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(Quantum Rabi’s model and Non-commutative Harmonic Oscillators, and Number Theory and Representation Theory)

FNKETR » 72T + A ZFAM)BIFKF EHIL EA (Masato Wakayama)
20154 12H 1 H

B7HEROBAZT#5X 2 BT UHANE, Rabilck ) 1937 FiciBH & h 788 (LA A Jaynes
¢ Cummings I & h BFE (1963 ) chz&DTH 3. 2011 Fic D. Braak iC LB RELERVH B D
D, FR, AT MLOREDBITETViEV. TR, BF T EHRE (quantum Rabi model) D/NI L b
=7 GEIa e b >WAHERE TH S) H°, FEaRMFREF (Non-commutative Harmonic Oscillator)
DEN% oscillator BEEBLTEDS U(sle) D2 ROTOIEL= %) HFURL LTHRA SN S Heun ODE i<
HUT, TORRAERAHTACLICENBONST L, ¥k, COBEL I, FET5EHERERXT
FKIBAOKMEATIRAI 6N AT L, THICHET S HRICBI SHBEFICOWT BN,

1 Introduction

A GBEICBEVTE) 0D e 2013 BT Rabi HEDZARY MUICET 2 BRADEE OFIFROMN & © PR
hHBEHE LNEVRERBETHS (EXDOW L DHD Remarks TRBATARERBE R LICOVWTEENW).
BT Rabi A3, “HUOFRFLRFCINNLOHERAEERTZ2ETLTHY, EFORTHROWAD
VEDDR-RICHESTVEIYMHEFILTHE BFXIE (45, 7 A 8EBB). 20LT, 2 TdENT LR,

o £33, FEAIMFFMIREHF (Non-commutative Harmonic Oscillators(38, 39], [36]) & BF 7 EBBDBIET
2. BHMsARE, FETRBANEHTFONIN L7 2% oscillator ZFEHTE X %) —B sly OHETE
B U(sly) D2 ROTOFEL= 2 ) ZHMGE L TRA S50 5 Heun ODE (4 REEERFR A% &2 Fuchs BIHH
S5EK 42, 4) KBV TZoORBRREBHT A LICE Y, BF 7 UBRBOGH KAV HBHHBLENS
&5 B/HE ([49] Int. Math. Res. Notices. (2015)), &, BHE# L THHTNERBICONT,

o —AT, TNETHEERBRR BR) W7 Tu—Fhabhhb-kDk S xBRFHEEERETILOMREIC
HoT, BRBRNCEBRAZRI2MHT A LRETNEVOBEBLNHSLBbNS. 5 LEEBEARE
ST, BF 7 CHERICH L, (D. Braak [5](2011) LAATICHE—RX 50TV ) #BY 2 BEHE L BHIKE
(M. Kus$ [27](1985) : Judd’s solution & &FHEN S ) %, s, DRBA/OERTHRAS C LV ARETHH LD
1Y ([50] J. Phys. A. Math. Theor. (2014) (with T. Yamasaki)), &, #&iBL&VHINHEEEDFEIC
20T, ‘

o FEIXBT, BFIUBRIOARY ML ERBERERAVCTERT 2D0FRLVLDD “BLVEF IOV
T, EHICHBO PRICHL TR, BHEEIBRSIVEBLARECIBRYVLERIEEINSLHFEENS
ce,

o JERIMBHUREI F D AR FILIE, FDANRY MLE—2B8 [15] D (L <IT) F5iE [16) ZE LT, PR
ARELES>TLEWTHA S BRNICELEEEEZH O L - TS ((22,23,24,29]). T0AS, €D
ki, BFSCHEMGRELTVWAEDHEWVS ZEEZRALMCT S HORHONW O ERRI B L,



BETHB.™

2 FERIREEANIRS F & BF S CiRE

FEFJHERARE 7 (NcHO) i, T & S5 IcIEa#x (7)) #EE L5, BFONR T 2BET S (Z-
symmetry) BHMEARICEONIN P T UREE SHEERERTH S, D, BEE T, NcHO HMahrho, i
L ASYR, ARRERREY, TOMOSFICENS HEER 2R LEBLIETLTHEHES MCEL TR

BTH%. i
o= (e O (L& [ 1.) (0 -1\  d 1
Q-ng-<0 5)('2dz2+2$>'*<1 ())(I¢z+2>'
CTTR, UTa,>00Daf > 12 RETS. COREBICED, Q& L*(R;C?) LoACHRZEEBIEEFIE
FIEEED, & bICMBEEHORERST LA DL S,

0<AIS/\2S)\3§(—)OO)

%8B, a=80LER, QIR (BF) FIEEFORY (28) La=fYEAMETHE LI DN S, EE ZF0OE

HiEE (Vo —1(n+ 1) |n€ Zso} THALNEEFRITRT 2 TH5. —ROBPAIE, Q DEBMEIIHRMIC

REASNTWEL. NcHO OEFAEDEREDO—RERMIC OV TR, T B IKBVTIUFTHB LD
FENTORS, EOHHIC, 15 2 THAT EPFENTORT G [46, 49] ThB. % 512 |46] THA BN
B2 8 < criterion Z/RTC Lick Y, RIEEFFEDOEMMAS F. Hiroshima and 1. Sasaki ic & D EBHE hizD
LEETHS [13). %5, NCHO DAY MIRHICEIT 5 M [36], % 612 T BT E TORBI [37] %
SRLTWREREERY

BF I vER (Quamum Rabi model : QRM) ONIJL P27 V@R UTTHASNS &

Hpabi/h =wala+ Ao, + g(c* +07)(a' +a).

