V —4Y) Zy — Z:059(2).. (2.20)
Integrating (2.20) with respect to t, we obtain
d
G B8 +allof 2l < al O yllEe + 105y —10kylie0f el + BEY (2.20)
for 0 < k < s—1, where

EY = -—/R@ﬁy F*lzds, RP .= /]R |05+12] 105+ g(2)| dz.
We integrate (2.21) with respect to ¢ and add for k with 0 < k < s — 1. This yields

t t
J 10 rdr < € [ W)+ )
+ CE} + CE(t)? + CE(t)D(t)% (2.22)

Here we have used the estimates
s—1 t
B < OlellumOf el Y [ ROy < CEODW?.
k=0

Step 4: Finally, combining (2.16), (2.19) and (2.22), and then taking £ > 0 in (2.16)

suitably small, we arrive at the estimate
t
/ [o(T) | Fremr + 100u(T) | Fya-2 + 1002(7) | s-1 dr
0
t
< C/ ly(7)||%.dr + CEZ + CE(t)* + CE(t)D(t)?.
0

This combined with the basic estimate (2.11) yields the desired inequality E(¢)2+ D(t)? <
CE?} + CE(t)D(t)?. Thus the proof of Proposition 2.2 is comptlete. O



3 L? decay estimate

The aim of this section is to show the optimal decay estimate stated in Theorem 1.3. For
this purpose we derive the pointwise estimate of solutions in the Fourier space. We recall
that the system (1.2) is written in the form of (2.12) or in the vector notation as

W, + AW, + LW = G, (3.1)

where G = (0, g(2),0,0)T with g(2) = o(2/a) — 0(0) — 0’(0)2/a = O(2?) for z — 0; the
coefficient matrices A and L are given in (1.5).

Proposition 3.1 (Pointwise estimate). Let W be a solution of (3.1) with the initial data
Wo. Then the Fourier image W satisfies the pointwise estimate

]W(f, 2 < C’e“”’(é)tlI/i/'o(f)]2 + C’/t e_Cp(E)(t_T)§2]G(§, 7)dr (3.2)
0

for £ € R and t > 0, where p(€) := £€%/(1+ &€%)2, and C and ¢ are positive constants.

Our optimal decay estimate will be obtained by applying the following decay estimate
of L2-L%L" type which was established in [9].

Lemma 3.2 (Decay estimate of L2-LI-L" type [9]). Let U be a function satisfying
U(&,8)] < Clefme™ " Uo(€)] (3:3)

for € €R and t > 0, where p(€) = £2/(1+£%)2, m > 0, and Uy is a given function. Then
we have

105U (8) |2 < C(1 + )~ 2G D55 Uy o
+ C(1+ 1)~ 21D o | e, (3.4)
where k>0,1<¢qr<2,(>1-2(0>0ifr=2).

Remark 3.1. The first (resp. the second) term on the right hand side of (3.4) is
corresponding to the low frequency region |£| < 1 (resp. high frequency region |£] > 1).
When m =0, ¢ =1 and 7 = 2, the estimate (3.4) is reduced to

IOZU (022 < C(L+ )42 Upflza + C(1 + )2 )105 Vol e,

which is just the same decay estimate obtained in [2] for the linear system (1.6).

The outline of the proof of Lemma 3.2 is as follows. From the Plancherel theorem and
(3.3), we have

165U (£)]7 =/§2k|0(§,t)l2d€ < C/ g o ()| 7dé
R R
We divide the last integral into two parts corresponding to |£] < 1 and |£] > 1, respec-

tively, and estimate each part by applying the Holder inequality and the Hausdorft-Young
inequality. This yields the desired estimate (3.4). We omit the details and refer to [9].
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3.1 Proof of Proposition 3.1

Taking the Fourier transform of (2.12), we have

by — i€l +§ =0, (3.52)
G — @it — O+ vi = i€, (3.5b)
fy — 160 =0, (3.5¢)
3 — aif§ =0, (3.5d)

where g = g(2). We construct a Lyapunov function of the system (3.5) in the Fourier
space. The computations below are essentially the same as in [3] and correspond to those
in the proof of Proposition 2.2. We divide the proof into 4 steps.

Step 1: (Basic energy and dissipation for §j) We compute as (3.5a) x 9 + (3.5b) x § +
(3.5¢) x @ + (3.5d) x 2 and take the real part. This yields

1 . oz
5 Eo: + ’y|y|2 = Re {i€93},

where Ey := |W|2. Applying the Young inequality, we have
Eoe +19I* < CE |3, (3.6)
Step 2: (Dissipation for ¥) To create the dissipation term for 9, we compute as (3.5b) x
(=) + (3.52) x (=) + (3.5¢) x (—az) + (3.5d) x (—atwt) and take the real part. This gives
By + [0 = |9I” = v Re (09) — Re {i{(92 + a’ig)} — Re {i£03}
= 7Re (49) — (a® — 1)€ Re (iag) — £ Re {103},

where E; := —Re (09 + a@12). We multiply this equality by 1+ &2. Then, using the Young
inequality, we obtain

(14 E)E+ (1 + &)10)* < e€?(af® + Ce(1 + €2)2g)* + C(1 + €)&3|g) (3.7)

for any € > 0, where c; is a positive constant with ¢; < 1 and C; is a constant depending
on €.

