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HECKE ALGEBRAS, NEW VECTORS AND CHARACTERIZATION
OF THE NEW SPACES

SOMA PURKAIT

This report is a summary of a recent joint work [2] with Prof. Moshe Baruch in which
we characterize the space of new forms for I'((N) as a common eigenspace of certain
Hecke operators which depend on primes dividing the level V.

Our approach is to study a certain p-adic Hecke algebra of functions on K = GL2(Z,)
and find generators and relations for it. Casselman [3, 4] showed that there is a unique
irreducible representation of K which contains a Ky(p™) fixed vector but does not contain
a Ko(p*) fixed vector for k < n, such a vector is called a new vector and is unique up to
scalar multiplication. Using p-adic Hecke algebra we explicitly find for any positive n the
n + 1 irreducible representations of K which contain a Ky(p™) fixed vector including the
unique representation that contains the “new vector” of level n.

This p-adic Hecke algebra sits inside the endomorphism algebra End¢(Azx(N)), where
Agi(N) is the space of adelic automorphic forms of weight 2k and level N and is well
known [5] to be isomorphic to the classical space of cusp forms Sg(I'o(/V)). We use this
isomorphism to translate the p-adic Hecke operators to their classical counterparts and
obtain relations amongst them. This leads us to obtain the characterization results about
the new and old spaces.

We view our work as a connection between the theory of new vectors described by
Casselman and the theory of newforms by Atkin and Lehner [1]. We expect to have
applications of these results to the Shimura correspondence and to the definition of new
forms of half integral weight (7, 8, 9].

We present below one of our characterization results.

Theorem 1. Let N be a square-free positive number. For any prime p | N, let Q, =
pFUW, and Q) = p'*W,U,. Then the space of new forms S3™(To(N)) is the in-
tersection of the —1 eigenspaces of Q, and @Q, as p varies over the prime divisors of
N.

For a similar statement for general level N we will later introduce a certain “new”
family of Hecke operators.

1. p-ADIC HECKE ALGEBRAS AND GENERATORS AND RELATIONS.

In this section we describe the Hecke algebra of functions on K = GLy(Z,) which are

bi-invariant with respect to Ko(p™) using generators and relations.
Let G denotes the group GL2(Q,). Let Ko(p™) be the subgroup of K defined by

Ko(p")z{@ Z) €K : cep"Z,,}.
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Note that the subgroup Ky(p) denotes the usual Iwahori subgroup.
The Hecke algebra corresponding to Ky(p™) is defined as:

H(G//Ko(p")) = {f € C°(G) : f(kgk') = f(g) for g € G, k, k' € Ko(p")},
it forms a C-algebra under convolution which, for any fi, fo € C°(G), is defined by

fox falh) = / £1(9)falg™"h)dg = / f1(hg) folg™")dg,

where dg is the Haar measure on G such that the measure of Ky(p") is one.

Let X, be the characteristic function of the double coset Ky(p™)gKo(p™). Thus as
a C-vector space H(G//Ko(p")) is spanned by X, as g varies over the double coset
representatives of G modulo Ky(p™).

Let 1(g) denotes the number of disjoint left (right) Ko(p™) cosets in the double coset
Ko(p™)gKo(p™). Then the following lemmas are well known [6, Corollary 1.1].

Lemma 1.1. If u(g)u(h) = u(gh) then Xy x Xp = Xgp.

Lemma 1.2. Let fi, fo € H(G//Ko(p™)) such that fi is supported on Ko(p™)zKo(p") =
Ui, a;Ko(p™) and f2 is supported on Ko(p™)yKo(p™) = UJ 1 BiKo(p™). Then

fix fa(h Zfl(az)fz(a h)
where the nonzero summands are preczsely for those i for which there ezist a j such that
he ai,@jKo(p”).

For t € Q, we consider the following elements:

w05 1) v0=(; 1) w0=(7 3),
d(t) = ((t) (1’) 2(t) = (3 ‘z)

Let N = {z(t) : t € Qy}, N = {y(t) : t € Q,} and A be the group of diagonal matrices
of G. Let Zg = {z(t) : t € Q}} denote the center of G.