. y
2CTala BARBB w DRV =y ¥ E— RIZHT 24K - WHEET, 0, = ((1) O>, oy = (O Oz),
?
1
o, = (0 O) BSYVIFITHS. BB, 0F i= (0 2i0y)2 LBV, &ty g > 0 BTBMRL R =y

5 E— KOMORKAMHE, 24 > 0 R RAHOIALE—2TH5. UTF, —REEEDTICh (75> 7 EH)
=w=1¢95%. g, v

=0,

t_27%
a \/5 y
EEFTNE (8, := L), NcHO DERD &K 31, Hpapi &

a_17+az
V2

___l 2 02 1 0 01
HRabx"‘2(-T Bx 1)+A<0 ~1>+g\/§z(l 0)

BB LA(R;C?) Lo (FALER%) HEHBIERETHS.
5 CHAESOWAI LL Rabi (1937)[40] K & BEOT, (74 FYAE®H) RRCBFLENLRTS CED
X E.T. Jaynes and F.W. Cummings [19] lc & %. LA L%EDS, BF 7 A (QRM) DIV P27 2 Hyan

L EBARITIR, WEIMFTHS 2 CIZBAMTNE A0S NB T - TWEEL S LICT S, £, T TIRABOEMNEIICINLT
DOFMEBRNFECDOT, HREEL > THWAICE BN BEEXRORKT | 2 AWV EVTEIT 34 5 ic, BERXO3 AN HEICE S
oIt 5.
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En vy GEaRL) FRAESEELEVWC LS ZOBNIRBTH - ich, Z0%kIIE - ES FoEEGHA
/. (Rotating-wave approximation: RWA) & LTEZ %, LUT® Jaynes-Cummings(JC) BRIV EZI NS XS IC
Tote. EBE, HATER gV ARBLTITVLER, ZRICLISABVEZINTER (1] 2 E2BE2). JC
A (JCM) DNIN =T i

Hjyc/h=wala+ Ao, + glcTa+ 0~ al)
TEXb6h, TBIC (TRERDER)
J:=ala+ %(az +1) = [Hjc,J| =0

BHBEeH D, TOARY MVEHARNICBENS ((11). BHTHY, ke XE B0 0EXCEBR). &5
B, BFEDORBOERICL D, JCM TR, EBERLEDLEVWHNETRN, AROBTFIEEVMCRESL 5215
o TER (e XIZ[9, 34). THD&SHIKIAT, Braak i breakthrough &\ 5 \¥ BT 5 UHBOBRY
ICBET B3R [5)(2011) #F L. & TAT, MKud27) BB MBEAMEIR E=n— g2 (n€Zy) EW5BEL
TWwb. £ T Brask it [5] T, CO#BSBEHE# Exceptional eigenvalues (FINVREHE) & LU, Thlisz
Regular eigenvalues (FRIEE#E) &% L. Lid>T, BF 5RO RARY bLDLH% Spec(Hrabi) & i
gL
Spec(HRabi) = {Regula.r eigenvalues} u { Exceptional eigenvalues}

L%, Regular eigenvalues 13, (QRM {2l ICM D& 31 (—RTD) RERIZHEWVAY, Zy-symmetry B35 3 T
EELEFCHVRIEICED) M ABRREACTRTT o h 2 BEBEROBRELTEALNE L LS ON
Brask D#X [5) OFEHRTHB. —FH, TCTREFLINTVED, E=n—g2 (n€Zx) LWV EELTWVS
KEBHLTRBL TVAVCERHEIFEET 51377 L0 BIBNEBIES Maciejewski 5 DX [30) IKBW T &
iz (50] TLEBRDTRMEE/TVS). LEDoT, E=n—g? (n€ Zyo) % 3% Lz Exceptional eigenvalues
i, LT &S IcHBT200L LV DICHBIThs !

{Exceptional eigenva.lues} = {degenerates} U {non-degenerates}.

LA > T, QRM OHEBEEE L IJB{EHINBEAEICZ S T,

Remark 2.1. FEEOfINRIEEEIE, AR FOBEEME FBE) ORWEBbhsS, PHELHAXETVD
TR,

Remark 2.2. NcHO DEEEI BT AL ¥ LRI LH ERRELTR) BETETVLS. L&\, NcHO
DEBEVHET 5L L FOEHEBIEORIC2THD, THPETH I ZDERD2ODFPAICEL NS, i) “B
FRR BAflE "M BE@ESHSRIC/SY T4 (Bor &) T—HT 3B, i) BV T4 2ED Y
HEP—BTZBETH 5. THICi) DFEOEFMEIE, AENIC (BEEH o, 855 T X 2EHERERE) ¥ ()
BMTEX LN [49). (FMIZERST [49) 2 CHIAZ WA, [47) ICH COHADECBEFEEM L. ) LA LEDS,
%ELE5 &SI, NcHO o#BREEESS, Heun ODE DAWIC K b, BF S UHADBRL (FINE) BAHEICB
I ‘BB TETVARTEEY. ZORIKDWVWTE, S%OBRBEINERELNH 5.

*2 [11] DEED— ATHS Serge Haroche i& 2012 EEHD / — IR KOBRRETHS. 74 P ORERTHEHY, BAABE (B4
DRFFHOH A L #RE% ToRIC L BANFEOMRE & iz, Jaynes-Cummings model % Rabi iRENC DV Tid, KK Bithh
5 DB L DD [11) O §3.2 LIEICH 5.