Step 3: (Dissipation for @ and 2) To create the dissipation term |@|?, we compute as
(3.5a) x i€t — (3.5¢) x i€V and take the real part. The result is

€z +&7(Jf” — |9]") + € Re (itg) = 0, (3.8)

where E; := Re (i0%). For the dissipation term |2|?, we compute as (3.5b) x i¢Z — (3.5d) x
1€y and take the real part. Then we have

€3+ ag?(|2]* ~ [9]*) ~ ERe {i2(0 — v9)} = —€* Re {23}, (3.9)

where Fj3 := Re (i2). Now we combine (3.8) and (3.9) such that (3.8) + (3.9) x (1 + £2).
This gives

E{Ey+ (14 ) Es}e + E4a)2 4 a(l + £2)€2)3)?
= E219]* + a(1 + £)E29* + (1 + £)¢ Re {i2(0 — v9)}
— ERe (409) — (1 + £2)&° Re {24}



Using the Young inequality, we get

E{Ey+ (1 + ) E3}s + c1&%0)? + co(1 + £2)€2|3)
<CA+pPP+CA+))P+C+eHEP, (3.10)

where ¢; and ¢y are positive constants satisfying ¢; < 1 and ¢; < a, respectively.

Step 4: (Lyapunov function) Letting a; > 0, we combine (3.7) and (3.10) such that
(3.7) + (3.10) x ;. Then we have

{1+ B + 0né{Es + (1 + ) Es}}, + (c1 — auC)(1 + )]0
+ (OllCl - 8)§2l’&|2 + 04102(1 + 52)§2|2|2
< Cepon (14 €297 + Cay (1 + €2)€%|912, (3.11)

where C, ,, and C,, are constants depending on (g, ;) and aj, respectively Also, letting
az > 0, we combine (3.6) and (3.11) such that (3.6) + (3.11) X 77%%yz. Then, putting

1+
o€ 2
Bi= Fo+ 52 (B + TralBt (14e )Es}), (3.12)
we obtain
Ei+ asz(c1 — C110)1 e 0 + (v — 22Ce.00)[91?
+ ag(aie; — E)—-——§—2~——|ﬁ}2 + agalcz——éi—|2|2 < Coy.0a88)%, (3.13)
(1+¢&%)2 L+g27 —

where Cy, o, is a constant depending on (a1, ag). Here we see that there is a small positive
constant o such that if oy, ag € (0, ap], then E in (3.12) is equivalent to |[W|?, that is,

C0|W|2 S E S C(),WF, (314)

where ¢y and Cj are positive constants. Futhermore, we choose a; € (0, ag] such that
¢ —a;C > 0 and take ¢ > 0 so small as ajc; — ¢ > 0. Finally, we choose ay € (0, ap]
such that v — apCc o, > 0. Then (3.13) becomes to

E, +cF < C& |3, (3.15)

where
af? + € o
—|2 3.16
This suggests that E in (3.12) is the desired Lyapunov function of the system (3.5). Noting
(3.14), we find that F > cp(€)E, where p(§) = £2/(1 + £€2)%. Therefore (3.15) becomes
to E; + cp(€)E < C&%|g|%. Solving this ordinary differential inequality for E and using
(3.14), we arrive at the desired estimate (3.2) in the form

01+ 191 +

W (& t)]* < Ce™ Wy (&) + C/t e~ PO (¢, ) Pdr.
0

This completes the proof of Proposition 3.1. O

161



162

3.2 Proof of Theorem 1.3

Let W be the solution to the problem (1.2), (1.3) obtained in Theorem 1.2. Then W
satisfies (3.1). Therefore we have the pointwise estimate (3.2). We integrate (3.2) with
respect to £. Applying the Plancherel theorem, we obtain

W= [ 1 ord
R
<o e + [ [ eage nydedr =1+, (317

We estimate the terms I and J by applying Lemma 3.2. For I, using (3.4) with m = 0,
we have

I'= C/ e~ Wo(€)|? dé
R

< C(1+ )72 Woll}s +C(1 + )0 Woll3-

k=0, g=1 k=0, ¢=1, r=2

< CE(1+1t)2, (3.18)

where E; = ||[Wo||g2 + [|[Wol|z1. On the other hand, for J we use (3.4) with m = 1. Then

we obtain

t
J=0C / / e~ PO G(E, )| drdE
0 JR

t t
< c/ (1 +t— 1) GO, dT+c/ (14t —7)}|@EC)|2 dr
0 - 0N o

~
k=0, ¢g=1 k=0, ¢=1, r=1
:=:J1+-J2

Here we introduce the norms N(t) and D(t) by

N(t) = sup (1+7)3[|W ()2, D(t)2=/0t 1022(7) 172 dr-

0<r<t

We know from Theorem 1.2 that D(t) < CEy < CE;. For the low frequency part Jp,
since ||G|l,1 < CJ|z||32, we have

J, < C/o (14t — 1) 3|2(r)|, dr

< CN(t)4/t(1+t—7‘)—%(1+7')_1d7' < CN@*(1+t) (3.19)



For the high frequency part Jo, using ||02G||: < C||z||12]|022]| 2, we have
t
h < C / (14t = 7)) 21822 (1) |22 dr
0
t
< ON()? / (14— 7)1 + 1) 3| 02(r)||2 dr
0

< ON@t)?*D(#)? sup {(1+t—7)"2(1+1)"7}

0<r<t

< CN@t)?2D({#)*(1+1)73. (3.20) -

Combining (3.18), (3.19) and (3.20) and using D(t) < C'E}, we obtain
(1+8)5|W(t)|2. < CE? + ON(t)* + CEIN ()2

Thus we have the inequality N(¢)? < CE? + CN(t)* + CE?N(t)?. This inequality can
be solved as N(t) < CEy, provided that F; is suitably small. Thus we have proved the
desired decay estimate ||W (t)||z2 < CE;(1+t)~"/%. This completes the proof of Theorem
1.3. ]
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