1.1. The Iwahori Hecke Algebra. We first look at the case when n = 1. We have
following well-known lemma.

Lemma 1.3. A complete set of representatives for the double cosets of G mod Ko(p) are
gien by d(p™)z(m), w(p™)z(m) where n, m varies over integers.

Using triangular decomposition of Ky(p) we obtain following decomposition.

Lemma 1.4. (1) For n > 0 we have
Ko(p)d(p")Ko(p) = || 2(s)d(p")Ko(p).

SE€Zp[p"Zp
(2) For n > 1 we have
Ko(p)d(p™Kop) = || w(ps)d(p™)Ko(p)-

SEZyp [P Ly
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(8) For n > 1 we have
KopwpKop) = ||  v(ps)w(p")Ko(p).

SEZLp /P 1Zyp

(4) For n > 0 we have
Kopw(p™MKolp) = || z(8)up™)Ko(p).

SEZp [pnt1Zy
Let T, = Xupr), Un = Xypr) and Z = X,() be elements of the Hecke algebra
H(G//Ko(p)). Note that Z commutes with every f € H(G//Ky(p)) and that 2" =
X.(p»)- We use Lemma 1.1, Lemma 1.2 and Lemma 1.4 to obtain the following relations

in H(G//Ko(p))-

Lemma 1.5. (1) If n,m >0 orn,m < 0, then Ty, * Ty, = Toym.
(2) If n > 0 then Uy * Ty, = Upy1 and T x Uy = Z™ x Uy .
(3) If n >0 thenUy x T_, =Ur_p, and T_p, ¥ Uy = Z7" ¥ Uy 4n.
(4) If n >0 then Uy x T_p, =U_y, and Ty xUy = Z™ xU_,,.
(5) Forn € Z, Uy xU, = Z * Tp_1 and Up Uy = 2" * T1_p.
(6) Forn>1, Uy xUp =T, and U, x Uy = Z™ % T_,.
(7) UO*UO = (p—l)uU+p

As a consequence we have the following well known theorem.

Theorem 2. The Iwahori Hecke Algebra H(G//Ko(p)) is generated by Uy, Uy and Z
with the relations:

Hu =2

2) (Uo —p)(Uo +1) =0

3) Z commutes with Uy and U

Remark 1. The algebra H(G//Ky(p))/(Z) is an algebra generated by Uy and U, with
the relations U2 = 1 and (U — p)(Uy +.1) = 0.

1.2. A subalgebra. We now consider the case n > 2.

Let H(K//Ky(p™)) denotes the subalgebra of H(G//Ky(p™)) consisting of functions
supported on K. We shall obtain generators and relations for H(K//Ky(p")).

We first note the following lemma [4, Lemma 1].
Lemma 1.6. A complete set of representatives for the double cosets of K mod Ko(p™)
are given by 1, w(1), y(p), y(*), ... y(@" ).

Let Uy = Xy and V, = Xy for 1 <7 < n —1 be the elements of H(G//Ko(p")).
Then by the above lemma, H(K//Ky(p™)) is spanned by 1, Uy and V, where 1 <r < n—1.

We have the following lemma.

Lemma 1.7.
Ko y@ Ko™ = || dslye)EKo(").

SEZy/1+p"""2p
As a consequence of the above lemma and Lemma 1.2 we obtain the following relations.

Proposition 1.8. We have the following relations in H(K//Kq(p")):

() Vi=p " o- )T+, V) +p e - 2V,
2)V,xV;=(p-1p" "W, =V;xV, for r+1<j<n-1
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(8) Let Yrs1 =1+ Y77, Vs Then
Vr * yr+1 = pn—r-—lvr = yr-l-l * Vry

and so,

Ve =p" - 1))(Vr + Vos1) =0.

For1<r<n-1let)Y. =1+ Z;’;Tl V;, take ), = I. We have the following easy
corollary.