*3 EEMESERY - MR TH S L, MY 5 EHBRA Hermite Bz 5 TRA L2 L 2, ThAE - WL X2 L0 DHERT
BB, TOEHIZ well-defined TH5. #L I [39, 49) k EEBR.
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3XTL) —HBsl,(R) DBIEK H B, F 2L TDX S ICED .
[H E|=2E, [H,F|=-2F, |E,F]=H.

ZDlE, NRIA—F (k,e,v) € R JITHL, sl(R) DEBEKEIR U(sly) D2 RDITR %

R =Ris.e,v) = sinh 2k

TE&T 5. UT, FROFE L EROBME L LT, R OEALS NcHO HMEA 61, BF 5 UIRAEHNZ D Heun BUY
ATRAD S BHRBEICI > THEONTVARAZRAL L TEL (RERLSIKOV TR, IRRBXTVELLV):

{[(sinh 2k)(E — F) — (cosh2k)H + v] (H — v) + (ev)?} € U(sly)

NcHO ™2 R e U(sly) -I—(L“——)> Heun ODE

Confluence

ﬂ process

K € U(sly) Za, Confluent Heun ODE  ~ quantum Rabi model.

T T T, mh &, FNEFN sly D oscillator FI 7' Z{BAT D/ T 4 —ICHIR L T TE 3ENZHETH D (oscillator
REICOWTIR, e A [14]) . £, L, RRTEBTNAEDBHRTHD, BEW) 77 ABRLPINELD
TH5.

(Lau)(2) := /0 N u(yz)e™V" /2y~ ldy.

ZD L, D, a=1TIHBEBRDBEEDA>E— T 1+ (sl ICBIF % Lie algebra homomorphism) #5 X,
a =2 TRFERDBEDA U E— T A4FT—%5X5%. (a=2L L TRERDOBELZEAZL, BO2HVHHNS
clichkh, #hl, BIKBVT, BFKBIETONGVAZETFER  E-T. ) LD ->T, UTOEAT
Cly, v~ 1] (D5EfE) kicE®E Nz sly DIEL=X ) ERFIFER 1/ (a € C)
W(H) =30, + 5, TE)= 3, m(F) = -y ez
B Lo, THLEER (FR) %2 o, LR (FEICEAE, £ 2% w=22coths LBERAZDTHSH, #H
& [49] 2 CHBIHZ 2\.), NcHO DEEEREIZ LELOHBIBER U(sl) D 2RO R ZHAVTEV#ALGNSC
Licix 5.

1
F=-

Proposition 2.1, a # B,A > 0L, /35 A—4% (k,e,v) e RS  ZRTED 5.

| aB _|la-8 _ a+p8
coshk = af — 1’ 5_'a+,3’ V_———————2 aﬁ(aﬂ—l))\'

L A RIEMTRANREF Q OBEETHS. TDEE R c U(sly) DIEA L LT, NecHO DARY FILEED
18 - B 0N T 1) L ENFNEMEL Heun fFHIFE HE BHIN3 ([49]): w:=2?cothk £ T B L,

zﬁl (R) = 4(tanh k)w(w — 1)(w — aBf)H (w, 8y),
w3 (R) = 4(tanh k)w(w — 1)(w — aB)H; (w, Oy).

TTT, Hy = Hy(w,8,) BENEN Heun DMMAFRRT, RTEHENS:

&2 U “lp+ Nw— gt
PP CE I S NTAR WRNS (R

dw? w w—1  w-0f)dw  ww-1)(w-af)

& (l—p -p p+%>d —Spw—g~

H*(w’a‘”):EE“L E— w — af d_u_1_+w(w—1)(w—-aﬁ)'
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frLp=22 LBV, &k, COb0 Heun fFAEDT 7V UNRTA—F ¢t =¢* (M) o, E M ITEST
UFn&sicEibhns.

gt = {(p+%)2~ (P+%)2(g;2)2}(aﬁ—l)——;—(p-}-%),
T = {pz— (p+2)2 (g;g)z}(aﬂ—l)—gp

ZDTEHNS NcHO DARY MLV Qp = A iE, 4 DOHEERFRA w=0,1,a8, 00 ##FD 2 D Heun Y
W AER (42, 4]) O, B EEBE LOTFREBMHIGEHET S L LEMETH B2 LA 5. ROEHEDS b, #F
BIMOAE (32 KB TRENEEDTHS.

Theorem 2.2 ([49]). ROBERABEBRHFET 5:

Even : {p € L*(R,C%)| Qp = Ay, p(-z) = p(z)} = {f € O(Q)| H} f =0},

0dd : {p € L*(R,C?)| Qp = Mp, p(-z) = —p(z)} = {f € O(Q)| Hj f = 0}.
ZTTRCCIX0,1€ Q08 ¢ Q%7 HERERT, 0Q) & Q LOFHMRSGORETHS. O

kB, AFE HE(w,d,) D Riemann’s scheme 3L THL &, ThFNUFOL k3.

0 1 af oo jw q
Hy: |0 0 0 3 . (2)
—-p
CCTTEIRMERESZEL, 2/TH3TEICKR, ThEhOEERRN T exponents AREN TV 5,

3 BF5ERBID Heun #R

Bargmann £#: B % -
B = V2 [~ f@emeer=ias

TEDZ. Bick b, LTFO &S nERBEEETFOER
dt=(@-8)/V2-2 a=(x+8,)/V2>0,

A5 EHEC TN, Hraps PEFEEY S 1 BOWITAHEAR

. 20, +A-E  g(z+8,)
Hpabi = ( 9(z+98,) 20,—-A-E (3)

BEZLNE. Ihz 1 RnicBEFET C Lick ), EEMERME Hravip = Ep RO 2 BRSARINICRETLS.

d2
é +p(z)% +q(2)f =0,

(1-2E-2¢%z-g a(z) = —g%2% + gz + E? — g — A?
2 g2 , poR .

p(2) =



EHIT f(w) = e 9%¢(z), = (9 +2)/29 L BL T LT, ¢(z) \cBT BAFE Heun W5 51X HR#b g = 0,

1—(E+g2)+1-(E+g2+1)}_d_+4g2(E+g2)w+u @)

HRabi . _ £2— + { _4g2+
LT g2 dz z(r — 1) ’

T r—1
p=(E+g%)?—-4g%E + g% — A?

MBENS. BRIC f(2) = e9*d(2), z = (9 — 2)/29 £ B &,¢(z) ICBIT 5 B Heun MHHER HEPG =0,

. d? 1-A+g2+1) 1-(A+¢)1d 4¢3 (A +g®> -z +u
Rabi ,__ * —An2 el
P = a2 T { 497+ T L] }dm + z(x ~ 1) ’ (6)

MELNS.

Remark 3.1. 8F 7 €85 513 Bargmann ZH#UC & H —BEDEARASMES hizDicx L, NcHO DF&EIER
BRI THS T 2R0AEARNEE THS. Chid NcHO DA, & IcEEERENRT S CRAE h RETH D
5 BEHAD—D2LEk>TW5. 2721, NcHO BEAT IR [39] 2BV TR, ZOARY MLEESBEREH
WTEBRL 724, ZNU3, Braak DX [5] TITbN BN OBEH L W A2EDTHS. Lih T, [5] LAKD
FHEEAVSC EICX D, NcHO OBAICS, $ilxBi (BIRUEE) MEELT Q DFERALKZDOEEEL R
ETBLVHSHOERNARETH BHE Lk,

3.1 Heun BARKDEHIRME
E¥T,a€Z (ac CTEYMTL) ICHL, oscillator KRB 7. DT 75 AEH L, D% w, 2B L
27w, (R)2%7! = 4(tanh k)w(w — 1)(w — t) H*(w, 8y)

LB EHNbHB. IFLZ T Tt =coth?k L BIFIE,

H%(w,8,) =

& (3-2w+2  -1-2w+2  -1+2+2a) d ~La-Ha-3-vIw-gqa
dw? 4w 4(w - 1) w—t dw w(w — 1)(w —af) '

ZET, THRFVIRS A—F g, &
D SRS 2l - 1) 20— Y- Lo
G ={-ta- -0+ @P}a-D-2a- -5 -»)
LB, 0E, Ho(w,8,) DERIEBVT (a,0) > (a+p,v+p) LS BERIEL, ZOOHERRMw =1 &
w=o00 ZLUTOBBRATEHT S LIcTS. DEDH

t=p"1, p=4¢%p"1 — (a + -;—), ’l)i_r)% w(w — 1)(w — t)pH*(w, dw) {6)
(&p—o0)
EWSETHB. (Heun ODE DARFEOFMCEHL TIRTF AL [44) 2#B8.) LI E+¢2 = %(1 +2v —2a) ®
WizT koI a,vEldl, ¥alT 4 H—HENX Hpaip = Ep LEHER 2 BEOMD HER (4) BBohB L
I3 [49]. &8, EROBESLLTRODDHICLITTEDS
2
sinh 2x

2EX, LRLAEUFESZRTAE, £50L20 2BOMIHEN (5) MELN05.

R = R(k,&,v) = {(H - v)[(sinh2k)(E — F) — (cosh 2k)H + v] + (ev)?} € U(slz)

Remark 3.2. K = <(1) (1)) EBLE, NIV T Y KQK ISR F Q LA LEARS MDD L

WESICHB. E5IcET, 7' (R)u=0 3EEMENE KQKE = \g (¢ € L*(R,C?) ##< (Lemma 2.1 [49)).
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Remark 3.3. LEDATHBRME (6) 1ok H NcHO ¢ BF 5 CHERORFESOISEEN A RFEIC I W BOhT LiC
Z3D, TNV ESWIBREKERODOHPFETHS. & I, BFBFEICEVT “BHRDIT A—4 o LERB
RIIRELTVB LI IRBHZX BT EHZICOVTIE, HHRPENREHAEICT 08NS 5.

Remark 3.4. Brask 3E@X [5] Ic&W\ T, BF I CRMOBHHIZERARM [n,n+ 1] (n € Zxo) KBV THL 2H
LBV EDFREZLTVS Wik ZICO20TORY BOOFM (GHEMELES) 1270 T3, B 5 icsrkb
niew). o ki, WX (17)([81, 12, 13) k ¥EBE LK 3) ICBWT Min-max theorem %2 L T8 7 NcHO
DART ML L I3BA%Z RICT 5. &L Braak DFENEL L, HEDERYN optimal THB LT 5L, LD
BFHRIEIC & 5 BT 7 CREDAY Heun R & NcHO L DBIFERBML TW5 L EXANELDOLE LNV,

4 BFSERROBANYT bV

D & 5 HETBEERETIC, (4) ZEHEHRZA S U(sl) D2 RDTK BEETS. 2%h, K 2ZHVT sly 0B
FRATBZRROVEAR DR TRILFINBIR Y PSS 3 BEBRPBEK T NS 50, 2D LicoV TN
2OV FEMOBMITH B, M [50] & CHKEE 2\

NI A=2 DK (o,8,7,C) € R IKHL T, K = K(a, 8,7;C) € U(sly) RY, £E w, IcbKET 5 EH
As = Aa(a, B,7) ZUTTED 3.