Corollary 1.9. (1) Y2 . =p Vor forall0<r<n-1.
) Ve xVi=p" " V=Y xY, forr > 1L

Next we obtain relations in H(K//Ky(p™)) that involve U.

Proposition 1.10. (1) Uy *Uy = p"(p — 1)Uy + p" V.
(2) Uy x YV, = D" TUy = Vs Uy for all 1 < 7 < n.
(8) Up * (Up — p™) * (Up +p™ 1) = 0.

As a consequence of the above relations have the following theorem.

Theorem 3. The algebra H(K//Ko(p™)) is an n + 1 dimensional commutative algebra
with generators {Up, Y1, V2, .., Vu} and relations given by Corollary 1.9 and Propo-
sition 1.10.

We should point out that we have not yet found an analogue of Theorem 2 for
H(G//Ky(p™)) for n > 2. However we would need the following relation later. Let
Tm = Xagpm), Um = Xy@m), £ = X,(p) be the elements in H(G//Koy(p"™)). Then

Lemma 1.11. (7)™ Uy, = T * U, = Z™ x Uy for all m < n.

1.3. Representations of K having a Ky(p") fixed vector. We are interested in irre-
ducible representations of K having a Ky(p™) fixed vector. Let

I(n) := Indig (m1 = {¢ : K = C: ¢(kok) = (k) for ko € Ko(p™), k € K}.

Then I(n) is a right representation of K, via right translation, denoted by 7z, where
7r(k)(¢)(k") = ¢(k'k), and the dimension of this representation is [K : Ko(p")] = p"~!(p+
1). It follows from Frobenius Reciprocity that every (smooth) irreducible representation
of K which has a nonzero Ky(p") fixed vector is isomorphic to a subrepresentation of
I(n). We shall therefore decompose I(n) into sum of irreducible representations.

We note the following easy lemma.

Lemma 1.12. We have I(n)¥o") = H(K//Ky(p™)) and consequently the dimension of
I(n)Ko®™) 4 n 4+ 1.

Further, using induction argument and Frobenius reciprocity we can check that the
representation /(n) is a sum of n + 1 distinct irreducible representations.

We shall now explicitly describe the irreducible subrepresentations of I(n). Consider
the following action 71, of H(K//Ky(p™)) on I(n): for f € H(K//Ky(p")) and ¢ € I(n)
set

() (6)(9) = /K f(k)p(kg)dk forall g € K.

In particular, if ¢ € I(n)%°®") which by Lemma 1.12 is same as the algebra H(K//Ko(p"))
then we have 7, (f)(¢) = f * ¢. It is easy to check that the action 7; commutes with
the action 7g. It now follows by Schur’s Lemma that for each f € H(K//Ko(p™)) the
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operator 7p(f) acts as a scalar operator on an irreducible subrepresentation of I(n). We
use this to distinguish the irreducible components of I(n).

Note that if o is any irreducible subrepresentation of I(n) then o contains a Ko(p")
fixed vector, that is there exists a non-zero vector v, € o N I(n)X®"). Thus v, is a
linear combination of Uy and Y, for 1 < r < n. Since 7 (f) acts as a scalar for every
f € H(K//Ky(p")) the vector v, will be an eigenvector under the action of 77 (Up) and
7 (Yy) for all 1 < r < n. For each o we can compute these eigenvectors v, and their
corresponding eigenvalues using the relations in Corollary 1.9 and Proposition 1.10. Thus
we obtain the following proposition.

Proposition 1.13. A basis of eigenvectors for H(K//Ky(p"™)) under the above action is

given by:
v = Z/{() -+ yl
v = Uy — ph

Wk = Ve = pViy1 for 1 <k <n -1,

with eigenvalues given as follows:

Uy *x vy = p™uy, Vs *x vy = p" "y for all 1 <i < n.

Uy * Vg = —p" g, Yy % vy = p" vy for all1 < i< n.

Uy *wp =0, Vi*xwr =0 foralll1 <i<k, V;*w, = p"twy for all k < i < n.