Kt 0) = 31~ B+l (941 1] v

Aa(a, B,7) =8 (%(H-a) +7 (a - %) )

KFONTHED, VE (@87 Fa=1-22 g-4g? v =1 Bt p5x K cl(sh) & A #UFT
EH 5.

E +g? 1 E+g¢°
9’4927__ g

E + g? 1 E+92)
2 2 2 )

94g2a 5

'C:K(l_ 2 2 2

u), Ag = Aa(1 -
ERIC K eU(sly) & A, %

E + g2

1
Z 40%. —
2 7 %9

1 E+¢® ,, E+g°
3”3 Y
LEDB. TOLELFAMD LD [50].

E+gz)

IC::K(— ;u), Aazzx\a(—

Theorem 4.1. a= —(E+g?) DL ¥

1 1)

HM = {a(z — 1)} o307 D (wa(K) - A)zd .
a=1-(A+g)) DL ¥
HEY = {a(z - 1)} e He V(e (K) - A )etd. O

COEBERC AT & T, BB EEGED sl, DERXTERTRA NS LHARENS Lo X\, HERT
FRTRALNZLVS L3, RBOBETRML BICERBEOBETE—I2— hT3L0S5 T L ARBT 3
B, TORMEEEL L, TN (27) THEEN TV 3) UFDE 3 1< recursive I E % 5 EHK Qn(z) = PV (2, A?)
(continuant) DEDRDEFEEICRBEINS.



o 2EBOBER P (x,y) (n € Zyo) BUTTHEDS
BM =1, P™=g+y-1, P™ =(kz+y—-k)B" —k(k—1)(n-k+1L)zP{").
ZOLET, R AEUTIRNZHE Kus [27]1&5) BALEL, 0<|A] <10 ik P ((29)2 A2) =0
5 BAEBISVRIEA (8 (Judd’s solution) DIFFEARENS.
Proposition 4.2. 0 < [A] <1 35 PV (z,A?) it z OBER L L THRKL S n HOEDHEERHD.

TP, 2EICHHBYT ABRIL, K (spherical) B L UHREZHDFhFLL S, A—DBHK Q.(z) HE5H
BT kicEB. FHMI [50] & CHEHE V.

Problem 4.1. D& > % EEMHIT B Y —8 G (2L 31, SLy(R) P70 2 BHHR SLo(R) 5 &) OB
OB T(g, A) REFHET 5 THAIH?

“E =m — g SSBMEBIVEEEE (LROHER THIST 5 G OBBRTENER 2°55) & m, LBL) LES
1D DRBHEME 1 DT (g, A) NOHIE 7|, a) BWEBERRELBZLTHB”.

Remark 4.1. K & R OEBOBIFRIITRHATH 5. Remark 3.3 Tz & 51, AMICBVWTERERERAICRET
EVSBENPADRALI LD, BEOFEICEARATE, CHARDL Ush) DELTRSL LD “AFRE ICE -
THLENE LIEEZIC V.

Remark 4.2. (SRR TH 54, NcHO OFHBEEEDOZHRNEIREE X 5 Tzl . Remark 2.1 ICB%
LTHETILOEBREDZ®HICE, COZLRERTZERZNHS.

Problem 4.2. JBEREBINMEAEE GELFNEEEHED L 2 L AR sl ORBRIZRTIRATE 20T
(FAD). LT3T, ¥5lccNAELFIE, JEEEFISEERMED Problem 4.1 L FRAC LHAEXBTH 5D
7 Ei, FREGHECOVTIEESH? (50] DRISICEET 2BREF-oTV5) Ebic, BT CENOES
{H & % 5F8D loop/orbit ICBIH 3 ((35] % £1cH 5 & 5 %) BFARE LT OBEBIRATETSH S5 5 2

Remark 4.3. X [50) 128\ T, IBREOFINBEEEI BBRIRIFAZAVCTRALNEGTHAS LN TWV S
A, FTITHIT B Wronskian DFHERXD (HHAHEIZADF v r72RD) Mo itk TV, RRICH
WTEHEBRDOBEGKER FHWEEMEIEWD, ZODEFELTEBEREVL.

5 NcHO ¢EBFFERBDANRY FIVE—2B88
5.1 NcHO O%#ia

NCHO DAY b L¥— 4 B (o (s) DHBRMEDFIZ (16, 33]) K& D, J—<>DY¥—XBH ((s) D s = 2,3
TOEBEME DI (1978 £) I BT R.Apéry B #EE LTz Apéry BOBLMDEE 5 T & ¥ -7 (Apéry-like
B). KB, FNLRLD, THESLEFHTEZVARAME [22) PHAME - BATER L OBES, ((s) ML
F.Beukers[2, 3] BBAL MIC LA L AKICRENS. BE, T TEHRL Iz Apéry-like BORBBEIIET 10
[(2) B3VIRT4) -EVa5—HXTHH, D.Zagier[52] DSHI A PD 19 BI—HLTWBHT LA 23] ICB
WT, £/ L. Long, R. Osburn and H. Swisher DFX [29] iIcBWV T, [22] TR NIHVREBEDOERE
HBRAPELWC EERENE. £, NcHO DARY MUCER LS E LEICHKRT 2MREH 5 [26). E5ic
[24] BT [25] lc BT, [51] TEME hieFik% A LT Eichler 8% (%513 Automorphic integrals:[8]) @
BREHIETH 5 Eichler BERR UM 3ok 0 —#% (10] L ARKICANT, NcHO DARY b E—42H
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B s = 4 TO Apéry-like HO BB D Eichler BXic & BBRR B &3, Eichler #% Tid %\ Eichler
JEXi&, differential Eisenstein series T5X 5N 5. & T, differential Eisenstein series & (& Berndt[l] T®
Generalized Eisenstein series Z &V HICHRTESIL, £ TOADBEUATOMPICI D EREINZLDTHS
[24, 25](Differential Eisenstein series l$HNZ D, [43] KBV THREUDHEO—RNBRS T Th TV 3).