Corollary 1.14. The representation I(n) is a sum of n + 1 trreducible subspaces given
by: S1 = Span(ng(K)v1), S2 = Span(nr(K)ve) and Ty, = Span(mg(K)wy) where1 < k <
n —1 such that dim(S;) = 1, dim(S;) = p, dim(T}) = p*~(p? — 1). Consequently, T,,_,
is the unique irreducible representation of K that has a Ko(p™) fized vector w,_;1 but does
not have Ko(p*) fized vector for k < n that is, wn_1 is the “new ” vector of level n.

2. TRANSLATION FROM THE ADELIC TO THE CLASSICAL SETTING.
Let Go = GL2(R)*. Then G acts on the upper half plane H using M&bius trans-
formation. For g = Z Z € Gy, 2z € H and functions f on H recall the automorphy

factor and the slash operator |gg,

§(9,2) = det(g)2(cz +d),  flarg = j(g,2)*f (az ; b) -

cz+d

Let N be a positive integer and K, = Ky(p®) for a prime p such that p®||N. Let Ky be
the subgroup of GLy(A) defined by

Ey(N) =[] K,
g<o0
By the strong approximation theorem we have
GLa(A) = GLy(Q)Go K;(N)
Let Az (N) be the space of functions ® € L2(Z, GLy(Q)\ GL;(A)) satisfying the following

properties:
(1) ®(gk) = ®(g) for all g € GL2(A), k € K¢(N).
L _soke _ [cosf —sind
(2) @(gr(8)) = e ***®(g) where r(6) = (52.7“9 cosd ) € SO(2).
(3) @ is smooth as a function of G4 and satisfies the differential equation AP =
—k(k — 1)® where A is the Casimir operator.
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(4) @ is cuspidal, that is fq\A o (((1) (11) g) da =0 for all g € GL2(A).

By Gelbart [5, Proposition 3.1] there exists an isomorphism
Azk(N) — Sgk(ro(N))
given by ® — fs where for z € H,

fa(2) = ®(geo)i (900, 1)
where go, € G is such that g..(i) = z. The inverse map is given by f — ®; where for

g € GLy(A) if g = ygook (using strong approximation),
®4(9) = f(9oo())3(goor 1) 2"

This isomorphism induces a ring isomorphism of spaces of linear operators by
q: Endc(Agk(N)) — Endc(SQk(Fo(N)))

given by

o(T)(f) = fre))-

Let N = p™M where p is a prime coprime to M and G = GLy(Q,). We note that the
H(G//Ky(p™)) is a subalgebra of End¢ (A (N)) via the following action:

for T € H(G//Ko(p")) and @ € A (N), T(®)(g) = /GT(x)q)(gm)dx.

Then we have following proposition.

Proposition 2.1. Let N = p"M wheren > 1 and pt M. Let f € Sor(To(N)). Consider
operators Ty, U, € H(G//Ko(p™)) where m < n. Ifn > 2, further consider V, €
H(G//Ko(p™)) where 1 <r <n—1. Then,

(1) d(T)(f)(2) = p~* 3020 F((2 + 8)/p) = Uplf)(2)-
(2) If f € Soe(To(p"M)) where T < n then qUy.)(f)(2) = p™ " flaxWpr (2) where Wyr =

(p? JV[;’Y pl,.) is an integer matriz of determinant p”. In particular, qU,)(f)(2) =

flaxWpn (2).
(3) q(V,)(f)(z) = EseZ;,/Hp"-er flarAs where Ag € SLo(Z) is any matriz of the form

Qs b
prM pn—r —sM /-
(4) If f fe Sak(To(p™M)) then q(Vr)(f) = p* " (p — 1)f, consequently, q(¥r)(f) =
pn——r .

We give below a proof of statement (3).
Let n > 2. Using Lemma 1.7 we have

V,(®)(g) = / Xon®ehdh= S (gds)ye).
SE€Zy/1+p™~"ZLp

Let z € H be such that z = g.i for some go, € Go. Then,

qV)(HE) = D (90ed(8)y(P))5(g00r 1)

€Ly /1+p" "Ly
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By strong approximation, g,d(s)y(p") = A; 'heoks for some A; € GL2(Q), hoo € Goo and
ks € Ky(N). For any s € Z;, we have ged(p"M,p"~" — sM) = 1, so there exists integers
as, bs such that as(p" " — sM) — bsp"M = 1. Take

S bs
A, = (p?M e M) € SLy(Z),

then A, belongs to K, for ¢ # p and
ry _ [ Qs + bspr bs
Ay = (50 L ) e ko
Consequently,
a(Vr)(f)(z) = Z F(As2)j(Asy 2) 7% = Z fla,(2)-
SEZ}/14p™ "Ly SE€Zy /14p™""Zp
Remark 2. The operator q(U,) is the usual Atkin-Lehner operator Wyn while the operator

q(Th) is the operator U, = p'~*U, where U, is the usual Hecke operator. It is obvious that
q(Z) is the identity operator.

Let N = pM where pt M. Let Q, = ¢(Uy) where Uy € H(G//Ko(p)). Then using

Lemma 1.5 we have
Corollary 2.2. Q, = p'*U,W,, and (Q, — p)(Q, + 1) = 0.

Now consider N = p"M where n > 2. Let Qym = (Up)mem for m < n where Wym
is the Atkin-Lehner operator on Sox(I'o(p™M)). Using Lemma 1.11 and Propositions 2.1
and 1.10 we have

Corollary 2.3. For Uy € H(G//Ko(p")), we have Qp = q(Up) and hence Qur(Qp —
) (Qpr + p™ 1) = 0. Further for m < n we have Qpn = (U,)™q(Us), hence if f €
Sa(Lo(p™M)) € Sak(To(N)) then Qpn(f) = p" " Qpm (f).

Let Sy, = q(),) where Y, € H(G//Ko(p™)), 1 < r < n. Using relations in Corol-
lary 1.9, we have

Corollary 2.4. Spn (Sprnr —p"") =0 for 1 <r <n.

Let Qpn = WpnQp W' and Sin . = WynSpn W', Then Q. and Sy, also satisfy the
above cubic and quadratic relations.

3. CHARACTERIZATION RESULTS.

The following is a restatement (slightly general) of Theorem 1.
Theorem 1. Let N = M2M where M; and M are square free and coprime. Then
f € S5¥(Lo(N)) if and only if Qp(f) = —f = Q,(f) for all primes p dividing M and
Qpr(f)=0= Q;z(f) for all primes p dividing M.

For a general N we need to use the family of operators S,», to obtain a similar char-
acterization result.

Theorem 4. Let N be a positive integer. Then the space of new forms S5g¥(Lo(N)) is
the intersection of the —1 eigenspaces of Q, and Q;, where p varies over the primes such
that p||N and the O eigenspaces of Spv -1 and Sy, ,_; for primes p such that p”||N with
v > 2. That is, f € S5"(Do(N)) if and only if Qp(f) = —f = Q,(f) for all primes p
such that p||N and Sy y_1(f) = 0 = Sy, ,_1(f) for all primes p such that p”||N fory > 2.
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Let ¢ = €™# and f(2) = Y oo, @ng™ € Sok(To(m)). Let p be an odd prime. Define

R(NE =Y (2) " Rx(f)(z)=n§:( S

n=1

=1
By [1, Lemma 33], R, and R, are operators on Sa(I'o(m)) provided that p? | m and
16 | m respectively.

Theorem 5. Let N = 28 My M, where Mi M, is odd such that M, is square free and any
prime divisor of My divides it with a power at least 2. Let § > 4. Then f € S5¥(I'o(N))

if and only if Qu(f) = —f = Q,(f) for all primes p dividing M, (R)*(f) = [ and
(Rp)*(f) = f for all primes p dividz'ng M, and Spr-1(f) = 0 for all primes p such that
p"VHZBMg.

Remark 3. We can similarly characterize the subspaces of old forms V(d)S5¥(Lo(M))

that appear in the direct sum decomposition of the old space S (To(N)). In particular
for N square-free and M, M' > 1 such that MM’ | N we have f € V(M')S5™(T'o(M)) if

and only if Qp(f) = —f = Q,f for allp| M, Qy(f) = ¢f for all ¢ | M" and Q¢(f) = af
forallq| (N/MM').