W [25] IEBVTER L BN 2k TORBKMENSEHN S Apéry-like B (k> 2D & T3 FDE—ELL: 1st
anomaly & KA TV 3) {Jak(n)} DBEIB v (2) = 3, 50 Jak(n)z" D (k ICBIT2) 5L ZBBH V(2 \) BEX
L, ThRAEEHzHAIBERL I 2MORREL D, TOEY N ICHET 3 “S9R" TOMEH F. Rodriguez
Villegas DFRX [41] IKB1F 2 MR GE) O L BHORSFHEL Mahler IEZNLT—HT 5. LALVEDET
AHARTHTHS. WK, [28) 2 E2BKT BN, NCHO ® (e b X4 (o, B) € RZ, Y25 58k F—5
EVo b DLIBRTBZHAL D) MEIER® Mahler HIEY 5 DEMERH B LHIBEETH S LEDLNLS.

Remark 5.1. Q DARY MLE— 2D s = n(n > 2) TORKMBEICHIST 3 Apéy-like MOEY B RIZHIC
BONTVEH (25, n>4DLFiE, 1st anomaly UNIEBBTH D, BEYE I h38AROMT) &
EOBMRISHICE NS, T, ((3) @MET S Apéry HOBREEA K3 HiEED (((2) DL ¥ IZMEMBhE)
Picard-Fuchs AR Zi7 9 & TEHF S L9 Beukers 5 DILE [4] DFELUE, [41] LB LERD nicid 3
Co(n) THLHIFENZ LA THS (Calabi-Yau ZRHAICHLARICEHRERBRZDTIREDS S H).

52 RF5EMBIOMR

BT S EBRBDARY LI NcHO & ABOBL ZHMBRNNRIVBATHEDHESIHVED L T AHATIRE
VoA, REENhG. R RiE, BT ERBEIDZANRY ML 4B L Brask d G4(2) Iz KBRS H 3.
CCTGL(2) BB ICBVTHREIN:, FRABEBE=c-@ %512z %Yy 2 ) BACH OAENENTS
5. VE, BFTEHEEID Hurwitz B A7 MLY— & %

(Rabi(3,2)= D>, (2=A)7" (Rs>1,z€C)
A€Spec(HRrabi)
ZEZBEL (48D , TR Rs BT HREFVEEIE (BELHLK Rs > 1ICBWT) ERIBREED ST LVTH 5.
%, (Rabi(s,2) D' s = 0 DAL E TIERIBIMRE L TR TE 5 L RET 2 (BE5CELWAKHER). cozk
BPELFUERDE 5 e ¥— 2 ERUEM (e Rid [21] B0 E 2 OXBEEZSR.)

H (z—A):=exp (—d%clhbi(o, z)) 7
A€Spec(Hrabi)

WEBTES.G1(2) 37 ERED (EADNR) T+ BD) ERARY M EBRICRH OB TH->72DT, (7) L4
Go(x)G-(2) L DR & BT & T, PUVHEHEIZ DV T OESUM [, o gscspoc(tinmy ety (2 — 1) HENE. B
WX NI, FNVRIEEEICEET 5 ERILEY, hALHDOBKTON Y EF (%5018, Selberg zeta BN &
57 F RO UL ERE) LA B C LA TERUSHEL,
Remark 5.2. BHEBE G1(z) DHHED, BT I EHBIDZIRY MLE— 2 B (Rabi(s, 2) D (s =0 FHED) R
PR — 2 EHICENEET R LoBIEL k> TV 5.
Remark 5.3. NcHO DAY MLE— 2 BBORNKENTZT T 2 HRNEHB L BF I CRBOETL L OMIC, £
NETND Heun #if (H23WIER) BEFRMEICL > TRYF> TV A LICHIET 5BHFRHE N B LA
5. kA, Remark 3.4 TN Z LICREL T, BEECHOBFENGRENS L & HEAL.

*4 [24] lc BT, [25] TO Eichler X% residual modular form & &% LTV, LA LEAS, %E T}, residual spectrum ¥
residual modular Galois representation % EDHIELKSH L A 2B D H 58 [25) TRRBHOEEF LT /-,



Problem 5.1. 875 EERDARY MLE— X (550, LFL 2 BBAF L 2D (Ravi(s, 2)) DREHIED
5, NcHO ODBATO 23| D&k Hic, ZORBHNMREERZEX 5 & 5% Apéry-like BBBHENZ THB 5 ?