3.1. Sketch of proof. We now sketch a proof of the Theorem 4 for a particular case
when any prime divisor of N divides it with a power at least 2. Let N = p™M where
n > 2 and (p, M) = 1. Recall the family of operators that we defined: for 1 <r < n,

p ;T f) f+z Z f|2kAs,j>

J=r s€Zy/1+pn—iZ,

_ [ asg bs,;
where A, ; = (p7M P = M

) € SLy(Z) and the quadratic relation they satisfy
Spn,r(S,,n, - p”“r) =0.

We have the following lemma.
Lemma 3.1. For 1 <r < n, a set of right coset representatives for I'o(N) in To(p" M)
consists of the identity element and elements of the form

L asJ b . _ * n—j
AsJ_(p’M p'J—sM> wherer <j<n-1ands€Z,/1+p"Z, .

Consequently, the operator Syn » takes the space Sar(To(N)) to Sox(Lo(p™M)).
Thus we have the following corollary.

Corollary 3.2. For 1 < r < n, the p"~" eigenspace of Sy is precisely the subspace
Sok(Co(p"M)).

Proposition 3.3. Let 1 <r < n. Then for each r < a < n, the space Sz (To(p*M)) is
contained in the O eigenspace of Spr .

Proof. For a prime g with (g, N) = 1, the Hecke operator T, on Sa;(I'o(N)) corresponds

g (1) GLy(Z,) which belongs to the g-adic

Hecke algebra. Since ), belongs to the p-adic Hecke algebra H(Ky(p")), it follows that
the operators Sy, and T, on Sgi(I(N)) commute.

to the characteristic function of GL2(Z,)
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Let r < o < nand f € S5¥(To(p*M)) be a primitive form. Thus f is an eigenform
with respect to T, for any g coprime to N. Now since Syn» and T, commute we get that
Spnr(f) is also an eigenfunction with respect to all such T, having the same eigenvalue

By the above lemma, Spn(f) € Sax(To(p"M)) and as r < a, it is an old form in the
space Sgk(To(p*M)). It now follows from Atkin and Lehner that Sy~ .(f) = 0. g

We have the following lemma.

Lemma 3.4. For 1 < r < n, the operator Wyn maps Sa(To(p"M)) onto the space
V(p" ") Sok(To(p"M)).
Consequently, the p"~" eigenspace of S, , is precisely the space V(p™~")Sa (Lo (p” M)).

Applying above results to the case r = n — 1 we have the following corollary.

Corollary 3.5. The space Sox(To(p"*M)) is the p eigenspace of Spnn_1 and the space
V(p)Sak(To(p"~* M) is the p eigenspace of Shn,,_1. Moreover, the space S5¢¥(To(N)) is
contained in the intersection of the O eigenspaces of Spnpn_1 and Spn,, 4

Finally we need the following proposition.

Proposition 3.6. The operators Synn1 and Sy ,,_; are self-adjoint with respect to Pe-
tersson inner product.

Proof of Theorem 4. Let N = ¢7*q3*---q% where g; are distinct primes and a; > 2
for all 1 < 5 < s. We have already seen one side implication. Conversely suppose
f € S (To(NV)) is such that S e; ,._1(f) =0= Sy, ;1 (f) for all 1 < j < 's. It follows
from from Corollary 3.5 that for each 1 < j < s, the subspace Sox(I'o(N/g;)) is contained
in the g; eigenspace of S o; ,._; and V(g;)Sak(T'o(N/g;)) is contained in the g; eigenspace
of § o

qj 4 Ja;—1°

Since Sg;%i a1 S;j _, are self-adjoint operators we get that f is orthogonal to

Sar(To(NV, / qj)) and V(q])Sz,C(I‘O(N /g;)) for each prime divisor ¢; of N. Thus f is orthog-
onal to the old space, that is, f € SI¥(To(N)). O
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