Remark 5.4. Braak [5] ICB1} 5838 G4 (2) WX, EHBBRICL 2D THELEEILNS (6] LBH).
fta75, [38] THTDNT NcHO OREEHD IR ES HEEE AV R ERAFNR L O TH S ([32] 2 EEMIFEL
DREEFNE). LieA>T, NHO KL TS Ga(z) D& 5 HHMEMRT BT L (TEERTT) LF L
(Remark 3.1 TN/ &). Fhuc &k b, HEHIO Remark 5.3 THABICES C L A TERZI VL Bbh s,

BRIRIC I BOATI, BUEMZET, HAMRO LRI & MM dsm S5 Expander 75 7 DEEH S DA > T
VBT EBHLEMCENTETVS (RLAiE[18] & E). — A TRFERERO—BOBEEIBTIHEMRTS S,
BT CHADARY MUY — 2 EORHEIC DT, NcHO DBADE SIS, HALDPDERTEY 25—k
05 HEO LB E OBRAEET 3 2 & ARNE XS T LA A TR,

Acknowledgement: This work is partially supported by Grant-in-Aid for Challenging Exploratory Research
No.25610006 and by CREST, JST. & 7z, AMERERDF—HF A ¥ THAMHEI—KICIE, BEOBHVETHEL
RDHEST, BERERNECEL, BH<F L TLEN pressure & encouragement ZEWV 2. TDP# BEH
LTE#Sa L LiFEd.

BENH

(1] B. C. Berndt, Generalized Eisenstein series and modified Dedekind sums, J. Reine Angew. Math. 272
(1974), 182-193.

2] F. Beukers, Irrationality of n2, periods of an elliptic curve and T'y(5), Diophantine approximations and
transcendental numbers (Luminy, 1982), 47-66, Progr. Math. 31, Birkh4user, Boston, 1983.

(3] F. Beukers, Irrationality proofs using modular forms, Soc. Math. Fr. Astérisque 147-148(1987), 271-283.

[4] F. Beukers and C.A.M. Peters, A family of K3 surfaces and ((3), J. Reine Angew. Math., 351 (1984),
42-54.

[5] D. Braak, On the Integrability of the Rabi Model, Phys. Rev. Lett. 107 (2011), 100401-100404.

[6] D. Braak, Continued fraction and the Rabi Model, J. Phys. A: math. Theor. 46 (2013), 175301(10pp).

[7] D. Braak, Analytical Solutions of Basic Models in Quantum Optics, in “Applications + Practical Concep-
tualization 4+ Mathematics = fruitful Innovation — Proceedings of the Forum of Mathematics for Industry
2014”7 eds. R. Anderssen et al., Mathematics for Industry Vol. 11, Springer, 2015, 75-92.

[8] M. Eichler, Fine Verallgemeinerung der Abelschen Integrale, Math. Z. 67 (1957), 267-298.

[9] P. Forn-Diaz et al., Observation of the Bloch-Siegert shift in a qubit-oscillator system in the ultrastrong
coupling regime, Phys. Rev. Lett. 105(2010), 237001.

(10] R. C. Gunning, The FEichler cohomology groups and automorphic forms, Trans. Amer. Math. Soc. 100
(1961), 44-62.

[11] S. Haroche and J. M. Raimond, Exploring the Quantum. Atoms, Cavities, and Photons, Oxford University
Press, 2008.

[12] F. Hiroshima and I. Sasaki, Muitiplicity of the lowest eigenvalue of non-commutative harmonic oscillators,

Kyushu J. Math. 67 (2013), 355-366.

141



142

[13] F. Hiroshima and L. Sasaki, Spectral analysis of non-commutative harmonic oscillators: The lowest eigen-
value and no crossing, J. Math. Anal. Appl. 105 (2014) 595-609.

[14] R. Howe and E. C. Tan, Non-Abelian Harmonic Analysis. Applications of SL(2,R). Springer, 1992.

[15] T. Ichinose and M. Wakayama, Zeta functions for the spectrum of the non-commutative harmonic oscilla-
tors, Commun. Math. Phys. 258 (2005), 697-739.

[16] T. Ichinose and M. Wakayama, Special values of the spectral zeta function of the non-commutative harmonic
oscillator and confluent Heun equations, Kyushu J. Math. 59 (2005), 39-100.

[17] T. Ichinose and M. Wakayama, On the spectral zeta function for the noncommutative harmonic oscillator,
Rep. Math. Phys. 59 (2007), 421-432.

[18] D. Jao, S.D. Miller, R. Venkatesan, Ezpander graphs based on GRH with an application to elliptic curve
cryptography, J.Number Theor. 129 (2009),1491-1504.

[19] E.T. Jaynes and F.W. Cummings: Comparison of quantum and semiclassical radiation theories with appli-
cation to the beam maser, Proc. IEEE 51 (1963), 89-109.

[20] K. Kimoto, Arithmetics derived from the non-commutative harmonic oscillator, Casimir Force, Casimir
Operators and the Riemann Hypothesis (eds. G. van Dijk and M. Wakayama), 199-210, de Gruyter, 2010.

[21] K. Kimoto and M. Wakayama, Remarks on zeta regularized products, Int. Math. Res. Notices, 2004:17,
(2004), 855-875.

[22] K. Kimoto and M. Wakayama, Apéry-like numbers arising from special values of spectral zeta functions for
non-commutative harmonic oscillators, Kyushu J. Math., 60 (2006), 383-404.

[23] K. Kimoto and M. Wakayama, Elliptic curves arising from the spectral zeta function for non-commutative
harmonic oscillators and TI'g(4)-modular forms, Proceedings Conf. L-functions (eds. L. Weng and M.
Kaneko), 201-218, World Scientific, 2007.

[24] K. Kimoto and M. Wakayama, Spectrum of non-commutative harmonic oscillators and residual modular
forms, in “Noncommutative Geometry and Physics” (eds. G. Dito, H. Moriyoshi, T. Natsume, S. Wata-
mura), 237-267, World Scientific, 2012.

[25] K. Kimoto and M. Wakayama, Apéry-like numbers for non-commutative harmonic oscillators and Eichler
forms with the associated cohomology groups (preprint 2015).

[26] K. Kimoto and Y. Yamasaki, A variation of multiple L-values arising from the spectral zeta function of the
non-commutative harmonic oscillator, Proc. Amer. Math. Soc.,137 (2009), 2503-2515.

[27] M. Kué: On the spectrum of a two-level system, J. Math. Phys., 26 (1985) 2792-2795.

[28] D. Lind, K. Schmidt and T. Ward, Mahler measure and entropy for commuting automorphisms of compact
groups, Invent. math. 101 (1990), 593-629.

[29] L. Long, R. Osburn, H. Swisher, On a conjecture of Kimoto and Wakayama, preprint 2014, arXiv:1404.4723
[math.NT].

[30] A.J. Maciejewski, M. Przybylska and T. Stachowiak: Full spectrum of the Rabi model, Phys. Letter A
378, (2014), 16—20.

[31] K. Nagatou, M. T. Nakao and M. Wakayama. Verified numerical computations for eigen- values of non-
commutative harmonic oscillators, Numer. Funct. Anal. Optim. 23 (2002), 633-650.

[32] H. Ochiai, Non-commutative harmonic oscillators and Fuchsian ordinary differential operators, Commun.
Math. Phys. 217 (2001), 357-373.

[33] H. Ochiai, A special value of the. spectral zeta function of the non-commutative harmonic oscillators, Ra-
manujan J. 15 (2008), 31-36.



[34] T. Niemczyk et al. Circuit quantum electrodynamics in the ultrastrong-coupling regime, Nature Physics 6
(2010), 772-776.

(35] A. Parmeggiani, On the spectrum of certain non-commutative harmonic oscillators and semiclassical anal-
ysis, Comm. Math. Phys. 279 (2008), 285-308.

[36] A. Parmeggiani, Spectral Theory of Non-commutative Harmonic Oscillators: An Introduction. Lecture
Notes in Math. 1992, Springer, 2010.

[37] A. Parmeggiani, Non-commutative harmonic oscillators and related problems, Milan J. Math. 82(2014),
343-387.

(38] A. Parmeggiani and M. Wakayama, Oscillator representations and systems of ordinary differential equa-
tions, Proc. Natl. Acad. Sci. USA 98 (2001), 26-30.

[39] A. Parmeggiani and M. Wakayama, Non-commutative harmonic oscillators-I, II, Corrigenda and remarks
to I, Forum. Math. 14 (2002), 539-604, 669690, ibid 15 (2003), 955-963.

[40] L L Rabi: Space quantization in a gyrating magnetic field, Phys. Rev., 49 (1936), 324; 51 (1937), 652.

[41] F. Rodriguez Villegas, Modular Mahler measures I, Topics in Number Theory, 17-48, Kluwer, 1999.

[42] A.-Ronveaux (eds.‘), Heun’s Differential Equations, Oxford University Press, 1995.

[43] G. Shibukawa, Bilateral zeta functions and their applications, Kyushu J. Math. 67 (2013), 429-451.

[44] S. Y. Slavyanov and W. Lay, Special functions: A Unified Theory Based on Singularities, Oxford Mathe-
matical Monographs, 2000.

[45] E. Solano, Viewpoint: The dialogue between quantum light and matter, Physics. 4 (2011), 68-69.

[46] M. Wakayama, Simplicity of the lowest eigenvalue of non-commutative harmonic oscillators and the Rie-
mann scheme of a certain Heun’s differential equation, Proc. Japan Acad., 89, Ser. A (2013), 69-73. ‘

[47] M. Wakayama(i), K. Inoue(32), Non-commutative harmonic oscillators and the Rabi model, in“ZEH{ L
AT O AR (RBARELME), RIMS 38758 No.1925 (2014), 26-30.

[48] M. Wakayama, Remarks on quantum interaction models by Lie theory and modular forms via non-
commutative harmonic oscillators, in “Mathematical Approach to Research Problems of Science and Tech-
nology — Theoretical Basis and Developments in Mathematical Modelling” eds. R. Nishii et al., Mathematics
for Industry Vol. 5, Springer, 2014, 17-34.

[49] M. Wakayama, Equivalence between the eigenvalue problem of non-commutative harmonic oscillators and
existence of holomorphic solutions of Heun's differential equations, eigenstates degeneration, and Rabi’s
model, Int. Math. Res. Notices. (2015), (36pp), doi:10.1093/imrn/RNV145.

[50] M. Wakayama and T. Yamasaki, The quantum Rabi model and Lie algebra representations of slp, J. Phys.
A: Math. Theor. 47 (2014), 335203 (17pp).

[51] Y. Yang, Apéry limits and special values of L-functions, J. Math. Anal. Appl. 343 (2008), 492-513.

[52] D. Zagier, Integral solutions of Apéry-like recurrence equations, Groups and symmetries, 349-366, CRM
Proc. Lecture Notes 47, Amer. Math. Soc., Providence, RI, 2009.

Masato Wakayama,

Institute of Mathematics for Industry,

- Kyushu University

744 Motooka, Nishi-ku, Fukuoka 819-0395 JAPAN

wakayamaQimi . kyushu-u.ac. jp

143



